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1. Introduction

Forany 0 < a < 1,04+« >0, let Ui(e,0),Ua(c, ), ... be a sequence of independent
random variables with U;(«, 8) having distribution Beta(l — «, 8 + i) for i > 1. If we
define

Vi(e,0) = Ui(e,0), Vi (o, 0) = (1 — Uy (e, 0)) - - (1 = Up—1(v, 0))Up (v, 0), n > 2,
then the law of the decreasing order statistic
P(O[, 9) = (Pl(a7 G)a P2(a76)7 . )

of (Vi(a, 8),Va(a,0),...) is the two-parameter Poisson-Dirichlet distribution PD(c, 6).

It is a probability on the infinite-dimensional simplex
oo
Voo ={P=(p1,p2,--)ip1 2p2>--->0,> p; <1},
i=1

Let S be a Polish space and v a probability on S satisfying v({z}) = 0 for all z in S.
In this case we say v is diffuse. The Pitman-Yor process with parameters «, 6 and v is

the random measure

Eaﬂ,u = Z Pi(av 9)557

i=1
where £1,&s,. .. are i.i.d. with common distribution v and is independent of P(«;, 6).
The case a = 0 corresponds to the Dirichlet process constructed in [20].

The distribution PD(0, ) was introduced by Kingman in [27] as the law of relative
jump sizes of a gamma subordinator over the interval [0,60]. It also arises in other
context most notably population genetics. The distribution PD(«,0) was introduced
in Kingman [27] through the stable subordinator. In [29] and [33], PD(«,0) was
constructed from the ranked length of excursion intervals between zeros of a Brownian
motion (o = 1/2) or a recurrent Bessel process of order 2(1 — «) for general a.

In this paper we focus on the case § = 0. This implies that the parameter « is in
(0,1). Without loss of generality, we choose the space S to be [0, 1] and the probability
v to be the uniform distribution on [0, 1]. Our main objective is to study the asymptotic
behaviour of PD(a,0) when « converges to zero, and the behaviour of both PD(«, 0)

and =, 0, when a converges to one. There are many scenarios where the limiting
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procedure of o approaching one or zero arises naturally. We consider two examples
below.

The first example is Derrida’s random energy model (REM) introduced in [9] and [10].
This is a toy model for disordered system such as spin glasses. For any N > 1, let
Snx = {—1,1}*" denote the configuration space. Then the REM is a family of i.i.d.
random variables {Hy (o) : 0 € Sy} with common normal distribution of mean zero
and variance N. Here Hpy(c) is the Hamiltonian. Given the temperature T and

B =T71, the Gibbs measure is a probability on Sy given by

Zy'exp{—BHn(0)}
where

Zn = exp{-BHy(o)}
gESN

is the partition function. Let T, = \/211? and o = Tl Then for T' < T, or equivalently

B > v21In2, the decreasing order statistic of the Gibbs measure is known (cf. [37]) to

converge to the Poisson-Dirichlet distribution PD(«,0) as N tends to infinity. Thus o
converging to zero corresponds to temperature going to zero while o converging to one
corresponds to temperature rising to the critical value. To account for correlations, the
generalized random energy model (GREM) involving hierarchical levels was introduced
and studied in [11] and [12]. The generalization to continuum levels was done in [4]
and the genealogy of the hierarchical systems is described by the Bolthausen-Sznitman
coalescent. In deriving the infinitesimal rate of the coalescent (Proposition 4.11 in [3]
), one needs to consider the limit of PD(e™%,0) as t converges to zero or equivalently
a = et converging to one.

The second example is concerned with the coalescence time for an explosive branch-
ing process. Consider a Galton-Watson branching process with offspring distribution
{pj : j > 0} in the domain of attraction of a stable law of order 0 < v < 1 and
po = 0. Let X,, denote the coalescence time of any two individuals chosen at random
at generation n. Then it is shown in [1] that

P{n — X, <k} > n(k) asn — o0
k

where 7(k) can be calculated explicitly through PD(y*,0). In this case, a = 7

converging to zero corresponds to k converging to infinity.



4 Shui Feng, Fuqing Gao and Youzhou Zhou

There have been intensive studies of the asymptotic behaviour for the Poisson-
Dirichlet distribution and the Pitman-Yor process in recent years with motivations
from probability theory, population genetics, and Bayesian statistics. The limiting
procedures include the following three cases.

Case A: the parameter 6 converges to infinity;
Case B: both 6 and a converge to zero;
Case C: a converges to 1.

Results in Case A include central limit theorems in [22], [23], [24] and [25], large
deviations in [6], [7], [14] and [28], and moderate deviations in [17]. It also includes the
work in [13] and [21] where the large and moderate deviations for =g g , were studied in
a Bayesian context. In Case B, the large and moderate deviations were obtained in [15]
and [18]. Recently the large deviations for PD(«,0) in Case C is obtained in [19]. An
extended account of asymptotic results for the Poisson-Dirichlet distribution and the
Pitman-Yor process can be found in [16] and the references therein.

The main results of this paper include (i) the fluctuation and large deviations for
PD(a,0) in Case B when each coordinate is raised to a certain power (Theorem 2 and
Theorem 4); (ii) the fluctuation theorem for PD(a,0) in Case C (Theorem 3); (iii) the
large deviations for 2, ¢, in Case C (Theorem 8).

The existing asymptotic results for PD(c«, 6) in the literature in Case B involve only
power 1. The scalings appear either as a shift or a multiplier. In (i) we studied the
asymptotic behaviour of PD(«,0) with various powers and discovered an interesting
phase transition or critical behaviour in terms of the magnitude of the power. The
scaling property of the stable subordinator plays the essential role here. The result in
(ii) complements the result in [18] and reveals a non-Gaussian fluctuation.

