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Abstract We construct an infinite-dimensional information manifold based on
exponential Orlicz spaces without using the notion of exponential convergence. We
then show that convex mixtures of probability densities lie on the same connected
component of this manifold, and characterize the class of densities for which this
mixture can be extended to an open segment containing the extreme points. For this
class, we define an infinite-dimensional analogue of the mixture parallel transport and
prove that it is dual to the exponential parallel transport with respect to the Fisher
information. We also define «-derivatives and prove that they are convex mixtures of
the extremal (41)-derivatives.

Keywords Information geometry - Statistical manifiold - Fisher metric - Orlicz
spaces - Amari—Nagaoka duality

1 Introduction

Information geometry is the branch of probability theory dedicated to provide families
of probability distributions with differential geometrical structures. One then uses the
tools of differential geometry in order to have a clear and intuitive picture, as well as
rigor, in a variety of practical applications ranging from neural networks to statistical
estimation, from mathematical finance to nonequilibrium statistical mechanics
(see Sollich et al. 2001).
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874 M. R. Grasselli

It was just over half a century ago that the Fisher information

o o Px 0)dx (1)

dlog p(x,0) dlog p(x,0)
8ij = / - -

was independently suggested by Rao (1945) and Jeffreys (1946) as a Riemannian
metric for a parametric statistical model { p(x,0),0 = LA 0”)}. The Riemann-
ian geometry of statistical models was then studied as a mathematical curiosity for
some years, with an emphasis in the geodesic distances associated with the Levi—
Civita connection for this metric. A greater amount of attention was devoted to the
subject after Efron (1975) introduced the concept of statistical curvature, pointing
out its importance to statistical inference, as well as implicitly using a new affine
connection, which would be known as the exponential connection. This exponential
connection, together with another connection, later to be called the mixture connection,
were further investigated by Dawid (1975). The work of several years on the geomet-
ric aspects of parametric statistical models culminated with the masterful account in
Amari (1985), where the whole finite dimensional differential-geometric machinery
is employed, including a one-parameter family of «-connections, the essential con-
cept of duality and the notions of statistical divergence, projections and minimization
procedures. Among the successes of the research at these early stages one could single
out the rigidity of the geometric structures, such as the result concerning the unique-
ness of the Fisher metric with respect to monotonicity in Cencov (1982) and Amari’s
result concerning the uniqueness of the «-connections introduced by invariant sta-
tistical divergences. The ideas were then extensively used in statistics, in particular
higher order asymptotic inference and curved exponential models (see Kass and Vos
1997).

A different line of investigation in Information Geometry took off in the nineties:
the search for a fully fledge infinite dimensional manifold of probability measures.
As for motivations for this quest, one had, on the practical side, the need to deal with
nonparametric models in statistics, where the shape of the underlying distribution is
not assumed to be known. On a more fundamental level, there was the desire of having
parametric statistical manifolds defined simply as finite dimensional submanifolds of
a well defined manifold of all probability measures on a sample space. The motivating
idea was already in Dawid (1975) and was also addressed by Amari (1985). The first
sound mathematical construction, however, is due to Pistone and Sempi (1995). Given
a probability space (2, F, u), they showed how to construct a Banach manifold M
of all probability measures equivalent to . The Banach space used as generalized
coordinates was the Orlicz space L®!, where ® is an exponential Young function. In
a subsequent work, Pistone and Rogantin (1999) analyzed further properties of this
manifold, in particular the concepts of orthogonality and submanifolds. In Sect. 3, we
review their construction and present an alternative proof of the main result in Pistone
and Sempi (1995), namely that the collection of covering neighborhoods If}, and charts
e;l form an affine C*°-atlas for M. The crux is Proposition 1, where we show that

the image of overlapping neighborhoods under any chart e;l is open in the topology
of the target space L®!.
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Dual connections in nonparametric classical information geometry 875

The next step in this development was the Gibilisco and Pistone (1998) definition of
the exponential connection as the natural connection induced by the use of L®!. These
authors then propose a mixture connection acting on the pretangent bundle *7 M and
prove that it is dual to the exponential connection, in the sense of duality for Banach
spaces. They further define the «-connections through generalized «-embeddings and
show that the formal relation between the exponential, mixture and «-connections are
the same as in the parametric case, that is

1 1—
vo _ LT%ge L% gm ?)

