S4D03/S6D03 2019/2020: Assignment One Solution [5 marks each]

1. Construct an example showing the union of two o-fields is not a o-field. Verify your result.
SOLUTION:

Let Q ={1,2,3,4}, F1 = {2,{1,2},{3,4},Q} and F> = {@, {1, 3}, {2, 4}, Q} are two o-fields.
Let F = Fy UF, ={9,{1,2},{3,4},{1,3},{2,4},Q}

Suppose F is a o-field, then for any A, B € F, ANB € F.

Pick A= {1,2}, B={1,3}, AnB = {1} ¢ F, which is a contradiction.

. F as a union of two o-field is not a o-field.

2. Consider the sample space Q = {1,2,3,4,5,6}. Set A = {{1},{3,4},{2,4,5}}. Find the o-field
F generated by A.

SOLUTION:

Claim: F = o(A) = o({{1}, {3}, {4}, {6},{2,5}}).

To prove this claim, it is required to show that i) A C F, ii) For any o-field G on Q containing A,
FCg

Part i) {1} € F, {3,4} = {3} U {4} € F, {2,4,5} = {4} U{2,5} € F. i.e. every elements in A is
alsoin F, AC F.

Part ii) Suppose G is a o-field on € containing A, {1} € A, {3} = {3,4} N {2,4,5}¢,
{4} = {374} N {2a4a 5}3 {6} = ({1} U {334} U {274a 5})Ca {27 5} = {374}C N {2347 5}7
therefore, o({{1},{3},{4},{6},{2,5}}) € G

F=o({{1},{3},{4},{6},{2,5}})

= {Q’ {1}7 {3}7 {4}a {6}, {2a5}a
{1,3}4,{1,4},{1,6},{1,2,5},{3,4}, {3, 6}, {3, 2,5}, {4,6},{4,2,5}, {6, 2,5},

{17374}7{173’ 6}’{1’3’ 27 5}7{17476}7{1,47 27 5}7{176’ 2’ 5}’ {3’476}7{3’ 4, 27 5}7{3767 2’ 5}7 {47 6’ 27 5}7
{1,3,4,6},{1,3,4,275}7{173,6,2,5},{1,4,672,5},{374,6,275},9}



3. Let E4, Es,... be a sequence of disjoint measurable sets in the measurable space (2, F). Given
a sequence of real numbers a1, as, ..., define

n
faw) =) ailg, (w)
i=1
and -
flw) = Z ailp, (w).
i=1
Show that f, converges pointwise to f as n tends to infinity.
SOLUTION:
We want to show that lim, s frn(w) = f(w) for any w € Q.
Let E° = (Gl E)".
Ifw e E°, f;(w) =0 for any n, and f(w) =0, lim, 0 fn(w) = f(w).
If w ¢ E° then w belongs to one and only one E; since E;’s are disjoint, say w € Ej, then

Ig, (w) =1 and Ig,(w) = 0 for any @ # k. fn(w) = a for any n > k, and f(w) = ay, that is
lim, 00 fr(w) = f(w).

4. Let Q be the set of all rational numbers in [0,1]. Set
C={A,p:0<a<b<lA,p,={weQ:a<w<b}}

and define the set function
w(Agp) =b—a.

Show that p is not a probability.
SOLUTION:

) is a countable set.

1 (€2) =M<U Ar,'r‘) :Z“(ATW):Z(T_T):ZOZO#l

reQ reQ reQ reQ

1 is not a probability.