The large deviations in (iii) provide more information on the microscopic transition
structure at the critical temperature for the REM. At the instant when the temperature
starts to move below the critical value T, a portion of mass of the uniform measure v
may be lost and is replaced by an atomic portion with finite atoms. This represents
the emerging of finite number of energy valleys and the energy landscape of the system
becomes a mixture of valleys and “flat” regions. The emerging of energy valleys follow
the order where the small number of energy valleys is more likely to occur than a large

number of valleys. Our result will validate this picture and show that large deviations
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may lead to the disappearance of all “flat” regions. In comparison with the large
deviation result in [19], the result in (iii) reveals the new information that no singular

components arise through large deviations.

The behaviour of 2, ,, in Case C resembles the behaviour of Z, ¢, in Case A in
terms of the law of large numbers. But our result in (iii) will show that the two cases

are very different in terms of large deviations.

The paper is organized as follows. In Section 2, we introduce the necessary termi-
nologies and review the subordinator representation for PD(«,0). Section 3 contains
the law of large numbers, fluctuation, and large deviations associated with PD(«,0)
as « converges to zero or one. In Section 4, we establish the large deviation principle
for 24,0, under the limit of o converging to one. Large deviations for PD(c,0) are
closely related to the large deviations for Z,0,,. Result for one usually gives some
hint for the other. But a direct derivation from one to the other is difficult due to
the topologies involved and the lack of continuous map. Thus our proof here will be
completely new in comparison to the result in [19]. We close the paper in Section 5

with some concluding remarks on the differences between Case A and Case C .

2. Preliminaries

In this section, we introduce the necessary terminologies of large deviations and the
subordinator representation of PD(«,0). All results are stated in the form that is
sufficient for our purposes. We refer to Dembo and Zeitouni [8] for a comprehensive

introduction to the general theory of large deviations.

2.1. Terminologies

Let E be a complete separable metric space equipped with metric d. Consider a
family of E-valued random variables {Y) : A > 0} with corresponding distributions
{Qx : A > 0}. Assume that Y, converges in probability to a constant as A tends to a

number g in [0, +00].

Definition 1. (1). The family of probability measures {@» : A > 0} (or the family

{Yy : A > 0}) is said to satisfy a large deviation principle with speed a()\) and rate
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function I(-) if for any closed set F' and open set G in F

(upper bound) limsupa™'(\)log Qx{F} < — inf I(z),
A= Ao reF

(lower bound) liminf a=*(\)log QA\{G} > — inf I(x),
A= Ao zeG
and I(-) is lower semicontinuous. The rate function I(-) is good if for any ¢ > 0
the level set {x : I(x) < ¢} is compact.

The set {x : I(z) < oo} is called the effective domain of the rate function.
(2). The family {@» : A > 0} is said to satisfy a local large deviation principle with
speed a(A) and rate function I(-) if for every z in E

lim limsup a~*(\) log P{d(Yy, z) < §}
=0 A

= lim liminf a~*(\) log P{d(Yx, z) < &}

§—0 A—=Xo

= —I(x).
(3). The family {Qx : A > 0} is exponentially tight with speed a(A) if for every
L > 0, there is a compact subset K, of E such that

limsupa~'(\)log P{Y\ ¢ K1} < —L.
A— Ao

Remark. It is known that a local large deviation principle combined with exponential

tightness implies the large deviation principle with a good rate function (cf. [36]).

Definition 2. (1). The family {Y) : A > 0} is said to satisfy a fluctuation theorem
if there exists functions b(A),c(\), and a finite non-deterministic random variable W
such that

lim b(A) = 0o, b(A)[Yx — c(A)] = W, A — Ao
A— Ao

where = denotes convergence in distribution.
(2). Assume that the family {Y) : A > 0} satisfy the fluctuation theorem above.
Let e()) satisfy
e(V)

,\lgr,\lo e(A) = oo, ,\linxlo b(\) =0 (1)

Then the family {@, : A > 0} or equivalently the family {Y) : A > 0} is said to satisfy

a moderate deviation principle with speed a(\) (depending on e()\)) and (good) rate
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function I(-) if the family {e(A)[Yy — c(A)] : A > 0} satisfies a large deviation principle
with speed a(\) and (good) rate function I(-). Thus the moderate deviation principle
for {Y) : A > 0} is the large deviation principle for {e(A)[Yyx —¢(A)] : A > 0}.

2.2. Subordinator Representation
For any 0 < a < 1, let p; be the stable subordinator with index a and Lévy measure

«

B ()

e 2> 0.

The boundary case a = 1 corresponds to the straight line p, = ¢t. When « converges
to zero, p; becomes a killed subordinator with killing rate one ([2]).
For any t > 0, let J*(p;) > J?(p;) > --- denote the jump sizes of p; over the interval

[0,¢]. Then the following representation holds.

Theorem 1. (Perman, Pitman, and Yor [29]) For any t > 0, the law of

(Jl(pf)’ ‘]2(pt)’) (2)

Pt Pt

is PD(,0).