We argue, however, that neither of these two results (duality for the exponential
and mixture connection and «-connections as convex mixture of them) is a proper
generalization of the corresponding parametric ones, the reason being twofold. First,
Banach space duality is not Amari—-Nagaoka duality. The latter refers to a metric
being preserved by the joint action of two parallel transports, which are then said to
be dual (see (25)). Secondly, all the «-connections in the parametric case act on the
tangent bundle, whereas in Gibilisco and Pistone (1998) each of them acts on its own
bundle-connection pair, making a formula like (2) at least difficult to interpret.

In order to address these problems, we define in Sect. 4 an isomorphism 7~ of
tangent spaces, which satisfy the Amari—Nagaoka duality relation with respect to the
Fisher metric when paired with the exponential parallel transport (1. However, it
turns out that our map (=1 can only be rigorously defined between points ¢ and ¢»
in M whose ratio is a bounded random variable. Proposition 3 then characterizes the
extended convex mixtures between such points.

In Sect. 5, we rearrange the definitions of Gibilisco and Pistone (1998) in order
to have a-derivatives all acting on the same tangent bundle, but defined only for a
restricted class of tangent vectors. We then show that the desired relation (2) holds
for our definitions. We then finalize the paper by showing that the o-auto-parallel
curves between two points whose ratio is a bounded function belong to the connected
component £(p).

2 Orlicz spaces

We present here the aspects of the theory of Orlicz spaces that will be relevant for
the construction of the information manifold. For more comprehensive accounts, as
well as for the proofs of all statements in this section, the reader is referred to the
monographs of Rao and Ren (1991) and Krasnosel’skii and Rutickii (1961).

The general theory of Orlicz spaces is developed around the concept of a Young
function, that is, a convex function ® : R — R satisfying

i) P(x)=d(—x), xeR,

(i) ©©0) =0,
(iii) }i_)n;ocb(x) = +00.
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876 M. R. Grasselli

For applications in information geometry, it is enough to consider Young functions of
the form
|x]

O(x) = ¢@)de, x =0, 3)
0

where ¢ : [0, 00) — [0, co) is nondecreasing, continuous and such that ¢ (0) = 0
and lim ¢ (x) = 400. Young functions of this type include the monomials |x|"/r,
X—> 00

for 1 < r < oo, and the following examples arising in information geometry:

®(x) =coshx — 1, 4)
Dy(x) = el — x| - 1, Q)
®3(x) = (1 + |x[) log(1 + [x]) — |x] (©6)

(in the sequel, ®1,P, and ®3 will always refer to these three particular functions, with
other symbols being used to denote generic Young functions).

When a Young function & is given in the form (3) we can define its complementary
(conjugate) function as the Young function W given by

Iyl
Y(y) = A Y(nde, y =0, (7N

where 1 is the inverse of ¢. One can verify that (®,, ®3) and (|x|"/r, |x]*/s),
with =1 4+ 57! = 1, are examples of complementary pairs. For a general Young
function ®, the complementary function W is given less constructively by

Y(y) =sup{x = 0: x[y[ — ®(x)}. ®)

There are many different ways of introducing a partial order on the class of Young
functions. A particularly straightforward one is to say that a Young function W, is
stronger than another Young function Wy, denoted by W < W», if there exist a con-
stant a > 0 such that

Yi(x) = Wa(ax), x = xo, (C))
for some xp > 0 (depending on a). For example, one can verify that

