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UNCONDITIONAL LARGE DEVIATION PRINCIPLES FOR DIRICHLET
POSTERIOR AND BAYESIAN BOOTSTRAP

By SHUI FENG?

Department of Mathematics and Statistics, McMaster University, ®shuifeng @ mcmaster.ca

The unconditional or annealed large deviation principles are established
for the Dirichlet posterior and the Bayesian bootstrap. The rate functions
are identified explicitly, which provide new measurements of divergence be-
tween probabilities. As applications, we study the asymptotic efficiencies of
the Dirichlet posterior mean and the Bayesian bootstrap mean.

1. Introduction. Let S be a compact Polish space with the Borel o-field S. Denote
by C(S) and B(S) the spaces of continuous functions and bounded measurable functions
on S, respectively. The space of probability measures on (S, S) is denoted by M1 (S) which
is equipped with the weak topology. The space M{(M1(S)) is defined similarly. To avoid
triviality, we assume that S contains at least two elements. For any f in C(S) and w in
M1 (S), the integral of f with respect to w is denoted by (i, f).

For any 6 > 0, let Uy, U;, ... be i.i.d. with Beta(1, ) distribution. Independently, let
&1, &, ... bei.i.d. with common distribution vy in M1(S). The Dirichlet process [8] on (S, S)
with mean distribution vy and concentration parameter 6, denoted by Iy ,,, is the law of the
random measure

o0
(1.1) Eo. =) Vide,

i=1
where Vi =Uy, Vi=(0 -Uy)---(1 = U;—1)U;, i > 2 and 8¢ denotes the Dirac measure at
&. Given observations X1, ..., X, from the Dirichlet process, set

0 n <&
v, = v Sx..
" 9+n0+9+n;X’

Then a version of the corresponding Dirichlet posterior distribution is given by Ilg4, .,,
which is the law of the random measure

n
(1.2) By, = UM By + (1= U™) Y Wy i8x,

i=1

where U™ is Beta(0, n) distributed, (W, 1, ..., W, ) has Dirichlet(1, ..., 1) distribution,
and all random variables appearing on the right-hand side are independent given X1, ..., X,,.
The Bayesian bootstrap corresponds to 8 = 0.

For any v in M;(S), let v{° denote the infinite product measure of vi. Given that
X1, X3, ... are i.i.d. with common distribution vy, the Dirichlet posterior is strongly con-
sistent in the sense that, with v{° probability one, ITg4,,., converges to 8,, in M (M;(S)) as
n tends to infinity. In other words, for almost all observations under v{°, the random measure

Eg'l)) , converges in probability to vy as n tends to infinity.
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The study of large sample asymptotic behaviours for the Dirichlet posterior and the
Bayesian bootstrap is part of frequentist Bayesian inference. Consistency and normal fluc-
tuations (Bernstein—von Mises theorem) have been the focus of active research over the years
[13, 16, 17, 21, 24]. In [11] a conditional large deviation principle was established for the
Dirichlet posterior. More specifically, for any measurable set A with interior A° and closure
A, one has for almost all observations under Ve

1
- mf I(w) < lim —InTlgqy 0y, (A°) < lim — ln Mgy, (A) < — inf I(p),
n—oo N n—00 neA
where I (u) is a good rate function, and, for v; with support S, is equal to the Kullback—
Leibler divergence or relative entropy

(13) H(vi|p) = sup{(vi, f) —Inu, e’): f € C(S)}.

A comparison with the frequentist inference is revealing. Recall that for i.i.d. sequence
X1, X2, ... with common distribution vy, the empirical distribution

1 n
=Z;8X"

converges almost surely to vy as n tends to infinity. In addition, the functional central limit
theorem holds for £,,. Thus E ’“(") , and £, have similar large sample behaviours under v® in
terms of law of large numbers and normal fluctuations. But the more refined large deviation
results reveal the fundamental difference between the two. By Sanov’s theorem [23], £,
satisfies a large deviation principle with the good rate function H (u|v1) while the conditional
large deviation rate function for E g")} has the reversed form H (vi|u).