For any n > 1, let Z,, = Ao (J"(p1),00). Then 71 < Zy < ...and Zy,Z5 — 71,25 —
Zs, ... are 1.i.d. exponential random variables with parameter 1 (cf. [29]). Noting that

—a

An(z,00) = T(i—ay- it follows that

) _ 2z
D V¥

and

pr=T(1—a) /oy z7e (4)

i=1

Thus by Theorem 1 the law of

Z;l/a Z;l/a
00 —-1/a’ oo —1/a’”
Z’iZI ZZ / ZiZI Z’L /

is PD(«,0). In other words we have the representation

(

) (5)

Z;l/(y
Pn(a,O):ﬁ, n:].,Q,....
Zi:l ZZ
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3. Limit Theorems for PD(«a,0)

Take a sample of size two from a population with frequencies following the distri-
bution PD(«,0). Then the probability that the two samples are of the same type is
given by

p2(P(a,0)) := > P2(a,0).
=1

This function is called the homozygosity in population genetics. It is closely associ-
ated with the Shannon entropy in communication, the Herfindahl-Hirschmam index in
economics, and the Gini-Simpson index in ecology. It is a measure of concentration of
the population in terms of types with small values corresponding to lower concentration.

A direct application of Pitman’s sampling formula ([30], [32]) leads to
Eao[e2(P(a,0))] =1 —a.

This implies that P(«, 0) converges in probability to (1,0,...) and (0,0,...) as a con-
verges to 0 and 1, respectively. The objective of this section is to obtain more detailed
information associated with these limits including fluctuation and large deviations.

3.1. Convergence and Limit

Let 0 < v(a) <1 and ¢(a) > 0 be such that

lim % 1 € (0,40 (6)
and
(}}_}Iﬂl m =cCy € [0,00) (7)

Theorem 2. Let
P (0, 0) = (P/“(a,0), 7" (a,0),...).

If ¢ is finite, then PY(%)(a,0) converges almost surely to (1, (%)Cl7 (%)Cl,...) as a
converges to 0. If ¢; = oo, then PY(®)(a,0) converges to (1,0,...) in probability as o

converges to 0.

Proof: Set
Z=(z;74 20
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Then we have

-z e =12l e
=1

When o approaches to zero, ||Z\|1/a converges almost surely to ||Z||. = Z;'. This

implies that

Po(a,0) = (—, L)
a,0) = (— ) —= b
||ZH1/a ||ZH1/a
converges almost surely to (1, %, %, ...) as a converges to zero. Writing P7(®)(«, 0)
as 1 1
CL @ (L2 yy(@fa
1Zl]1/a IZl]1/a

Then by continuity we obtain that P7(®) (c, 0) converges almost surely to

Z Z
1, (24, (2hye,
(LG ()
as « converges to zero. If ¢; = oo, then for any M > 1 one has @ > M for small
enough a. Thus for any n > 1
Z
i () < 1 M — (ZL\M
Jip, P (0,0) < Tin B (e, 0) = (Z2)

Since M is arbitrary, we obtain
lim P (a,0) =0, a.s., n> 1.
a—0
Finally for n = 1, we have
Pi(a,0) < PY(a,0) < 1.
Noting that
E[P1(c, 0)] < E[p2(P(,0))] =1 — o

It follows that Pj(a,0) converges to 1 in probability which implies that P’ (a)(a,O)

converges to one in probability. O

Theorem 3. As a converges to 1, t(a)P(a,0) converges to co (Z;*, Z51,...) in prob-

ability.

Proof: Let S, = p;®. Then the law of S, is the Mittag-Leffler distribution with
density function
sin(akm)

ok

- (9)
gals) = o Plak+a+1)
k=0
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and
;Zi_l/a = (F(lsi a))il/a (8)
L(r+1)

EIS) = far gy 77 L 9)

This implies that

_— 2 2
El(Sa - 17T = r(20mL1)_r(a+1)Jrl

— 0, a—1.

Hence S, converges to 1 in probability as « converges to 1.

By (4), one has

Zy
Sa

Zy

(@P(,0) = 4 raaph 5

T(1—a) )7

y~Vel )

1) _1 1 e —1/a
= mf(l*a)l a exp{alogsa}(zl / 7Z2 / 7)

Since S, converges to one in probability and (Zl_l/a, Zz_l/a, ...) converges to
(z7hz3h, )

almost surely as « converges to one, we conclude that ¢(a)P(«a,0) converges in proba-
bility to
co(Z7Y, 251,00,

O
Remark. The random variable S, is Pitman’s a-diversity ([32]). Consider the random
partition II of the set {1,2,...} with asymptotic frequencies following the PD(«,0)
distribution. For any n > 2, let II,, denote the restriction of I, on {1,2,...,n} and
K,, denote number of blocks in the random partition II,,. The random variable S, is
the asymptotic limit of K,,/n® as n tends to infinity (cf. Theorem 3.8 in [32]). When

« converges to 1, S, converges to 1. Thus all blocks will become singletons.

3.2. Large Deviations

In this section we consider the large deviations associated with the deterministic

limits obtained in Theorem 2. In comparison with the large deviations for P(«,0)
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these results may be viewed as moderate deviations for log P(a, 0) = (log P1 (v, 0),...).
We prove these results through a series of lemmas.

For any n > 1 let
Pn+1(a7 0)

Fn = Po(a,0)

Then {R,, : n > 1} is a sequence of independent beta random variables with each R,

having the Beta(na, 1) distribution (Proposition 8 in [34]).