IxI” Il

x| < &3 < <

< d, (10)
S

whenever 1 < r < s < oo. Two Young functions W and W, are said to be equivalent
if ¥ < ¥, and W, < Wy, that is, if there exist real numbers 0 < ¢; < ¢ < o0 and
xo > 0 such that

Yi(c1x) < Wa(x) < Wi(eax), x > xo. (11)
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Dual connections in nonparametric classical information geometry 877

For example, the functions @ and &, are equivalent, both being of exponential type.
Now let (€2, X, P) be a probability space. The Orlicz class associated with a Young
function & is defined as

L¥(P) = [f : Q > R, measurable : / O(f)dP < oo] ) (12)
Q

Since P is a finite measure, the Banach space L*>°($2, X, P) of essentially bounded
random variables is easily seen to be a subset of L®(P) for any Young function ®. It
is easy to see that L®(P) is a convex set and that 1 € L®(P) and | f| < |h| imply
that f € Z‘D(P). However, in general, Z‘D(P) is not a vector space, which leads to
the definition of the Orlicz space associated with a Young function & as

LdD(P) =1{f:9Q~ R, measurable : /

P (af)dP < oo, for some o > 0], (13)
Q

furnished with the Luxembourg norm (see Rao and Ren 1991, p. 67)

N¢(f)=inf[k>o:/cb(%)dpgll. (14)
Q

or with the equivalent Orlicz norm (see Rao and Ren 1991, p. 61)

I flle = sup [/Q |fgldP : g e LW(P),/Q‘I’(g)dP < 1}, 15)

where W is the complementary Young function to ®. We observe for later use that
fQ D(f)dP < 1iff Np(f) < 1 (see Rao and Ren 1991, p. 54).

A key ingredient in the analysis of Orlicz spaces is the generalized Holder
inequality (see Rao and Ren 1991, p. 58). If ® and W are complementary Young
functions, f € L®(P), g € LY (P), then

/QlfgldP <2No(f)Nw(g). (16)

It follows that each element f € L®(P) defines a continuous linear functional on
LY (P), so that if we denote its topological dual by (Lq’)* we obtain the continuous
injection L® < (L¥)” for any pair of complementary Young functions.

If W, < W then there exist a constant k such that Ny, (-) < kNy, () and therefore
L¥1(P) ¢ LY2(P) (see Rao and Ren 1991, p- 155). For instance, due to (10) we
obtainthatfor 1 <r <s <

L cLScL cL®cL', (17)
where L”, r > 1 denote the usual Lebesgue spaces on (€2, X, P), which coincide with

the Orlicz space defined by the Young functions |x|"/r, » > 1. If two Young func-
tions are equivalent, then the Orlicz spaces associated with them are isomorphic,
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878 M. R. Grasselli

that is, they coincide as sets and have equivalent norms. For example, we have that
L®1(P) = L®2(P).

3 The Pistone—Sempi information manifold

We start by reviewing the construction of an infinite dimensional information manifold
along the lines of Pistone and Sempi (1995); Pistone and Rogantin (1999); Gibilisco
and Pistone (1998). Consider the set M of all densities of probability measures equiv-
alent to a reference measure j, that is,

M=M(Q,Z, n)={f: Q2+ R, measurable : f > 0a.e. and / fdu = 1}.
Q

For each point p € M, let L®1(p) be the exponential Orlicz space with norm
N ;,D '(-) over the probability space (2, X, pdu) and consider its closed subspace of
p-centred random variables

By=weL®p): [ updp=0) (18)
Q

as the coordinate Banach space.