The large deviation principle for £ is a frequentist result while the conditional large de-
viation result for Eé ])} is purely Bayesian. The objective of this paper is to understand the
large deviation behav1our of the combined frequentist and Bayesian structure of the Dirichlet
posterior. More specifically, we are interested in the large deviation principle for the law of
"‘(n) , under ITg,y, X vi* denoted by Hén‘))o », - Using the terminology of statistical mechanics,
the condltlonal large deviation principle in [11] can be viewed as quenched large deviations
while the main result in this paper is the annealed large deviations. As application, we will
study the asymptotic efficiency of the Dirichlet posterior mean in terms of large deviation

rate functions. In particular we observe the following:

e The Dirichlet posterior mean is asymptotically less efficient than the Dirichlet mean and
the sample mean.

e If v is uniform over [0, t] for some 0 < 7 < 1, then the Dirichlet mean and the sample
mean have the same asymptotic efficiency while the Dirichlet posterior mean is strictly
less efficient than both.

The development of the paper is as follows. The main result of annealed large deviation
principle will be presented in Section 2. The rate function is identified explicitly. It consists
of a frequentist part and a Bayesian part. The main result is applied in the study of asymptotic
efficiencies of three random means in Section 3. The proof of the main result is contained in
Section 4. All terms and definitions regarding large deviations are found in [6].

2. Main result. Recall that S be a compact Polish space. By Urysohn’s embedding
lemma, the space S is homeomorphic to a compact subspace of R*. For ease of presen-
tation, we choose S = [0, 1] in the sequel, which contains all the ingredient for the proof of
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general cases. The space of probability measures on S, M1(S), is equipped with the weak
topology, which is generated by the metric

o
(v —p, fi)IA1
ICANEDS o L HEMIS),
i=1
where {f; € C(S):i =1, 2, ...} be a countable dense subset of C(S). The main result of this
paper is the following theorem.

THEOREM 2.1. Fix vy in M(S) with topological support supp(vy) containing at least
two points in S. Then the family {l'I(n)

0,v0,v1
M1 (S) with speed n and good rate function

:n > 1} satisfies a large deviation principle on

@2.1) Joy () = Ue%ll;llf(S){H(U|M) + H(v|vi)} supp(u) C supp(vy)

o0 else.
Equivalently, due to the compactness of M1(S), we have for any u in M1(S)

lim lim —InTly; | (p(v, n) <$) = g%ngngo - InTly") o, (p(u, 1) <9)

(2.2) 8—>0pn—ocon
- _-Ivl (,LL)

and, for any ¢ > 0, the set {v € M(S) : J,,(v) < c} is compact.

REMARKS.

(a) The large deviation result does not depend on 6 and vy. Thus the Dirichlet posterior
and the Bayesian bootstrap have the same large deviation behaviour.

(b) There are two sources of randomness in the Bayesian bootstrap > | W, ;8x,: the
prior reflected in the random weights and the i.i.d. observations (frequentist component).
These correspond to the two parts in J,, (1). Noting that

H(plvy) = H(ulp) + H(ulvy), Hilp) = Hilp) + H(i|vy),

it follows that for supp(u) C supp(v1), Ju, (1) is less than both H (|vy) and H (vq|w). This
reflects the impact of the combined randomness.

(c) If the Dirichlet(1,...,1) weights in the Bayesian bootstrap are replaced with
Dirichlet(ay, . .., a,) weights for a,, tending to infinity, then the unconditional large deviation
principle would be similar to the large deviation principle for the empirical distribution £,,.
On the other hand, if the i.i.d. observations are replaced with triangular arrays X g"), X ,(1”)
and the empirical distribution

1 n

- E 8y
X

nkzl k

satisfies a large deviation principle with speed n¥ for some y > 1, then the unconditional
large deviation principle will be similar to the conditional large deviation principle in [11].
The latter has been established in [10] and [9], where the corresponding triangular array are
the eigenvalues of random matrices.

(d) For any p, v in M(S), the function J,(u) defined as in (2.1) provides a new mea-
surement of divergence between w and v, which we call the J-divergence. It is nonnegative,
symmetric, convex, and equals to zero only when p = v. Since the triangle inequality does
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not hold, it is not a metric. But the finiteness of J,, (1) does not require the absolute continuity
between p and v. This can be seen from the following example:

1
v(dx) =dx, w(dx) = E[U(dx) + 810y (dx)],

v(dx) = %[U(dx) +8y(dx)], xe€S.

It follows from direct calculation that
H(|nw) =In2 = H(v|v), Jy(u) <2In2.

Clearly H(u|v) = H(v|u) = oo. Thus J, () can be strictly less than the minimum of
H(u|v) and H (v|w). This helps in quantifying the relative information between probabilities
that have no absolute continuity relation.