Lemma 1. Let R"(®) = (RY(O‘),R;(O‘),...). As o converges to 0, large deviation
principles hold for R"(®) on space [0, 1]°° with respective speeds and rate functions

(%,fl()) and (log ¢ 1) T,(1)) depending on whether ¢ =0 or ¢, = oo, where

i 22021”10%&, z, >0 for alln > 1,
1(x) = .
400, otherwise.

and

Lix)=#{n>1:z, >0}
Proof: First note that for any 0 < a < b < 1, we have that for any n > 1
P{R)) & (a,b)} = P{R)™ € [a,b]} = b"7( — "7, (10)

Assume that ¢; = 0. Then we have lim,_, ﬁ = o0o. For any n > 1 and any x in

[0, 1], one has by applying (10) that

’Y( ) v () (Oé) ()
— e — <
}gx})hg;mf o log P{|R} x| <} %1_1% llriljgp " log P{| R} x| < 4§}
= nloguz,
where logz = —oo for = 0. This combined with the compactness of [0, 1] implies that

RI®) satisfies a large deviation principle on [0,1] with speed ~ and rate function

nlogz. Similarly for ¢; = oo, we have

lim hmlnf(log gl >) Log P{|R)(®) — z| < 4}

6—0 a—0

—hmhmsup(log 2@ )) Yog P{| R} — x| < 6}
=0 40 «

= —X(0,00)



12 Shui Feng, Fuqing Gao and Youzhou Zhou

where X (0,0 is the indicator function of set (0,00). These combined with the inde-

pendence of Ry, Ry, ... imply the large deviations for R¥(®). a

Lemma 2. There exists § > 1 such that for any A < §
Elexp{A\(1 — a)(P; *(a,0) = D)} = (1 + Ay0) ' < o0 (11)

where

1
Axo = a/ (1 — Am)z)~(Fa)g
0

Proof: Clearly A) . is nonnegative for A < 0, and converges to negative infinity as

A tends to positive infinity. It is known (equation (77) in [27]) that
Elexp{A\(1 — a)(P{ (@, 0) = D)} = (1 + Ay ) ' < 0 (12)
for A < 0. For A > 0, we have

1
Aye = (1=0r079 14221 - a)/ Zmaerl=a)zg, (13)
0

v

1
(1—NeM=) — 1 4221 - a)/ Zlraerd=a)zg .
0

If we define
Ao =sup{A>0:A4y,+1>0},

then A, > 1 by (13) and
d=inf{A,:0<a<1}>1

By Campbell’s theorem (11) holds for any A < 4.

O
Lemma 3. Let € > 0 be arbitrarily given. If c; =0, then
lim sup M10gIE”{|Pl’Y(O’)(o<,0) —1] > €} = —o0. (14)
a—0 «
If ¢ = 00 and
lim ~(a) =0, (15)
then
lim sup log P{| P} (a,0) — 1] > €} = —cc. (16)

a—0 log %
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Proof: Since the limit involves only small o, we may assume that 0 < o < 1/2 and
0 < e < 1/2. Let 0 be as in Lemma 2 and set 6; = §/4. By direct calculation we obtain
that

P{PY (0,00 = 1| > ¢} = P{P[ ' (0,0)—1> (1—¢) /7@ _1}

< E[ P (@0)-D]e-a[(1-g 770 -] (17)

< (I+ Aél,a)_16_61[(1_6)71/7@_1].

It follows from (13) that

Olg%(l + A5.q0) =1 (18)
If ¢4 = 0, then
1—¢e) V() _ 1 1—¢e)" V(e
lim sup ( 2 5 = lim sup €)a
a—0 e a—0 ~(a)
~ limsupexp {——[log ——— + () logy(a) — X atogall (19)
a—)Op P (@) 23 ) v g o g

= Q.

Next assume that ¢; = oo and (15) hold. For any 0 < e < 1/2, (1—¢)*/7(®) converges
to zero as « tends to zero. Hence for any k > 1, one can find «a > 0 such that for all
0<a<ag

P{IPY(0,0) 1] > ¢} < P{Pi(0,0) < 1},

By the large deviation principle for P;(«,0) (cf. Lemma 2.3 in [15]), we obtain that

1 o . 1 1
lim sup i logIP’{|P17( )(a,O) —1|>¢€ < limsup — logP{Pi(c,0) < —}
a—0 log > a—0 lo o k
< —(k-1).
Noting that v(«) < 1 and k is arbitrary it follows that
: 1 7(@) _
lim sup logP{|P)*" (a,0) — 1| > €}
a—0 log %
1
< limsup — log P{\Pf(a) (o,0) — 1| > €} (20)
a—0 log p
o 1 1
< lim limsup 7 log P{Py(,0) < —}
k—oo 40 lO > k

= —0Q.



14 Shui Feng, Fuqing Gao and Youzhou Zhou

Putting together (17)-(20), we get (14) and (16).

Theorem 4. Let v(«) satisfy (6), and set
V={x=(z1,29,...): 1 >21 >29>--->0}.

Then the followings hold as a converges to 0.

(i) If ¢, = 0, then the family {P7(®)(a,0) : 0 < a < 1} satisfies a large deviation

principle on space V with speed ﬁ and rate function

oo nlog o, wy =L, >0 foralln>1, (21)

400, otherwise.

Il(X) =

(i) If ¢ = oo and (15) holds, then the family {PY(®)(a,0) : 0 < a < 1} satisfies a

()

large deviation principle on space V with speed log == and the rate function

I(x) n—1, x1=1xz,>0,2, =0,k >n, (22)
2(X) =
400, otherwise.

Proof: Writing P7(® in terms of R?(®) we have
P = P (a,0)(1, R}, R R}, ...

By Lemma 3, P/ (a)(a, 0) is exponentially equivalent to one. Hence by lemma 2.1
in [17] (1,R1’(a),R¥(a)R;(a), ...) and P7(®) have the same large deviation principle.
Define

¥ :[0,1]° — V, (x1,22,...) = (1,21, 2122, ...).