In probabilistic terms, the set L®!(p) corresponds to random variables whose
moment generating function with respect to the probability pdu is finite on a neigh-
borhood of the origin (see Pistone and Sempi 1995, proposition 2.3). In statistics this
are exactly the random variables used to define the one dimensional exponential model
p(t) associated with a point p € M and a random variable u:

tu

Z,(tu)

p() = p.  te(=ee). 19)

In particular, if we denote by V), the unit ball in B, then it follows that the moment
generating functional Z, (1) = fQ e pdp is finite on V,, (see Pistone and Sempi 1995,
proposition 2.4). The underlying idea for the Pistone—Sempi manifold is to parametrize
the neighborhoods around points p € M by all possible one dimensional exponential
models passing through p. As a preliminary result, we mention that if two densities p
and ¢ are connected by a one dimensional exponential model, then L®! (p) = L®1(g)
(see Pistone and Rogantin 1999, proposition 5).
Pistone and Sempi define the inverse of a local chart around p € M as

ey, :V, > M
e
Zp(“)

u

U p. (20)
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Dual connections in nonparametric classical information geometry 879

Denote by U, the image of V), under e,. We verify that ¢, is a bijection from V),
to Up, since

et ev

z,w!’ = Z,m"

implies that (¢ — v) is a constant random variable, which must vanish, since both u, v
have zero p-expectation. Then let e;l be the inverse of e, on U},. One can check that

-1 .
e, Uy, — By

g > log (1) —/ log (1) pdu. 1)
) Jo “\p

and also that, for any p1, p» € M, the transition functions are given by

-1, .-l -1
epepr i ey Up NUp,) — ey, Up NUp,)

U~ u +log (ﬂ) —/ (u +log ﬂ) pdp. (22)
P2 Q p2

The main result of Pistone and Sempi (1995) is to show that the charts defined
above lead to a well-defined infinite dimensional manifold. The crucial part of the
proof is to show that, for any two points p, p» € M, the image of the overlapping
neighborhoods U, N U, under e;ll is open in the topology of the model space B),.
To do so they introduce a topology induced by the notion of exponential convergence,
with respect to which the sets U/, N U, are open, and then show that e;ll is sequen-
tially continuous from exponential convergence to L ®!-convergence. In what follows,
we bypass the use of exponential convergence and present a direct proof that the
Pistone and Sempi construction yields a Banach manifold. We first need to establish
the following proposition.

Proposition 1 For any pi, p» € M, the set e;ll Up, NUp,) is open in the topology
of Bp,.
Proof Suppose that g € U, NUp, for some py, p» € M. Then we can write it as

eu

T Zp )

q P1

for some u € V),. Using (22), we find

€, (q) = u +log (&) - / (u + log ﬂ) padya.
P2 Q P2

Since e;zl (q) € Vp,, we have that

_ P1 Pi
N®I (e l(q))=N‘I>l (u+log(—)—/ (u+log—)p2du) < 1.
2\, P2 P o m
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880 M. R. Grasselli

Consider an open ball of radius r around u = e;ll (q9) € e;ll (Up, NUp, ) in the topology
of B),, that is, consider the set

A, ={v € By :N;,bl‘(v—u)<r}

and let r be small enough so that A, C Vp,. Then the image in M of each point
v € A, under e, is

v

Zp, (v)

qg=ep(v) = p1-

We claim that g € U, NUp, if r is sufficiently small. Indeed, applying e;zl to it we

find
e;zl () = v +log (&) - / (v + log ﬂ) padu,
P2 Q P2

SO

o (1~ @ @ P1 P1
Ny (epz (q)) <N, (v—u)+ Ny} (u + log (5) —/Q (u + log 5) pzdu)

+N,) ( /S2 (v - u)psz)

= N;jbzl (v —u) +N§>21 (e;;(q)) +Nl?;l(1)/9 lv — u|prdpe

—_N® [ -1
= N =)+ N (5] @) + o = ul pa K.

where K = N;,Dzl (1) and we use the notation || - ||1, », for the L'(p>)-norm. As we have
seen in the previous section, it follows from the growth properties of & that there
exists ¢; > 0 such that || f|l1,p, < clN;,bz1 (f). Moreover, since L% (p1) = L(Dl(pg)