(e) Letdy and d;, denote the Hellinger distance and the total variation distance on M1 (S)
respectively. Then, for any w, v in M;(S) we have by Pinsker’s inequality,

dif (1, v) < 4d2, (1, v) < 167, ().

3. Application. Let v; in M{(S) have mean value « and variance o2. Assume the ob-
servations X1, X», ... are i.i.d.with common distribution v;. Recall that for any f in C(S)
and p in M1 (S), the integral of f with respect to u is denoted by (u, f). The mean of
corresponds to f(x) = x. In this section, we will apply the main result to the analysis of the
asymptotic behaviours of following three random means:

sample mean = (L, x),

Dirichlet mean = (&, ,,, x),

Dirichlet posterior mean = (& é"‘))o, x).

The study of random means has been an active research area over the years. Two compre-
hensive surveys on the subject can be found in [15] and [19].
By direct calculation, we obtain that

E[<£n, )C)] = E[<En,v0, x)] =K,

_ n
E[<Qé’:ll))o’x>] = +9K + m(vo,x),
and
2
o
Var[(L,, x)] = —
2
o
Var[<En,voax>] = . I’
2no?
Var[(E)") , x)] =
& = G purern
0

[K2 + (n + 0)(vo, x2> —0(vo, x)> — 2nk (vo, x)].

* n+6)>2m+604+1)

Thus all three means are either unbiased or asymptotically unbiased estimators of «, and
have the same magnitude of fluctuations. It is natural to ask which of these provide a better
or more efficient estimation?
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Following [1], we compare these means through the study of their asymptotic efficiencies
characterized by the large deviation rate functions. The asymptotically more efficient esti-
mators will have bigger rate functions. This criterion has been used in the comparison of
weighted bootstraps [2]. Rate functions are usually proportional to the Fisher information,
which is consistent with the well known Cramér—Rao theory.

Noting that the map

Mi(S) = R, pu— (u, x)

is continuous, the following result follows by a direct application of Theorem 2.1, the large
deviations for the Dirichlet process [5, 18], the Sanov’s theorem, and the contraction princi-
ple.

THEOREM 3.1. The laws of the families {(L,,x) : n > 1}, {{E,,,x) 1 n > 1}, and
{(ngl))o, x) :n > 1} satisfy large deviation principles on S with the same speed n and re-
spective good rate functions

I (u; = inf {H S, x)=uf,
1 (u; vp) Mé‘r}l(s){ (i) = (e, x) = u}

L(u;vy) = inf
neMi(

in S){H(vllu):<M,X>=u},

Li(u;v)) = inf [J, (w,x) =ul.
3(u; v1) ue%lll(S){ () < (e, x) = u}

By Theorem 2.1, we have I3(u; vi) < min{/j (u; v1), I>(u; v1)} for all u. Hence the Dirich-
let posterior mean is less efficient than both the sample mean and the Dirichlet mean. The
inequality can be strict as the following example indicates:

1
vi(dx) = 5[50 + 611,

(d)—38 +18

1 3
11<Z; v1> =H(ulvy) = Zln3 —1In2,

In3

1
12<Z; V]) =H(v|u)=1n2 — B3

and

1(1 ) "
— V1 )=In .
AV 243

Bz <n(gm) <n(gm)
—: < —: < — .
3 4»‘)1 1 4»‘)1 2 4aV1

The rate functions /1 (u; v1) and I(u; v1) are the forward information projection and the
reverse information projection, respectively. There is no simple order between them in gen-
eral. It is known that the forward information projection over convex set has an explicit so-
lution [3], and the reverse information projection has a solution over any log-convex domain
[4]. Since the set {u € M1(S) : (i, x) = u} is not log-convex, it is not clear whether one can
identify the minimizer, and thus /> («) explicitly.

Our next result shows that if v{(dx) is uniform over [0, 7] for some 0 < 7 < 1, then we
have I3(u, vi) < I1(u; vi) = I (u; v1) for u # 7 /2. In other words, the sample mean and the
Dirichlet mean have the same efficiency while the Dirichlet posterior mean is strictly less
efficient than both.

Clearly we have
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THEOREM 3.2. Let vy be the uniform distribution over [0, t]. Then, for any 0 <u <,

Ii(u,vi) = I(u; vy)

T
(3.1) =/ In(a + Bx)v1(dx)
0
= F Y u/t)w—1) +In(1 + F L u/t)u),
where
o+ 18 =ae?, a+pBu=1
and
! 0
Z 7=0,
FR=12,:
— —  else.
ec—1 z
In addition, we have for u # t /2
(3.2) I3(u,v1) < Ii(u, vi) = D(u; v1).