Then ¢ is clearly continuous and (1, RY(Q), RY(O‘)R;(Q), ...) =¥ (RY(®). Noting that

Ii(x) = inf{ii(y) Y(y) =x}ti=12,

the theorem follows from Lemma 1 and the contraction principle.
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4. Asymptotic Behaviour of E, ¢,

Recall that the REM has configuration space Sy = {—1,1}" and the Hamiltonian

given by a family of i.i.d. normal random variables with mean 0 and variance N
{Hn(0) | o€ Sn}.
The Gibbs measure G (o) at temperature T is given by
Zy" exp{~BHy(0)},

where 8 =1/T and Zy =) 5. exp{—BHn(0)}. By making the change of variable

N

rn(o) =1- Z(l — 027,

i=1
we can regard [0, 1] as the new configuration space. The corresponding Gibbs measure

has the form

W5 (de) = Y 6 (d2)Gr (o).

oceESN
As N — oo, the limiting Gibbs measure pu? = limy . u% exhibits phase transition at
the critical temperature T, = v/2log 2. More specifically, by Theorems 9.3.1 and 9.3.4

in [5], we have
v, Hr>T,

B0, T <T,

Thus a phase transition occurs when the temperature crosses the critical value
between high temperature and low temperature regimes. The low temperature regime
has a rich structure. The transition from the low temperature regime to the critical
temperature regime corresponds to « tending to one from below. The goal of this
section is to understand the microscopic behaviour of this transition through the

establishment of a large deviation principle for =, o ..

4.1. Estimates for Stable Subordinator

Recall that p; be the stable subordinator with index 0 < @ < 1. For ¢ = 1, the

following holds.
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@

Lemma 4. ([35], [26]) The distribution function of p;~* has two integral representa-

tions:

F@):ng%~gx}=‘éﬁa-mdu, (23)

where A(u) is the Zolotarev’s function defined as

1
sin®(au) sin' (1 — a)u) ) 7
sin u '

mm:{

The distribution function of p1 is thus F(xﬁ) The density function of p1 has the

following representation

1 o0 [e3
Pu(t) = = / e e COSTUgin (u® sin o) du (24)
0

™

Applying these representations, we obtain the following estimations.

Theorem 5. For any given 1 > § > 0, we have

. 1 . 1 1
i;ml(l—a)loglogip{pl —1=0] = il_}ml(l—a)loglog Plpr <1-0) =log T3 (25)
and
li ! logP{ps >1+d} =1 1 logP{p1 >1+4d}=-1 (26)
a1—>rnl log ﬁ 08 p1 o ozl—>rnl log ﬁ o8 L= B .

Proof: For any u € (0,7),v € (0,1), one has

d[v cot(vu) — cot ul _ 1 (sin(vu) — 20u)

dv 2 sin’(vu)
1
< ————(sin(vu) —vu) <0
- 2sin2(vu)( (vu) )<
which implies that
dlog Si;gv:)

= t —cotu > 0.
T v cot(vu) — cotu >

Hence

A(“) = exp{a log M M

+ (1 —a)log -
sinu

}

sinu

is nondecreasing in u. Further more it follows from direct calculation that

A(0+) = ’lltlig) Alw) = (1—-a)a™s  lim A(u) = occ.

U— T
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Therefore, applying the representation (23) we get that for any ¢ > 0

ool 252

A(u)

1 € — o
< —/ e =0T dy=P{p; <1-6}
™ Jo

1

o 1
B e log A 1
B <1-0] exp{exp{og (0+)+1_a Ogl—&}}

This implies that

and

1 T 1
< - .
IP){plgl5}_71_eexp{exp{logfl(w €)+ 17 log1 5}}

Taking the double logarithm and letting o converge to 1 we have

1 1

< - -
log =5 = htrlnﬁlnf( a)loglog Plp <107

1
= llgljnf(l — Oé) IOg log m

1
< 1 loglog ———
< Hiflfp( a) loglog B <1-0]

1
=1 loglog ———
el logks 521y

1
< log(——).
< log(y—)
which is (25).
To prove (26), we apply (24) and get
P{p1 > 146} =P{p1 > 1+ 4}
/ / Lem (10 ug—u® cosma gin (4, sin o) dudt
1+5 Jo
_sinTa / Y~ (1=a) —bu [e“"a cos o SI(u .SIHTFOL) du
™ 0 u® SIn T

Noting that SRS 6 hoynded and

u® sin To

sin Ta
im————=1
a—17(l — )

)

it follows that (26) holds.
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Theorem 6. The family {p1 : 0 < a < 1} satisfies a large deviation principle on
(0,00) as « tends to one with speed —log(l — a) and rate function (not good in this
case)

1, z>1,

J(x)=14 0, x=1 (27)

400, otherwise.
Proof: Let A be a closed set in (0,00). If A contains 1, then inf,c 4 J(z) = 0 and the
upper estimate holds. If A does not contain 1, then one can find 0 < a < 1 < b such
that A is either a subset of (0, a], a subset of [b,00) or a subset or (0,a] U [b,o0). For
each case we can apply Theorem 5 to obtain the upper estimate.
The proof for lower estimates goes as follows. Let B be any open set. If B intersects
with [0, 1), then the lower estimates are trivial. If B does not intersect with [0, 1), then

B can not contain 1. Hence one can find 1 < a < b < oo such that (a,b) C B and

P{pr € B} = P{p1 € (a,b)}

b—a [* —1_—bu,—u® cosma ; o o:
> u e e sin(u® sin wa)du
0

™

which implies that

. 1 .
Il
For any n > 1, let 71,..., 7,41 be independent copies of p;. Set
o= i=2... n+1 (28)
T1
Set
op =min{o; :2<i<n+1}
and let r,, denote the frequency of 6, among {o;}i=2. . n+1. Define
n+l—-r, &,<1,

Jn(ul,...,un) = n—"Tn, 5'n:17 (29)

n, on > 1.

