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orthogonal Matrices

Dehntroz Let A be a n n REAL or rational matrix

We say that A
is orthogonal off
AT _A

equivalently AAT ATA I

orthogonal is a bit ofa misnomer since

ethereal Let
A be an nxn real matrix TFA E

D A rs an orthogonal matrix

a The columns of A
are orthoncharf with

respect to the dot product on Rh

3 The rows of A are orthonormal with

respect to the dot product on IR

Proof is
straightforward Exercise

the rotation matrices

Let 0 be an angle Then

A Ems



is a rotation matrix Applying A to a vector

Ee R2 rotates 8 0 radius counterclockwise

Example if D II Then
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Aff EY in
I 3

A is always orthogonal

L L
SZOts.no cos Osmo cosOsmo

Smocoso cos since
since cos O
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Theorem
1 The transpose of an orthogonal matron is orthogonal

2 The inverse of an orthogonal matrix is orthogonal

3 The productof orthogonal
maths is orthogonal

4 If A is orthogonal then deHA II



This theorem essentially says that forms a

special sort of structure called a group

The set of nxn orthogonal matrices is called

the orthogonal group OG

The proofs are also easy Ex

4 LetA be orthogonal Then

I def I Det AAT delta det AT detCA
2

so Iet A IFt t D

It turns out that the orthogonal matrices

are precisely the ones that transform

vectors without changing their length

theorem Let A be a real ax in matrix TFAE

D A B orthogonal
2 HATH 11011 the Rh

3 CAB AB B no tower

PI we show 1 2 3 1

1 Recall that T.io Ftw

Then HAE KE AS AB



CAST AB
JTATAS IT Btn _1 8 12

2 3 we need to use an identity

0.5 4118 511 THE 811 htt

Then
Art tw fHAttAwH fHAu

Awll

fIlAfotwDH fHAh
B H

fllittoll 118 011 by 2

t.nu lbs

3 D By 37 for all actors 8 add ER

ITATA.jo ftw FIND

Hence JTATAI It Into 3

So 8T ATA In j
o

In pain clear e ATA Ipe 8 Hi Jen

Int ATA In In O
Hence the zero

matrix

and so ATA In 10
ie ATA In So A is orthogonal
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conclusions The orthogonal matrices are

precisely the matrices which presene distance

Wrt the Euclidean
norm and which

presene angles
between vectors
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