PROOF. By the minimum discrimination information theorem (pages 36-39 in [14]), the
infimum of /;(u; v1) is achieved at a probability measure (g satisfying

wo(dx) =ce™vi(dx).

The constraints

(vi,ce™) =1, (vi,exe™)=u
imply that
c= " , ce'’* —1=ur,
et — 1
and
et 1
u/t = ——=F(rr).
/ et —1 rt re)

By direct calculation,
Iy (u; vi) = H(polvi)

1 T
=—/ ce” (Inc+rx)dx
TJ0

=Inc+ru
=tr(u—1)+In(1+tru)
=F ' u/t) — 1) +In(1 + F ' u/t)u).

On the other hand, for any w in M{(S), let u = 1 + w2 be the Lebesgue decomposition
of u with respect to vy, with u; < vy and po L vy. Set f(x) = %, the Radon—-Nikodym
derivative of pq with respect to vy. Then for any u in S we have

D(u; v) = inf{{vi, —In f (X)) : (1 + w2, x) =u, 1 = vy}
(3.3) =inf{(v;, —In f(x)): f > 0, vi-as., (vi, fF(x)) < 1, {v1, xf (x)) < u}

ae(o,l],ll?e((),aAu] félllu,b“v]’ 11f()c)>}7
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where
Tap={f€B(S): f>0,v-as., (v, f(x))=a, (v, xf(x))=b}.
Forany O <a <1,and 0 < b <u A (ta), let A{(a, b) and A;(a, b) be such that
(3.4) ri(a, b) + tha(a, b) = A (a, b)e®™*2@D) ari(a,b) +brr(a,b) = 1.
Since b < t A a, it follows that
Mi(a,b) >0, M(a, b) 4+ Ay(a, b) > 0.

Thus the nonnegative function

1
M(a, b) + Ay (a, b)x

is well defined. It follows from direct calculation that

8a,b(x) =

(vi, ga,p (X)) =a, (vi,xga,p(x))=1b.

Thus g, 5 isin 'y p. For any f in I, 5, we obtain

A, vl(dx):/T(M(a,b)+A2(a,b)x)f(x)v1(dx):1
0 &a,b(X) 0
and
T T ) ~
fym ga,b(x>”1(dx)fln</o ga,bu)”l(dx)) =0
Hence

(vi, —=In f(x)) = (vi, —Inga p(x)),

and the infimum of (vi, —In f(x)) is achieved at g, . It is not difficult to see that the map
from (a, b) to (A1, A2) is one-to-one, and

da o 04y %y 3Py,
oAl oAy oAl dAo

It follows that (v, —In g, »(x)) is decreasing in both a and b, and the infimum is achieved
for a =1, b = u. Solving the equations in (3.4), we obtain

u/t = F(—tira(l,u)).
Thus by (3.3) we obtain

I v1) =—f0 g1, (x)v1 (dx)

= /OT In(a + Bx)vi(dx)

which implies (3.1) by taking « = A1 (1, u), B = A2(1, u).
Finally we turn to the proof of (3.2). For any u # t/2, let

pui(dx) = g1,u(x)vi(dx)
and

i =Apmo+ (1=, 0<A=<1.
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It is clear that u, is in M1(S) and (u,, x) = u for all A. By direct calculation we obtain
I3(u, v1) < Jy, (12)

< H(Apo+ (1= 2)vilps) + H(Apo + (1 = Avi|vy).

It follows from the pair convexity that
H((Apo + (1 = 2)vi|vi) < AIi(u, vp)
and

H (o + (1= Mvi|ps) < (1= 1) I (u, vy).

Since the first inequality is strict for some A in (0,1), it follows that
H (Ao + (1 = Mvilws) + H((Apo + (1 = 2)vi|vy)
<A(u,vy)+ (1 =1 (u,vr)
= I (u,vy).

Putting all these together we obtain (3.2). [

REMARKS.

(a) Let vy denote the law of (€1 ,,, x) and iy, n2, ... be i.i.d. with common distribution v;.
Then by the Gamma—Dirichlet algebra (Theorem 1.1 in [7]) we have

n

— d

<dn,v0vx> = E Wha,ini,
i=1

which implies that

DL(u;vi) = I3(u; v2).