Clearly J,(-) is a rate function on (0, 00)™.
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Theorem 7. The family {(o2,...,0n41) : 0 < a < 1} satisfies a large deviation

principle on (0,00)™ with speed —log(1 — @) and rate function Jy,(-) as a tends to one.

Proof: Note that the map

o Tn41
@ : (07 OO)"+1 — (0,00)", (.Tl, . 7l'n+1) — (;17 “ ey ;71

is clearly continuous. It follows from the contraction principle that large deviation
upper and lower estimates hold for the family {(o2,...,0n41) : 0 < a < 1} with the

bounds given by the function

n+1

In (U1, .. up) = inf{z J(z)  xjp1 =wjze,j=1,...,n}
i=1

Since J(x) = oo for z in (0, 1), it follows that

n+1
jn(ul,...,un) = inf{ZJ(xi) cwy > 1, =i > 1, j=1,...,n}
i=1
= Jp(uy,...,up)

and the theorem follows.

O
Remark. The contraction principle used in Theorem 7 does not lead to a large
deviation principle in general due to the fact that the starting rate function is not
good. But here and later on, direct calculations show that the upper and lower bounds

are all given by rate functions.
4.2. Large Deviations for E, ,.
Let M;([0,1]) denote the space of probabilities on [0,1] equipped with the weak
topology. For any p in M;([0,1]) define
0, p=v
IW) =qn, n= D i1 Pibs, + (1= 32 pi)v
o0, otherwise.

The main result of this subsection is

Theorem 8. The family {Z,0, : 0 < a < 1} satisfies a large deviation principle on

M ([0,1]) with speed —log(1 — &) and good rate function Z(-) as « tends to one.
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We prove this theorem through a series of lemmas.

Lemma 5. Foranyn >1,let0 =1ty <t <--- <ty <tpy1 =1 and By, --- ,Bp41

be a measurable partition of [0,1] such that v(B;) =t; —t;—1. Then

(EQ,O,V(Bl)v e aEa,O,u(Bn+1))

D 1
= P1 (Iot17pt2 Pty 5 Pty T P15 P1 — Ptk)

n+1
2 1/0‘+Z k_tk 1 O'k) (ti/a,(tg—tl)l/aa'g,...,(l—tn)l/a0n+1)

where oa,...,0,11 are defined in (28), and = denotes equality in distribution.

Proof: The first equality is from [31] and the second equality follows from the inde-

pendent increments of the stable subordinator and the equality p; = l/e p1-

Lemma 6. Let
n+1

Dpir={(Y1,- s Yn+1) 1 ¥i 20, Zyk =1}.
k=1

Then the family {(Ea,0..(B1), -+ yEa,0,0(Bn+1)) : 0 < a < 1} satisfies a large deviation

principle on N,11 with speed —log(1 — a) and good rate function I,(-) as « tends to

one, where
Loy, Yng1) = (m+1) =y(y1,- -, Ynt1)
with
_ ; . Yi o Yk
YWrs ) =#{1<i<n+1l: ——— =min{—"— 1<k <n+1}}.
t; —ti1 bty — tk—1
Proof: First note that the map
H :[0,1]" x (0,00)™ — [0,1],
n+1
(V155 Ung15 UL, - o, Un U1+kauk 1) (o1, vaun, - Vg
is continuous and (Z24,0,,(B1),** , Za,0,0(Bn+1)) has the same distribution as

HEY, (= 1) % 03, o).

Noting that (t}/a, ooy (1 = t,)V/) satisfies a full large deviation principle with

effective domain (¢1,...,(1 — t,)). It follows from Theorem 7, the independence
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between (ti/a, .y (1 =t,)Y?) and (o3,...,0,41) and the contraction principle that
large deviation estimates hold for (24,0, (B1), " ; Ea,0,0(Bn+1)) with upper and lower

bounds given by the function

in(yly...,yn-l-l) = inf{Jn('U:h...,Un):uie(ano)7ui:tilﬁ’i:1’.“7n}
Y1 tip1 —
n+1l—7p, minscicn{z=E7} <4
= n— fn, min?fifn"‘l{ti—ytii—l } - %’
n, mino<i<npi {241 > ¥
where 7, is the frequency of mins<i<,1{;=—} among ;%-,..., ZIJTZ:L - On the other
hand,
s mino<i<npi {5 —}1 < ¥
7(y17"'ayn+1) = mn+ 1, min?SiSnJrl{ti*yﬁ} - %7
1, min2§i§n+1{ti—ytii,1} > %11

Hence we obtain that Z,(-) = Z,(-). It remains to show that Z,(-) is a good rate
function. Since A\, ;1 is compact, it suffices to verify the lower semicontinuity of
the Z, (). For any point (y1,...,Yn+1) in Dpy1, let ¥(y1,...,Ynsr1) = m. If the
neighbourhood of (y1, ..., yn+1) is small enough, then the frequency of the minimum in

each point inside the neighbourhood is at least m. Hence Z(-) is lower semicontinuous.

Lemma 7.
Z(p) = sup{Zn(u((0, ta]), p((t1, t2]), -, pl(tn, 1)) : (30)
O=th<t1 < <tp <tpt1 21,71:1,27...}.
The supremum can be taken over all continuity points ty,...,t, of .

Proof: We divide the proof into several cases. Let p be any probability in M ([0, 1]).

By Lebesgue’s Decomposition Theorem, one can write

on = )\1,Ufa + )\QMS + )\S,Uac

where i, is atomic, ps is diffuse and singular with respect to v, pe. is absolutely

continuous with respect to v, and

MA+X+A3=1, \;>0,i=1,2,3.
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Set

Fiw) = m((0,), f@) = e ),

Case 1: The probability pu has countable number of atoms.

