
S4D03/S6D03 2019/2020: Test One Solution

QUESTION 1

PART A For any
ω ∈ lim

n→∞
(Am ∪Bm)

which means there exists a subsequence {Ani
∪Bni

} such that ω ∈ Ani
∪Bni

for any i, i.e. ω belongs
to an infinite number of Ani

∪Bni
.

Suppose ω only belongs to a finite number of Ani
and a finite number of Bni

, then ω would only
belong to a finite number of Ani ∪Bni , contradiction.

Then at least exits a subsequence {Ani
} or {Bni

} that ω belongs to every set in this subsequence,
i.e. ω ∈ lim

n→∞
An or ω ∈ lim

n→∞
Bn.

ω ∈
(

lim
n→∞

An

)
∪
(

lim
n→∞

Bn

)

⇒
(

lim
n→∞

An

)
∪
(

lim
n→∞

Bn

)
⊇ lim
n→∞

Cn

PART B For any

ω ∈
(

lim
n→∞

An

)
∪
(

lim
n→∞

Bn

)
a) ω ∈

(
lim
n→∞

An
)
, which means that there exists a subsequence {Ani

} such that ω ∈ Ai for any i,

Ani
⊂ Ani

∪Bni
, so there exists a subsequence {Ani

∪Bni
} such that ω ∈ Ani

∪Bni
for any i, i.e.

ω ∈ lim
n→∞

(Am ∪Bm).

b) ω ∈
(

lim
n→∞

An
)c ∩ ( lim

n→∞
Bn
)
⊂ lim
n→∞

Bn similarly, ω ∈ lim
n→∞

(Am ∪Bm).

⇒
(

lim
n→∞

An

)
∪
(

lim
n→∞

Bn

)
⊆ lim
n→∞

Cn

In conclusion, (
lim
n→∞

An

)
∪
(

lim
n→∞

Bn

)
= lim
n→∞

(Am ∪Bm).



QUESTION 2

LHS =IA∪B(ω) =

{
1 if ω ∈ A ∪B
0 if ω ∈ (A ∪B)c

RHS =IA(ω) + IB(ω) = IA(ω)IB(ω)

=


1 + 0− 1 · 0 = 1 if ω ∈ A ∩Bc
0 + 1− 0 · 1 = 1 if ω ∈ Ac ∩B
1 + 1− 1 · 1 = 1 if ω ∈ A ∩B
0 + 0− 0 · 0 = 0 if ω ∈ Ac ∩Bc

=

{
1 if ω ∈ (A ∩Bc) ∪ (Ac ∩B) ∪ (A ∩B)
0 if ω ∈ (A ∪B)c

=

{
1 if ω ∈ A ∪B
0 if ω ∈ (A ∪B)c

LHS=RHS for any ω ∈ Ω. Proved.

QUESTION 3

Known that Xn ∼ Unif (3− 1
n2 , 3 + 1

n ), n ≥ 1.
Want to show that lim

n→∞
P (|Xn − 3| > ε) = 0 for any ε > 0.

P (|Xn − 3| > ε)

=P (Xn > 3 + ε or Xn < 3− ε)
=P (Xn > 3 + ε) + P (Xn < 3− ε)

=



0 if n ≥ 1
ε

1
n − ε
1
n + 1

n2

if 1√
ε
< n < 1

ε

1
n + 1

n2 − 2ε
1
n + 1

n2

if n ≤ 1√
ε

For any ε > 0, exists Nε = [ 1ε ] + 1 such that for any n ≥ Nε, P (|Xn − 3| > ε) = 0. Therefore,
lim
n→∞

P (|Xn − 3| > ε) = 0.



QUESTION 4

Want to show that P ({ω : lim
n→∞

Xn(ω) = 2}) = 1⇐⇒
∑∞
i=1 pi <∞.

Let A =
⋂

r∈Q+

∞⋃
n=1

∞⋂
m=n
{ω : |Xn(ω)− 2| ≤ r}, it is equivalent to show that

P (A) = 1⇐⇒
∞∑
i=1

pi <∞

Ac =
⋃

r∈Q+

∞⋂
n=1

∞⋃
m=n
{ω : |Xn(ω)− 2| > r} and let Bnr = {ω : |Xn(ω)− 2| > r}.

Ac =
⋃
r∈Q+

lim
n→∞

Bnr

”⇐”

∞∑
n=1

P (Bnr) =

∞∑
n=1

P (|Xn − 2| > r) ≤
∞∑
n=1

P (|Xn − 2| > 0) =

∞∑
n=1

pi <∞

By Borel-Cantelli Lemma, P ( lim
n→∞

Bnr) = 0

P (Ac) = P (
⋃
r∈Q+

lim
n→∞

Bnr) ≤
∑
r∈Q+

P ( lim
n→∞

Bnr) = 0

∴ P (Ac) = 0 P (A) = 1

”⇒”

To show P (A) = 1 implies
∑∞
i=1 pi <∞, it is equivalent to show

∑∞
i=1 pi =∞ implies P (A) 6= 1.

Since X1, X2, . . . are independent, B1r, B2r, . . . are independent for any r. Pick r = 1,

∞∑
n=1

P (Bn1) =

∞∑
n=1

P (|Xn − 2| > 1) =

∞∑
n=1

P (Xn = 1− 1

n
) =

∞∑
n=1

pi =∞

By Borel-Cantelli Lemma, P ( lim
n→∞

Bn1) = 1

P (Ac) = P (
⋃
r∈Q+

lim
n→∞

Bnr) ≥ P ( lim
n→∞

Bn1) = 1

∴ P (Ac) = 1 P (A) = 0 6= 1

QED