(b) The distribution of the Dirichlet mean has been derived explicitly in many cases
in [22]. For diffuse probability measure vy, the law of the Dirichlet mean (&, ,,, x) forn > 2
is absolutely continuous with respect to the Lebesgue measure with the Radon—-Nikodym
derivative

n

—1 X
an(0) = "= [ =y 2 B o ([0, y])dy,  0<x<1.
T 0

But it is not clear how this can be used to obtain the explicit form of /> (u, v1).

4. Proof of the main result. For ease of presentation, we assume that the topological
support of vy is S. The general case follows directly by defining the rate function to be

infinity for pu with supp(u) ¢ supp(vy).
For any m > 1 and any partition Ay, ..., A, of S, define the map

7 M(S) = A, v— (V(A1), ..., v(An)),

where
m
Am=1x1,...,xn) €[0,1] x --- x [0, 1]:Zxk=1}.
k=1

Let a; =0vg(A;), pi =vi(A;),i=1,...,m, and
ni=#l<k<n:XpeA;}, i=1,...,m.
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Then JT(EgT]))O) has Dirichlet(a; +n1, ..., an + n,,) distribution, and 7 (£,,) has multino-
mial distribution with parameters n, pi,..., pm. If a; + n; =0 (p; = 0) for some i, then

the corresponding coordinate in the Dirichlet (multinomial) distribution will be zero and the
distribution can be viewed as a Dirichlet (multinomial) distribution on a lower dimensional
space. Thus, without loss of generality, we assume @; +n; >0, p; >0fori =1, ..., m.

LEMMA 4.1. For any u, v in M1(S), set

77(#)=(q1,---»Qm):q, 7T(U)=(01,...,0m)=0.
Define
m 0; m 0;
H(r)lm(w)=> oiln—=,  H(zr@)lr())=) oiln—,
i=1 4gi i=1 Di
where 0In0 = Oln% = 0. Then we have

lim lim ~1In P{|(m (")), 7w (L) — (m (), m(v))] < 8}

0—>0n—soon

(4.1) — lim Tim ~In P{|(m (")), (L)) — (m (), m ()| < 8}

§—>0n—>xn
=—[H(rW)7 () + H (7 ()lz ()],

where

(2 (257, (L)) — (). 7 W)| = S [IES (AD) — gl + |£a(AD) — 04]].
i=1

PROOF. Fix u, v in M(S). For any § > 0, let

C(n+06) f /’” aitni—1
F(ny,...,n,;8) = X N dxy o dxy -,
O ) )Tt ) N 1;[1 ot
§,m

where

m
Ds =11, ....%) €Am: Y |xi —gil <5}.

i=1

Then we have
P{|((E)). m(Lw)) — (T (). 7(v))| < 6}
= > Ay, ...,y 8),

7
iy | —oil<s

4.2)

where
n m
A(nl,...,nm;5)=<n )F(nl,...,nm;é)]_[p?’-
1 -..nm i_l
Similarly we have

P{|(x(EY),). 7(Ln) — (T (). 7 (V)| <8}
= > Ay, ... .nm;8),

n;
ka:1 |55 —0;|<8

4.3)
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where
- n - m
Aoneomis)=(, " Y F i) [T
1...nm l:l
and F(ny, ..., ny;8) is defined by replacing Ds ;, with

m
D(S,m = {(xl»---’xm) €Ay :Z|xi —qil 55}-
i=1
We begin with the case 8 = 0. The assumption a; +n; > 0, 1 <i <m implies that n; > 1
for all i.
By Stirling’s formula for the gamma function, there exist positive constants c; < ¢ such
thatforalln > landn; > 1, n;=n

i\ ng .. im I'(n) n; ny...Ny
Clg(ﬂ n T T L () n

Noting that for any integer n > 1
v2nn”+%e_” <nl< en"+%e_",

it follows that there exist constants ¢3 < c4 such that

o\ T n ni\ 7" n
i\ n ny...ny, — \". ni...ny

Putting these together it follows that

A n I'(n) ni\ "2
c5l:1_[1<;) S<nl...nm)m_ < < )

for some positive constants cs5 < cg.

