
S4D03/S6D03 2019/2020: Assignment Two

1. Let f be a real-valued measurable function on the probability space (Ω,F , P ). Assume that
f(ω) ≥ 1 almost surely under P and

∫
f(ω)P (dω) = 1. Show that f(ω) = 1 almost surely under P .

2. Let {An}n≥1 and {Bn}n≥1 be two sequences of measurable sets in the measurable space (Ω,F).
Set Cn = An ∩Bn, Dn = An ∪Bn.

(1) Show that (
lim
n→∞

An

)
∩
(

lim
n→∞

Bn

)
⊃ lim

n→∞
Cn

and (
lim
n→∞

An

)
∪
(

lim
n→∞

Bn

)
⊂ lim

n→∞
Dn.

(2) Show by example the two inclusions in (1) can be strict.

3. Consider the following two simple functions on a probability space (Ω,F , P )

f(ω) =

3∑
i=1

aiIAi(ω),

g(ω) =

4∑
j=1

bjIBj
(ω).

Find
∫

(f(ω) + g(ω))2P (dω).

4. Let Xn, n ≥ 2 be a sequence of random variables such that

P{Xn = 0} = 1− 2

n2
,

P{Xn = n} = P{Xn = −n} =
1

n2
.

Show that {Xn}n≥2 converges to 0 almost surely.

Due date: 3:30pm October 3, 2019 in class.