(since both pj and p, are connected to ¢ by one dimensional exponential models) it
follows that there exists a constant ¢c; > 0 such that N ;,DZ' (f) <N ;,Dl' (f). Therefore,
the previous inequality becomes

N;le (e;zl (Q)) < czN;Dll (v—u)+ N‘,?z‘ (e;zl (q)) + c1czKN[?1‘ (v —u)
=c(1+ clK)N;,bll(v —u)+ N;,Dzl (egzl(q)) .
Thus, if we choose

- N (e;; (q))
c2(1+c1K)

r<
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Dual connections in nonparametric classical information geometry 881

we will have that
[} -1/~
N (em (q)) <1

which proves the claim. What we have just proved is that e;ll (Up, NUp,) consists
entirely of interior points in the topology of B, and is therefore open in B, .

We then have that the collection {(4,,, e;l), p € M} satisfies the three axioms for
being a C*°-atlas for M (see Lang 1995, p. 20). Moreover, since for each connect
component all the spaces B), are isomorphic as topological vector spaces, we can say
that M is a C*°-manifold modeled on B,,.

As usual, the tangent space at each point p € M can be abstractly identified with
B,. A concrete realization has been given in Pistone and Rogantin (1999, proposition
21), namely each curve through p € M is tangent to a one-dimensional exponential
model % p, so we take u as the tangent vector representing the equivalence class
of such a curve.

Finally, given a point p € M, the connected component of M containing p coin-
cides with the maximal exponential model obtained from p (see Pistone and Sempi
1995, Theorem 4.1):

u

Zp(”)

E(p)z[ p,ueBpﬂZp], (23)

where Z, = {f : Z,(f) < 0o}. o

4 The Fisher information and dual connections

In the parametric version of information geometry, Amari and Nagaoka have intro-
duced the concept of dual connections with respect to a Riemannian metric (see Amari
and Nagaoka 2000 and the references given therein to their earlier work). For finite
dimensional manifolds, any continuous assignment of a positive definite symmetric
bilinear form to each tangent space determines a Riemannian metric. In infinite dimen-
sions, we need to impose that the tangent space be self-dual and that the bilinear form
be bounded. Since our tangent spaces B, are not even reflexive, let alone self-dual, we
abandon the idea of having a Riemannian structure on M and propose a weaker ver-
sion of duality, the duality with respect to a continuous scalar product. When restricted
to finite dimensional submanifolds, the scalar product becomes a Riemannian metric
and the original definition of duality is recovered.

Let (-, -) , be a continuous positive definite symmetric bilinear form assigned con-
tinuously to each B}, ~ T, M. A pair of connections (V, V*) are said to be dual with
respect to (-, -)  if

(tu, t*v)y = (u, v)p (24)
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882 M. R. Grasselli

for all u,v € T, M and all smooth curves y : [0, 1] — M such that y(0) = p,
y (1) = g, where T and t™* denote the parallel transports associated with V and V*,
respectively. Equivalently, (V, V*) are dual with respect to (-, ), if

v(<51752>p) = (Vys1, 2)p + (51, V:S2>p (25)

for all v € T, M and all smooth vector fields sy and s,.

We stress that this is not the kind of duality obtained when a connection V on a
bundle F is used to construct another connection V’ on the dual bundle F* as defined,
for instance, in Gibilisco and Pistone (1998, Definiton 6). The latter is a construction
that does not involve any metric or scalar product and the two connections act on
different bundles, while Amari—-Nagaoka duality is a duality with respect to a specific
scalar product (or metric, in the finite dimensional case) and the dual connections act
on the same bundle, the tangent bundle.