Forany x = (x1,...,Xm),y= (¥1, ..., Ym) in A, define the function
W (x,y) = H(y|x) + H(ylm(v1)).
Then we have fory = (71, ..., 72
C5/ /exp{—n(\ll(x y)+no llnnx,>}dx1,. dxm—1
D5 i=1
(4.4) <Ay, ..., nm;8) <A1, ...,nm;0)
<06/ /exp<—n(w(x y)+n~ llnnx,}dm,. dxm_1.
D(S.m =l

We now divide the upper estimations into three cases.
Case 1. g; > 0 for all i. For any t > 0 one can choose n large and § small such that

Y y) +n I [xi — W(r@), 7)) - 11n]‘[q,_
i=1

’

which implies that
A,y )

4.5
“> 566[28]’"6Xpl—n< (7w (), (v)) + 1lnl_[q, —r>}
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Since the total number of terms in (4.3) is at most (n + 1) and t is arbitrary, we obtain
that

1
lim fim —In P{|(m (25", ). 7(Ln) — (T(w), 7(V))| < 8}

§—>0n—0o0 p

(4.6) <-— Zo, (m — +In —)

pi
= —[H(Jr(v)ln(u)) + H((v)|m (v1))].

Next we turn to the situation where g; = 0 for some i. Without loss of generality, we
assume that there exists an 1 </ <m such that g; > 0for 1 <i </ and ¢; =0 fori > [.
Case 2. 0; > 0 for some i > [. In this case the term ”’n—_l In "’xﬁ in

m
v(x,y) + n~'in Hx,-
i=1

converges to infinity as § tends to zero. Thus

1 n
lim Tim_—In P{| (v T (B§,). (L) — (), (V)] < 8} < —o0.

The result (4.1) follows from the fact that

H (7 (v)|m(w) + H(w(v)|7(vo)) =

Case 3. 0; =0 for i > [. It follows from direct calculation that

exp{—n <\P(x, y) + n!n Hxi> }

i=1

=(]m‘[ xf—)exp{—n<zyl<1n—+1np) llnnxl>}

i=l+1
m .
X expi—n< > Vi <1ny,' +In £)>}
i=l+1 Di
l ) . l
< exp[—n(Zy,- <ln& +In ﬂ) —{—n_llnl_[x,-)}
i=I i pi i=I

m .
X expi—n( Z Vi (lnyi + In &)>}
i=I+1 pi

on the domain Ds ,,. The exponential term

exp{—n(éy,(ln——i—ln )+n 11n]‘[x,>}

can be estimated by an argument similar to that used in deriving (4.5).
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For the second exponential term we have

1
;E;I})nlggoglnexp —n _ZZHy, (lny, —i—lnp—)
Z yi(lny,- —l—lnﬁ)}
i

< —lim inf {
i=l+1 !

=030, vi<s
=0.

Thus (4.6) also holds in this case. It remains to check the lower bound in Cases 1 and 3.
In Case 1, the function W (x,y) +n"!In [17L, x; is continuous at (q, 0). Thus for any t > 0
one can choose § small so that for

I(x,y) —(q.0)] <&

and
\D(x,y)—\ll(q,o)—i—n_](lnﬁx,-—lnﬁqi> <T
i=1 i=1
By (4.4) we have
Ay, ..., ny;d) >C5/ /exp{—n[\D(X y)+n— llnl_[x,]}dxl,...d
Ds i=1
> cse” exp{—n[\l/(q,o)-i—n lnq,”/ fdxl"'dxm
Ds,m

which combined with (4.2) implies

) Jim 1im —in P{|(e(340,),7(E) — (o), 7)) <5}
—[H (7 ()| (n)) + H( (v) |7 (v))].
InCase3,letT ={1 <i <m:q; =0}(0o; =0fori € T) and define
Vi, y) =) v ln— WX, y) =D vi ln—

i¢T ieT

The function ¥;(x,y) +n~'In [ligr xi is clearly continuous at (g, 0). On the other hand,
set

1 8 8
Cg,mz{X:(x,...,xm)eAm:—(q,-—i——)<xl~<q,-+—,foralli .
2 m m
Then the following holds on Cs ,,:
_ 7). 8
W) (X,y) +n llnl_[xi_—m8ln2—+7l —

ieT
where |T'| is the cardinality of T'.

