Solutions of Math 3132 Practice Questions Part 7

Part 7 (sections 19.1, 19.2 and 20.1-20.3)

24. Let f(x) =3x—2 where 0 < x

the Sturm-Liouville system

1
Z Expand f(x) in terms of the eigenfunctions of

1
y' + Ay =0, O<x<Z, y0) =0, y(@L)=0.

Solution: Using the Sturm-Liouville table we get

2n—1
yn(x):sin% =sin2@n—-Dnrx, n=>1.

4

So we need to find ¢, such that

(o) (o)

FO = Y eayn® = ) cysin22n—Drx, 0<x< %.

n=1 n=1

But

2 [t 2 ([
Cc, = Z f f(x)yn(x) dx = T f (Bx—2)sin2(2n — Daxdx
0 3 VYO0

i
=38 f (Bx—2)sin2(2n — )nxdx;
0

using integration by parts, let # = 3x —2and dv = sin2(2n — 1)rx dx then

du =3dxand v = —m cos2(2n — 1)mx . Hence

1
c, =8 f Bx—2)sin2(2n — Daxdx
0

f4 cos2(2n — mx dx]
0

1
cos2(2n — nx |(‘)‘ +

:8[—(3)6—2)

2(2n Dr 22n - Dm

8 sin2(2n — D! |

3
[ 2(2n - 1)7r 4(2n — 1)?n?
] S U
I

2(2n — 1)7r 4(2n — 1)2n2
2 3= —4Q2n - Dn]
2n — 1)%n2 ’

Therefore

(o)

f)=3x-2=> 3.0
n=1

~ i 2[3(=1)"! = 4(2n - D]

1
2 Do sin2(2n— Dax, O0<x<-.
n—1)y°n

4




25. Consider the Sturm-Liouville system

Vi +4y + (1-20)y =0, O0<x<L,
y(0) =0,
y(L)=0.

(a) Find the standard form of the Sturm-Liouville system.

Solution:
ef4dx:e4x = e4xyu+4e4xy/+(1_2/l)e4xy:0

So the standard form of the differential equation is

L) + (A=26") = (=e™))y = 0.
dx

3
(b) If 1< ~5 find all eigenvalues and eigenfunctions of the Sturm-Liouville system.

Solution: Since A < —% so 3+21 <0 and

m+4m+(1-20)=0 = m=-2+ V3+21 = -2+ /-3 +21)i.
Therefore y(x) = €7 (c; cos(V=(3 +2) x) + ¢ sin(v=(3 +21) x)). Now

0= y(0) = 1(c;(1) + ¢,(0)) = ¢, =0.
Also
0=y(L) = e X0 + ¢ sin(\/-B + 2A) L)) = sin(y/-(3+21)L)=0.
Hence V=3 + 21) L = nxr (where n = 1,2, ---) which means

3 2.2
A, = 5" % and therefore y,(x) = c, e

. nmx
—2x sin —— where n=1,2,---.

26. A string with constant linear density p is stretched tightly between the points x = 0
and x = 12 on the x-axis. The tension in the string is a constant 7. The displacement
of the string at time ¢ = 0 is shown in the figure below, and from this position, it is rele-
ased. The right end of the string is fixed on the x-axis, but the left end is looped around
a vertical rod, and can move vertically without friction. A restoring force proportional
to displacement and also gravity are taken into account. What is the initial-value pro-
blem for displacement y(x, ) of the string? Include the partial differential equation,
and all boundary and initial conditions, and include intervals on which they must be
satisfied.
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Solution:
2 2
Q_ ZQ—g—k—y, 0<x<12, t>0, szza k>0
or Ox? P P
y(12,)=0, t>0
yx((),t):(), t>0
y(x,00=0, O0<x<12
2 12 if 0 <x<10
— i
w0 = {75 e
0 if 10<x<12

[ In fact y = ax® + bx + ¢ and it goes through (0,0), (5,5),(10,0) so then ¢ = 0

1
and 10a+b =0, 5a+b:1andtheref0rea:—§, b:2;soy:—§x2+2x.]
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