The infinite dimensional generalization of the Fisher information is given by

(u,v)p = /Q(uv)pdu, Yu,v € Bp. (26)

This is clearly bilinear, symmetric and positive definite. Moreover, continuity fol-
lows from that fact that, since L®'(p) = L®2(p) ¢ L®3(p), the generalized Holder
inequality gives

[(u, v)p| < KN )Ny (v), Yu,v € By, 27)

The use of exponential Orlicz space to model the manifold naturally induces a
globally flat affine connection on the tangent bundle 7. M, called the exponential
connection and denoted by VI It is defined on each connected component of the
manifold M, which is equivalent to saying that its parallel transport is defined between
points connected by an exponential model. If g; and ¢, are two such points, then the
exponential parallel transport is given by

.
7(51112 Ty M — Ty M

U u —/ ugad . (28)
Q

It is a well-defined isomorphism, since T, M = By, and T;, M = By, are subsets of
the same Orlicz space L®(q1) = L®!(¢2), so the exponential parallel transport just
subtracts a constant from u to make it centred around the right point.

We now want to obtain the dual parallel transport to () with respect to the Fisher
information, which in the parametric version of information geometry is called the
mixture parallel transport since it is derived from the convex mixture of two densities.
We therefore start with a result regarding such mixtures.
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Dual connections in nonparametric classical information geometry 883

Proposition 2 If q| and q> are two points in U, for some p € M, then
q(t) =191+ (1 =0)q2

belongs to E(p) forallt € [0, 1].

Proof We begin by writing

uy uz

_ e
= Z,un’

. e
= Z,u”

q1 d ¢

for some uy, uy € V), C L% (p). Therefore, there exist constants 81 > 1 and f > 1
such that [o ®1(Biu1)pdp < oo and [, ®1(Bauz) pdie < oo. To simplify the nota-
tion, let us define
) =u; — log Zp(u1) and uy = uy — log Zp(u2).
We want to show that, if we write
e'p=qt)=te"p+(1—1)e"p,

then u is an element of Z,, so that

uzﬁ—/ﬁpd,ueBpﬁZp
Q

and

eu

Zp(u)

qt) = p € &(p).

For this, let 8 = min(f8;, f2) > 1 and observe that, on account of the inequality
la +b|# < 28=1(la|P + |b|P), we have that

_ _ Y
P — ‘te’“ + (1 —1)e*?

< 2271 (1PeP T 11— r)f P ).

Thus
/eﬂ';pd,u,§2’3_1|t|ﬁ/ P pdp + 28711 —r|ﬂ/ P pdp <00 (29)
Q Q Q

since both Bii; and Bii» are in L1 (p). On the other hand, we observe that

1 1

e Pl = — — < — .
(ter + (1 — t)e”2)/S thebin
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884 M. R. Grasselli

Therefore
/Qe_ﬁ'zpd,u < t_ﬁ/ge_ﬁ'zlpdu < 00, (30)

since Bl € Lo (p). But this completes the proof, since (29) and (30) together imply
thatii € Z,. O

We now explore the possibility of extending the convex mixture between g; and g2
beyond these extreme points while maintaining positivity of g (¢). This depends on the
relative sizes of g1 and ¢», as shown in the next proposition:

Proposition 3 Let g1 = % pand g = % p be two points in Uy,. Then there
exist constants €1 > 0 and &2 > 0 such that q(t) = [tq1 + (1 — t)q2] € &, for all
t € (—2¢e1,1 + 2¢&) if and only if (u; — up) € L. Moreover, if (u; —up) € L*,
then L% (q1) = L®(g2).

Proof Suppose that () € &, for all t € (—2¢e1, 1 4 2¢3). Then since g(—&1) > 0
we have that

1+e¢
—c1q1+(I+e)g >0 = a <"1
q2 &1
Similarly, since g(1 + €3) > 0 we have that
£
(I+e)gi—e2qp 20 = L>_ 2
@ " 1+e

Therefore, the random variable

uy —uy = log (6]_1) +/ log (6]_1) pdu —/ log (ﬂ) pdu
q2 Q p Q p

is uniformly bounded from above and below.
Conversely, if we have thatuy, up € V), with (u1 —u2) € L* and K = |lu1—u2 |00,
then

Zp(MZ)e_K<ﬂ< Zp(MZ)eK
Zp(ul) T Zp(ul)

We can then conclude that there exist constants 0 < & < 1 and & > 1 such that

q1
& < “ <é&.

