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Q1. [7 pts] Let C be the curve of intersection between x> +y* + z2 = 18 and 2% = »* + y* with
z > 0, directed counterclockwise as viewed from the origin. Using Stokes’ theorem, evaluate

the line integral
fyz dx + xz° dy + x° dz.
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Q3. Consider the differential equation
xy” + (sinx)y” + (tan x)y = 0.

(a) [2 pts] Determine all singular points of this differential equation.
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(b) [2 pts] Will there be a general power series solution centered at the point x = £?7 What can
be said about its radius of convergence?
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(c) [2 pts] Is each singular point regular or irregular? Can we guarantee that there exists a
nonzero Frobenius solution at each singular point? Explain.
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Q2. [8 pts] Use y(x) = Z a,x" to find a general solution to the differential equation
n=0

y'+xy-y=0.

Simplify as much as possible. What is the radius of convergence of the series?
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Q4. Consider the differential equation

Xy +x(x+ 1)y =4y =0.

(a) [1 pt] Is the point x = 0 a regular or irregular singular point? Explain.
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(b) [3 pts] Find the roots of the indicial equation for a Frobenius solution Z a,x"".
n=0
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(c) [3 pts] Using the Frobenius solution in part (b), find a recurrence relation for the coefficients
a, of a nonzero solution which is analytic at x = 0. Do NOT actually solve for the a,,.
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Q5. Consider the periodic function

2b=2

x 0<xx<l
f(X)={] <33 f(x+2)=f(x). =5 s |

(a) [5 pts] Find the a, coefficients in the Fourier series for f(x). Do NOT calculate the coeffi-
cients b, for the sin(nzx/L) terms.
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(b) [2 pts] Explain why the Fourier series in part (a) converges for every x € R. Sketch the
function that it converges to.
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Bonus Question: Let V be the vector space of continuous functions on the interval [—1, 1].
Given f, g € V, we can define an inner product on V by

1
(f,e)= f | J(x)g(x)dx

Define a sequence of polynomials P,(x), where Py(x) = 1, P,(x) = x, and P;(x) is orthogonal

(with respect to the inner product) to Py(x), P1(x),..., Pr-1(x) for k > 1. Each P,(x) has degree
n and satisfies P,,(1) = 1.

(a) [2 pts] Compute P,(x).
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(b) [1 pt] Show that the sequence {P,(x)};>, is not orthonormal.
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(c) [2 pts] We can uniquely write the polynomial f(x) = x* + x + 1 as the sum
f(x) = agPo(x) + a1 P1(x) + ay Pa(x) + a3 P3(x),

where a; € R. Use the inner product to compute «;.
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