Since the total mass of p, is equal to one, there exists a countable infinite number
of atoms with all different value of masses. Let the masses of these atoms be ranked
in descending order and the corresponding atoms are x1,3,.... Clearly us({z;}) =
tac({x;}) = 0 for all ¢ > 1. For any m > 2, by the continuity of probabilities, one
can choose small positive numbers €1, €9, ..., €, such that x; +€;,1 < i < m are the

continuity points of p, (z; — €;,2; +¢;] C [0,1],1 <4 < m are disjoint, and

p((zy — e, 21 +€1]) > p((z2 — €2, 22 + €2]) > -+ > p((Tm — €my Tim + €m))-

The partition based on the points {z; +€;4 = 1,2,...,m} clearly gives a lower bound
m — 1 for Z(-). Since m is arbitrary, the supremum taken over continuity points of u

gives the value of infinity which is the same as Z(-).

Case 2: The probability u has at most finite number of atoms and v({f(z) # 1}) > 0.
Let A={z €[0,1] : f(z) <1},B={z € [0,1] : f(z) > 1}, and C = {z € [0,1] :

f(x) =1}. Then we have

trac(A) <v(A), prac(B) > v(B); pac(C) = v(C)

and
V(A) = pac(A) = pac(B) — v(B)

The fact that v{C} < 1 thus implies that v(A) > 0,v(B) > 0. For any m > 1 we can

find0<s; <+ <8, <1,0<t; <+ <ty <1 such that

{siti<i<m C A, {titi<i<m C B
{si,ti}i>1 does not contain atoms of p

when Ao > 0, Fi(z) =0 for z = s; or t;,i > 1.
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For any ¢,7 > 1, we then have

VI(CET)
e—0 2€

tac((8i — €,5; + €])
2€
A3 f(t) = As lim

_ g M ety e])
e—0 2¢

= A3f(s4)

Hac((t; — €:tj +€])
2¢

/\3 lim
e—0

N

This makes it possible to choose €; > 0 such that s; & €;,t; & €; are all continuity

points of p and
p((si —eirsi+eal)  pl(ty =€ty +¢)
v(si — €, 8i + € v(t; — ety + €]

This provides a lower bound of m for Z(u). Since m is arbitrary, we established (30)

in this case.

Case 3: The probability u has at most finite number of atoms, A2 > 0 and v({f(x) #
1} =0.

It is clear that we have p,. = v in this case. For any m > 1, the singularity
guarantees the existence of 0 < 51 < -+ < 8, < 1,0 < 1 < --- < tp, < 1 such that the
derivative of Fi(x) is zero for © = t; while the derivative at s; is either infinity or does
not exist. Additionally we can choose s;,t; so that none of them are atoms of u,. Let
€ be small enough so that all intervals (s; —€,s; +¢€| and (¢; —€,t;+ €] i =1,...,m are
disjoint. Let J denote the partition of [0, 1] using {¢; +€,s;, €:i=1,...,m}. One
can then find a refined partition, using subsequence if necessary, J of J, and positive
numbers €, dg such that s; + €g,t; £ €y are continuity points of p and the value of
(2¢0) "' s on each interval containing one of the t/s is less than dp while its value on
each interval containing one of the sis is greater than . In other words, we can have
forany 1 <i,j5<m

p((8i — €0, 8i + €o)) y p((t; — o, tj + €0))
I/((Si 760,81'4*60]) I/((tj 7€o,tj+60]).

This implies that
Sup{In(M([O7tl])vl’(‘((tlatﬂ)7 s 7”((tn7 1}) 0=ty < - < tn-i-l =1Ln2> 1} > m.
The arbitrary selection of m leads to (30) in this case.

Case 4: The probability p has at most finite number of atoms, Ay = 0 and v({f(x) #
1})=0.
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In this case we have u = A\ + Asv. If Ay = 0, then p = v and Z(u) is clearly
zero. Assume that A; > 0 and the number of atoms is . Let F(x) = u([0,z]). Since
r is finite, any partition J of [0, 1] will have at most r disjoint intervals covering these

atoms. The maximum
SU.p{In(/,L([O,tl]),M((t17t2])7 B alu’((t'rw 1]) :0= o<ty <---<tp < t’n+1 = 17” > 1}

is achieved at any partition with exactly r disjoint intervals covering the r atoms
O
Proof of Theorem 8: Let C([0,1]) be the space of all continuous function on [0, 1]
equipped with the supremum norm, and {g;(z) : j = 1,2,...} be a countable dense
subset of C([0,1]). The set {g;(z) : j = 1,2,...} is clearly convergence determining

on M;([0,1]). Let |gj| = sup,epo1l9;(x)| and {h;(z) = |ZJ](\$)1 17 =1,..} is also

convergence determining.

For any p,v in M([0,1]), define

Z% (v, hj)|. (31)
j=1

Then d is a metric generating the weak topology on M ([0, ]).
For any § > 0, u € M;([0,1]), let

B(u,d8) = {v e M([0,1]) : d(v,p) < &}, B(u,6) = {v e Mi([0,1]) : d(v, u) < 5}

Since M ([0,1]) is compact, the family of the laws of =40, is exponentially tight.
By theorem (P) in [36], to prove the theorem it suffices to verify that

o 1
fimliminf — oo m—y e P{Bk.0)} 32

= lim lim sup log P{B(1,0)} = —Z(1).