Since Cs , is a subset of Dj ,,, it follows from (4.4) and an argument similar to Case 1
that (4.7) holds in Case 3. Putting together (4.6) and (4.7) we obtain the result for 6§ = 0.
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For 6 > 0, we can write the probability density function of ”(Eg}\))o) in the form
I'(n+0) e a)—
Jo(x1, .oy xm) = [Tt
=g8o(x1, ...\ Xm) fo(X1, .. Xm),
where fo(x1, ..., X, is the corresponding density function for 6 = 0 and
C'(n+0) I'(ny)---T(ny) "o
8o (X1, ... Xp) = - [Tx"

I'n) T'(ny+a)---T'(ny +ap)

i=1

The lemma follows from the observation that the factor
m 1 m
% — ex - In x;

does not change the estimates above, and

.1 T'(n+6) C(ny)---T'(ng)
lim —1In =0.
n>con  T'(n) T(ni+ap) T +anm) .

For any p in M{(S), set
S, ={reS:u({t}) =0}.
Forany 0 <t; <--- <t, < 1in S, define
..... b (1) = (1 ([0, 1)), + s p([ths k1)) -+ s 11 ([tms 10)).
Then the following holds.

LEMMA 4.2.  Forany v, u in M(S), we have
H(v|w) + H(v|vy) = sup {H (..t 71yt (1))

O<ty < <ty<le SyNSy,

+ H(”ll,...,tm (U)|7T11,...,tm (Ul)}.

(4.8)

PROOF. Itis known [5, 12] that for any v, u in M{(S)
H|p) = sup {H @y, D70 (0}

O<ti<-<ty<l € Sy

Since the supremum of sums is less than or equal to the sum of supremums, it follows that

H(v|w)+ H(v|vy) = sup {H (71, 1, U701y (1))

O<ty<--<typ<lin SyNSy,
+ H(myy, ot (O 7Tyt (Vl)}-
To prove the other direction, we first recall the variational form (1.3) of the relative entropy

H@lpw) = sup {(v,g)—In{u, ef)}.
geC(s)

For any 7 > 0, there are g, 4 in C(S) such that
H@lw) < (v, g) —Infu, e¥)+ 1
and

H(vlvy) < (v, h) —In{u, e") + 7.
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Since S, NS, is dense in S, there exist 0 < #,; <--- <1y, <1in S, NS, such that

lim max {max{|g(x) —g()|:x,y € [tni—1), tnil} =0,

n—>o01<i<n+1

lim  max {max{|h(x) —h(y)|:x,y € [tai-1), tnil}} =0,

n—00 | <i<n+l
where 1,0 =0, t,(u41) = 1. Set
otni = g(tni), Bni =h(tni), i=1,....n+1
and
Apmt1y = tnn, 11, Api =twi—1),twi), i=1,...,n.
Then there exists ¢, (g, i) such that
Jim ¢y (g, h) =0

n+1 n+1
Hlpw) ) oniv(Ap) —In Y e pu(Api) + T+ ca(g. h)
i=1 i=1

SH(T[tnl ..... tan 01 tnn(M))+T+Cn(g»h)

and
n+1 n+1
Hvy) <Y Buiv(An) —In D ePrivi(An) + 7+ cnlg. h)
i=1 i=1

=< H(ﬁz,,l,‘..,znn (V)|my,,,..., t,m(Vl)) + T +cn(g, h).
Putting all these together we obtain (4.8). [

PROOF OF THEOREM 2.1. For any v, n in M{(S),and any 0 < #; < --- <t <1 in
Su NSy, let

Aerl:[tl’VLv]]v Al:[tlflvtl)v l:1,,m

It follows from Lemma 4.1 that

;%n%glnp{|(nfl sssss tm(E‘O,V())’ntl sssss tm([’n))

- (7Tz1,...,zm (n), Tty .oitm (U))| < 5}

Zah_%nli)ngo;lnpﬂ(”n ..... tn (B vg)> Tt1 ooty (L))

= —[H(T[tl ..... tm T2yt (M)) + H(Tl’tl ..... tm T2yt (Vl))]
By approximation and Lemma 4.2, we obtain

1
lim lim —lnP({p(Eg?‘))O,,u) <8, p(Ly,v) <8})

8—->0n—>o0 N

— 1
. T —~(n)
= lim lim —InP({p(Eg, 1) <8, p(La,v) <8})
= —[H(vlw) + Hlv)].
Since M1(S) x M(S) is compact, it follows from Theorem (P) in [20] that the family of the

laws of (E gf‘))o, L) satisfies a large deviation principle with rate function H (v|uw) + H (v|vy).

Noting that E((,"‘))O is the continuous image of (Eé"lo, L) through projection, we obtain the
main result by the contraction principle. [J
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