Then observe that for t < 0 we have
1
q(t) = (t% + (1 - t)) g2 = (thr + (1 — 1))q.
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Dual connections in nonparametric classical information geometry 885

Therefore, provided ﬁ < t < 0, the inequality above ensures that g(¢) is strictly
positive. Using the same notation as in the proof of Proposition 2, the same inequality

gives
_Bii q1 2\"
/e “pdu=/ t—+(1—1) —) pdu
Q Q q2 p

(Zp(uZ))ﬂ —Bu
< TR E i e < ey

Similarly, for + > 0 we have
1
q() = (z% +(1— r)) B = (16 + (1= D).

Therefore, provided 0 < ¢ < ﬁ this inequality shows that ¢ (¢) is strictly positive

and that
i q @\ "?
/e_ﬁ“pdu=/ ((t—+(1—t)) —) pdu
Q Q q2 p

(Zp(u2))P pur
<GB o < 2

Moreover, since the first part of the proof of Proposition 2 holds provided g (¢) is

positive, we have that g (t) = tq; + (1 —t)q2 € £, forall t € (1+&’ 1+a)’ which

completes the proof for the first statement by setting &1 = m and & = 2(15—_‘&)
For the second statement in the Proposition, observe that

1 &
= —qg(1 33
q1 H_8211( +82)+1+€ZQ2 (33)
L e+ 2 (34)
= — —& s
7 1+81q ! 1+81q1

for positive densities ¢ (1 4 &2) and g(—e&1). Therefore

/Q 3(Bu)gi1du < 00 = /Q 3(Bv)gadyt < oo,

which implies that L®3(g1) = L®3(g2). Moreover, equations (33) and (34) can be

used to show that the norms Ng, 4, (-) and Ng, 4,(-) are equivalent. To see this, let

uelL® (q1) and consider v = m, so that Ng, 4, (v) = 1 and consequently
3:91 -

/ P3(v)g1du < 1.
Q
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886 M. R. Grasselli

Using (33) we see that

&
P D3(v)g (1 + &7)d +—/® v)gadu <1,
56 /o 3(v)g( 2)du T+ e /o 3(v)g2dp

which implies that

&2
14+ &

/ 3 (0)gadis < 1. (35)
Q
On the other hand, it follows from convexity of &3 that

® & __ & ®s (1)
v V).
3 1+ & T 1l4e ’

1+ep
&2

/Q<1>3 (%) q@du <1,

which means that No, 4, (v) < K. Consequently we have that

Inserting this into (35) and denoting K = gives

N<I>3,q2 () = N<I>3,q2(v)NCI>3,q1 (u) < KNd>3,q1 ().

Similarly, let f € L®(g») and consider g = W, so that No, 4,(g) = 1 and
3.2\ *
consequently

/S2¢3(g)612d//« <L

Using (34) we see that

£
/ ®3(@)q(—endu + —2— [ @3(9)qudu < 1,
Q

14 ¢ 1+e¢1 Ja

which implies that

€l
— | @ du < 1. 36
TTer Jo 3(@qidp = (36)

Again, it follows from convexity of ®3 that

o3 (L g) < a5 (g)
3 l+81g 14 3187
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Inserting this into (36) and denoting k = 21

/Q<D3(k)q1du<l

which means that N, 4, (g) < k. Consequently we have that

Nos g (f) = Nos g () Nas g, (f) < kNos g, (). (37

oge iy
Proposition 4 Let g1 = % pand g =
(u1 — up) € L*°. Then the map

7 (”2)1’ be two points in Uy such that

1
(51(12) Ty M — Ty M
q1

U —u, (38)
q2

is an isomorphism of Banach spaces.