50 o1 —log(l—a)
Let m be large enough so that
{v e M ([0,1]) : [{i, hj) — (v, h;)| <6/2:j=1,---,m} C B(v,9). (33)

Consider 0 =tg < t; < -+ < tpp1 = 1 with A; = (¢;—1,¢],i =1,...,n+1 such that

sup{|h;(z) — h;j(y)| :z,y € Aj,i=1,--- ,m;j=1,--- ,m} </8.
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Choosing 0 < 61 < %, and define
W17"'7tn(ﬂ751) = {(yl, 7yn) SAVE |yz - N(Al)| < 61,i =1, ,’ﬂ}.
For any v in M ([0, 1]), let

Y(v) = (v(A1), s v(Ans1)).

If U(v) belongs to Vi, ... 4, (14,61), then for j =1,....m

[{v, ) = (s Bj)|

n+1
> /A () (v(de) ~ )

A

%—l—nél < 6/2,

which implies that

U (Vi o, (1,61)) © {v € Mi([0,1]) = {0, hy) = (u, )| < 6/2:5 =1, ,m}.

This combined with (33) implies that

\Ilil(vvtl,'“ tn (/~La 51)) C B(/J'v 6)
Since Vi, ...+, (i, 61) is open in A,,, it follows from Lemma 6 that

. 1
glir(l) llgn_}?f m log P{B(1,9)} (34)

1
> 1 A -1
> lim lim inf ————r og(1 = a) log P{®™" (Vi - 1, (12, 61)) }

e 1 = =
= i liminf Ty 08 F{(Ea0s (A0), o Baow (Ani)) € Vi (1 01)}
> _In+1(M(A1)7 aM(An+1)) 2 _I(/’(‘)

Next we assume that tq,...,t, are continuity points of u. We denote the collection
of all partitions from these points by J,. This implies that ¥(v) is continuous at p.

Hence for any d2 > 0, one can choose § > 0 small enough such that

Bl1,8) € U (Vi ety (1 52)).

Let

Vot (1:02) = {(y1, s yn) € Dt [y = p(Ai)] < d2i =1, n}.



26 Shui Feng, Fuqging Gao and Youzhou Zhou

Then we have

1' 1 ~ -
530 o’ —log(1 — a)

log P{(EQ’O’V(A1)7 ey Ea,O,y(An+1)) c th,n- tn (,u, 62)}

log P{B(u,0)} (35)

1
<l _
- H(il_s,lllp —log(1l — «)

Letting 2 go to zero and applying Lemma 6 again, one gets

- 1 -
}1_% lim sup ] log P{B(11,6)} < =Tpy1(u(A1), .. p(Apt1)).

06— 00

Finally, taking supremum over J,, and applying Lemma 7, one gets

lim lim sup

Y limsup — o e log P{B (1, 0)} < ~T(),

which combined with (34) leads to the theorem.

5. Concluding Remarks

A comparison between « converging to 1 and 0 converging to infinity reveals funda-
mental differences. Under these limiting procedures, we have both P(«,0) and P(0, §)
converge to (0,0,...). This can be seen from the distributions of (P («,0)) and
©2(P(0,0)).

It is shown in [22] and [25] that

V0/2[02(P(0,60)) — 1] = Z, 0 = oo,

where Z is the standard normal random variable. By Ewens sampling formula, we

have
Elp(PO.0)] = v
3146
EA®ON = Gie 2679
and

E[p3(P(0,6))] = (5! 4 3-310 4 6%).

0+ 1)(5)
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The skewness of ¢3(P(0,6)) is given by

E[p3(P(0,0))] — 3E[e2(P(0, 0))E[3(P(0,6))] + 2(E[p2(P(0,6))])°
(E[£3(P(0,0))] — (E[p2(P(0,0))])*)*/

—0, 08— o0

0(0~5)
0(9 4. 5)

which is consistent with the Gaussian limit.

On the other hand, for ¢o(P(«,0)) one has

Elp2(P(a,0))] = 1-«
E[p3(P(a,0))] = (1-a)(2— a)(36— @) + ol — ) |
and
Var(p2(P(,0))) = M
Ep(P(a.0)] = —[(1—a)e +3a(l — )22 — )3 —a) + (1 - a)?].

5!

This means that the skewness of o (P(a,0)) is of order O((1 — a)/O((1 — )3/?)
which goes to infinity as « converges to 1. Thus the distribution of (P (cv,0)) is
skewed strongly to the right and a Gaussian limit is unlikely. The cause for this is
the fact that as « increases the frequencies become more even, and tail becomes more
heavier.

Another difference is reflected from the large deviation behaviour of the Pitman
sampling formula. For any n > 1, a partition i of n with length [, the conditional

Pitman sampling formula given P(«,0) = p is

Fp(p)=C(n,m) > plte-pl

distinct iq,...,i

where
n!

[Ty ! TTy aj(m)

Assuming 7; > 2 for all i. Then Fp(p) is continuous on V.. By contraction

C(n> 77) =

principle, large deviation principles hold for the image laws of PD(0,6) and PD(«,0)
under Fy(p) with respective speed ¢ and —log(1 — ).

Integrating Fp(p) with respect to PD(a,0) leads to the unconditional Pitman
sampling formula. The large deviation speed is shown in [14] to be log § under PD(0, 6).
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In [19], the large deviation speed under PD(«, 0) is shown to be —log(1 — «). In other
words, under PD(0,6) the conditional and unconditional Pitman sampling formulae
have different large deviation speeds due to averaging and finite sample size, while
under PD(a,0) the corresponding speeds are the same.

In Bayesian context, the limiting procedure 8 — oo corresponds to the sample size
tending to infinity and the large deviations for =g g, becomes the large deviations for
the posteriors of Dirichlet prior when the sample size converges to infinity ([21]). It is

not clear what the natural Bayesian counterpart is for the limiting procedure a@ — 1.
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