S4D03/S6D03 2019/2020: Test One Solution

QUESTION 1

PART A For any o
w e lim (4,, UBy,)

n—oo

which means there exists a subsequence {A,, UB,, } such that w € A,, UB,,, for any i, i.e. w belongs
to an infinite number of A4,,, U B,,,.

Suppose w only belongs to a finite number of A,,, and a finite number of B,,,, then w would only
belong to a finite number of A,, U B,,,, contradiction.

Then at least exits a subsequence {4, } or {B,,} that w belongs to every set in this subsequence,

le.wé€ lim A, orw € lim B,.
n— oo n— oo

e (hrxlAn)U(man)

N (limAn)U<limBn) S Tme,
n—00 n—00 n—r00

e (mnAn>u(man>

a)w € (n@oA”)7 which means that there exists a subsequence {4,,} such that w € A; for any 1,

PART B For any

Apn; C Apn, U By, so there exists a subsequence {A,, U B, } such that w € A,,, U By, for any i, i.e.
w € lim (A4, UBp,).
n— oo

b) w € ( lim An)c N (lim By,) C lim B, similarly, w € lim (A, U By,).
n—r oo n—roo n—roo n—roo
= ( lim An) U ( lim Bn) C lim C,
n—00 n— oo n—o00

In conclusion,

(hmAn> U (man) — T (A, U By).
n—o0 n—ro0 n—r00



QUESTION 2
1 ifwe AUB
LHS =IsuB(w) = { 0 if we (AU B)°

RHS =I4(w) + Ip(w) = T4 (w)Ip(w)
1+0-1-0=1 ifwe AN B¢
0+1-0-1=1 ifwe A°NB
1+1-1-1=1 ifwe ANB
0+0-0-0=0 ifwe A°N B¢
1 ifwe(ANB*)U(A°NB)U(ANB)
0 ifwe (AU B)°©

1 ifwe AUB

10 ifwe(AUB)©

LHS=RHS for any w € Q2. Proved.

QUESTION 3

Known that X, ~ Unif (3 — 5,3+ 1), n>1.
Want to show that lim P(]X,, — 3] > €) =0 for any € > 0.
n—o0

P(X,—3|>¢)
=P(X, >3+4+¢€or X,, <3 —¢)
—P(X, >3+¢) +P(X, <3—¢)

0 ifnZ%
ik if L<n<i
- l+% Ve €
TN
ntar—2 1
1 1 1fn§$
n a2

=

For any € > 0, exists N. = [1] + 1 suc
lim P(|X, — 3| > ¢) = 0.
n—o0

that for any n > N, P(|X,, — 3| > ¢) = 0. Therefore,



QUESTION 4
Want to show that P({w : le Xp(w)=2}) =1<= 377 pi <oo.

oo oo
Let A= ) U N {w:|Xn(w)—2] <r}, it is equivalent to show that
reQ+ n=1m=n

P(A):1<:>Zpi<oo
i=1

A= U N U A{w:|Xn(w) =2 >r}and let By, = {w: | Xp(w) —2| > 7}
reQ+ n=1m=n

reQ+

iP(Bmﬁ):iP(\anQ\ >r) < iP(|an2| >O):§:pi<oo
n=1 n=1 n=1 n=1

By Borel-Cantelli Lemma, P( lim B,,) =0
n—oo

P(A°) =P(|J Tim B,,)< > P(lm B,)=0
reg+" reQr

To show P(A) = 1 implies Y .~ p; < 00, it is equivalent to show Y.~ p; = oo implies P(A) # 1.

Since X;, Xo, ... are independent, Bi,, Bs,, ... are independent for any r. Pick r =1,
o0 o0 o0 1 oo
> P(Bn)=)» P(X,-2/>1)= P(anl—ﬁ)zzpi:oo
n=1 n=1 n=1 n=1

By Borel-Cantelli Lemma, P( lim B,;) = 1
n—oo

P(A%) = P T8 Bur) 2 P Bu) = 1
reQ+

S P(A) =1 P(A)=0#1

QED



