
 

Lecture 3

4.12 Vector spaces
Here we present the formal definition of

a weaker space

fat k be Q or R or Q

Defer A set V together with operations

Vx V V addition
w v l Pvt J

Kx vs scalar met
s

k w is cu

is called a K heater space off
1 tv wee U T the V
2 Associativity of t t ie J B it hitB Etf tu
3 commutativityof t tow cV E tu iot of

4 There is an object 8 EV such that

the V 81 8 8

5 For each Bell there B B c V such that
It C F 8

6 scalarmultiplication For every Cefr and
every TGV CT E V



7 For every c c K c Tutu Cie tcu

8 For enemy c d c K Letd 8 co D8

9 c 8 Ccd B

10 18 8

Note manyof the axioms are

Nmedrute from the fact that
k Q or R

i

For now we focus on R vectorspaces and

then study creator spaces next week

tumulus
the most important axioms to check ae

I 6 The others usually follow
easily



Except
The zero vector space

k R or Q or Q

8 the set consists of a single
element

Addition 8 8 8

scalar multopwcafron c 8 8 for all c c k

2 Rn
a an a an C IR

Addition
ai an t bi bn faith autism

Emet
a an ca i can

3 RFmfute sequences of
real s

Ca az an a ie IR

Addition a az t bi b s I
a t bi bAztbz

scalar ult cCai a Cai cars



4 The set Mm n R of mxn real matrices

I
ia.ie ieiem.ei

Addition math addition for A BEV

ATB A it i

Scalarmulti For Atv

A is
CAG

8

Theoremi fet U be a V S I c V e a scalar

Then
a 08 8
b C 8 8

4tDv o

d If a 8 8 then c o or 8 8

PI a of tow o to B by axiom 8
OF



By axiom 5 there exists a negative of of of
such that of 08 8 Hence

081 08 of of 08

By axiom 3 08 t of 08 08 of

08 t 8 8 by Axoors
so

05 8 by alarm 4
SO

b Set TeVbe an arbitrary vector

By axiom 8

CE t CE
c Itu

By axon 4 ez of CT

By 5 CJ has a negate c8 and so

cost e 8
CT CT CT 3

By axiom3 Costco CT 8

By 5 coo to 3

By H c8 8



c To show that C 1 8 8 we show It C 178 3

It C 1 I
in C 1 J Csg lo

it c D 8 by 8

Of
8 by a

d Suppose c8
8 we break the proof into

cases

i Assume Cto then show 0
8

Smee Cto we have

CB 3
so 43 to
so 18 to by 9

E to by 10

B 8 by part b

Ii Assume f fo
then show

C o

Smee 8 10 there is Tee
such that

Itv I lby axiom 4

For a contradiction
assume 4 0

Then ie 8 tch
so couteau Cut by axiom 2

So cut to tcu by assuphon

so cut cut a contradiction


