Math 3132 Practice Questions (Fall 2019)

Part 1 (sections 14.1-14.4)

1 ~ ~ A
1. Let F(x,y,2) = Exzi +y*j + 322k and f(x,y,2) = x+2—y+6z Find values of

a,b, and ¢ such that

(V -F2Vf — (a,2b, 3¢) =V x (Vf - F).

Solution:
2 6
V -F)’Vf = (x+2y+ 67)
( y VS =2y 62) ((x+2y+6z)2’(x+ZY+6Z)2’ (x+2y+61)2)
=(1,2,6).

VX(Vf-F) = VXxVf -VXF =0-VXF = -VxF.

But

i j k
VxF= £ L 2/=-0-0i-0-0j+0-0k=0.
lxz y2 322

Therefore VX (Vf —F) = 0. Hence
(1,2,6)— (a,2b,3c) =0 = (a,2b,3c) = (1,2,6) =2a=1,b=1,c=2.

2. Let F beavectorfield. If V-F = 0 and VXF = 0,thenis F = 0? If yes prove it

and if no give a counter example.

Solution: The answer is no; for example for any non zero constant vector field
F=di+bj+ck,V-F = 0and VXF = 0.

There are many other examples as well for instance for any of the following vector
field we have the same result:

F(x,y,2) = xi - yj + 0Kk, F(x,y,2) = 2xi - yj + zk,

F(x,y,2) = (y+z)i + (x+z)j + (x+y)ﬁ, F(x,y,2) = yzf + xzj + xylA(

2
3. Evaluate the line integral of f(x,y,z) = (x* + %)2 + 60 x*y — 1 along the curve C,
2

where C is that part of x> + yg =1, z=0 from (1,0,0) to (0, V3,0).

Solution: (question 1) Let x = cos? theny = V3sint so

IA
IA
1N

C: x=cost, y:\/gsint, z=0, 0

ds = \/%)2 # (2 R a = (sinp + (Vicos 2+ 0a

= Vsin®t + 3 cos? tdt




= V1 +2cos?tdt.

721'
ffds:f (12 + 60 cos’ #(V3sint) — 1) V1 + 2cos? ¢ dt
c 0
72£
= \/gf 60 cos’rsint V1 + 2 cos?tdr.
0

Now let u = V1 + 2cos?tthen u? = 1 +2cos®t and 2udu = —4 sin t cos ¢ dt that is

—u
dt = ————du and cos®t = 1 (u* — 1). Hence
2sintcost

ffa’s— \/_f (60 cos’ tsmt))(u)(zsmtcostdu)
=3 f B —30 (cos? t)u® du
t=0
_ «/§f_2 ~15 ® — 1) du
t=0
=15 \/gfzz (u* — u*) du

_
-2
t=0

—15\/_[ -’ u)]

= V3[5(1 +2cos* n? = 3(1 + 2cos* ]|

= V3[(5-3) - (53)} -3(3)})]
= V3(12V3+2)
=36+2 V3.

4. Let C be a curve with initial and final points A and B. Also let f(x,y,z) and F(x,y, z)
be a real valued function and a vector field defined along C such that fds =12,
C

fo~dr:4 and fF~dr:5.Showthat

C C

f(3Vf—2F)-dr+f4fds:6
-C -C

where —C 1is the same as C with the opposite direction, that is with initial and final
points Band A . Explain your work.

Solution: We know that in general f fds = f fds and
-C

C
f F-dr:—fF-dr.Now
-C c

[C(3Vf—2F)-dr+Ic4fds
fo dr—2fF dr+4f fds
=3(- fo dr) —2( - fF dr)+4ffds

=3(-4)+2(5) +4(2)
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5. (a) Is the line integral f y?2® dx + 2xyz’ dy + 3xy*z? dz independent of path in R3?

Why?
Solution:
i j k
9 3 3
VXF = o By e
yZZ3 zxyz3 3xyzz2
= (6xy2” — 6xy )i — (3y°2” = 3y’ + (2y7’ — 292k
= 0i+0j +0k;

and since R® is simply connected, so yes the line integral is independent of
path.

(b) Evaluate f v*Z2 dx + 2xyz’ dy + 3xy*z> dz where C is the curve with parametric

c
equations

C: x=(-0% y=r z=t, 0<t<2.

Solution: Let f(x,y,z) = xy’°z> then F = Vf . Now ¢ = 0 corresponds to
the point (1,0,0) and ¢# =2 corresponds to the point (1,4,2), therefore
f V2 dx + 2xyZdy + 3xy*2dz = f(1,4,2) - £(1,0,0)

1(4%)(2°) = 1(0*)(0°)
=128.

Alternatively one could use the given parametrization of the curve C and
evaluate the integral.

6. Evaluate f e dx + 2™ dy + 2yze™ dz where C s the curve
c

2
f—6 +(y=42=1, y—z=5 from the point (4,4,~1) to the point (0,5,0) .

Solution: Let F(x,y,z) = e+ z2e"+yzzj + 2yzex+yzzf( then
i j
f) 2
VxF = x 3y 92
ex+yzz ZZex+yz2 2yZ€x+yZZR
£ 20 20— 2 e e — 2 4 —

= 0i+0j +0k;

> I

and since R® is simply connected, so the line integral is independent of path. By
inspection for f(x,y,z) = e? wehave F =V f . Therefore

f ex_'_yZZ dx + ZZe)c+yz2 dy + 2yZ€x+yZz dZ = f(o, 5, O) - f(4’ 4’ _1)
c
= OHOY) _ A1)

1-éb.
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