Proof In view of Proposition 3, we have that L®3(g;) = L®3(g>) and that the norms
No 4 (-) and No 4, () are equivalent, from which it follows that, for u € By,

‘ = sup [/
®1,q2 Q
[/ ‘fh
= sup —uv
alq2
q1 v
:k _— —
sup[ /Q u(y)
< ksup {/Q luflgidi : f € L®3(q1), Noy g, (f) < 1]

= k”u”d)],ql < 00,

q1
—Uu

q2

q1
—Uuv
q2

qdp v e L% (q), /Q ®3(v)gadp < 1]

gdp v e L% (q), Nos g, (V) < 1]

qdu v e L¥(q2), Noy g, () < 1}

where k is the constant appearing in (37). Thus, %u e L% (¢»), and since ;ﬂu is

centred around g, we have that %u € By,. Therefore u q' i is a well- defined

continuous bijection from By, to B,, whose inverse map v Zz

the same arguments.

v is well-defined by
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We denoted the map in the previous proposition by 7~ since it satisfies the duality
relation

(t(l)u, 1:(_1)1))(]2 = <u — / ugqrdpu, ﬂv>
Q 92 |y
1 1
=/ uq—szdu— (/ uqzdu)/ q—qudu
Q 92 Q Q q2
=/ uvgidp
Q

= (u,v)q,, Yu,v € By,

where the third equality follows from the fact that v is centred around g . O

Let us now reflect on the collective results of Propositions 2 to 4. Proposition 2 tells
us that the convex mixture of two probability densities in the same {,, remains in the
connected component £, of M, but not necessarily in the same neighbourhood. Prop-
osition 3 then characterizes exactly those pairs g1 and g for which the convex mixture
can be extended beyond the extreme points while remaining in the same connected
component &,. For such pairs, Proposition 4 gives an isomorphism of tangent spaces
=D which satisfies the duality relation (24) with respect to the Fisher information.
However, we refrain from calling 7(~" a parallel transport, since it might fail to be
well-defined when the points g1 and g do not satisfy the conditions of Proposition
4. Nevertheless, we can still compute the derivative of (=1 along curves that satisfy
these conditions, as is done in the next proposition.

Proposition 5 Let v € T, M be a tangent vector at p € M and s € S(TM) be a
differentiable vector field. If there exist a differentiable curve y : (—e, &) — M such
that p = y(0), v = y’(0), and whose image consists entirely of points satisfying the
hypotheses of Proposition 4, then

(DSV5)(p) = (dys)(p) + s(p)€ (0) € By, (39)

where (dys)(p) denotes the directional derivative of s in the direction of v in the
Banach space L®' (p), and £(t) = log(y (1)).

Proof For h sufficiently small, it follows from Proposition 4 that r;?hl))y (O)s(y (h)) €
By (0). The result then follows from the following calculation:

N N ) . L[y
lim — 7610050 (1) = s (@) | = lim - [ms(y(h» - s(y(@)}
o1
= lim [s(y(h) —s(y(O)]
1y =y
+ lim E[—y@ s(y(h»}

= (dvs)(p) +s(p)(0).

@ Springer



Dual connections in nonparametric classical information geometry 889

Despite satisfying all the usual properties of a covariant derivative, such as linearity
and Leibniz rule, the differential operator Dl(,_l) might fail to be well-defined when
no curve satisfying the conditions of Proposition 5 exists. For this reason, we simply
call it the (—1)-derivative in the direction of those v for which it is well-defined. In the
next section, we will see that D,()_l) is part of a one-parameter family of derivatives
defined for exactly this class of tangent vectors. O

5 a-Derivatives

In this section, we define an infinite-dimensional analogue of the o-connections intro-
duced in the parametric case independently in Cencov (1982) and Amari (1985). We
use the same technique proposed in Gibilisco and Pistone (1998), namely exploring
the geometry of spheres in the Lebesgue spaces L”, but modified in such a way that the
resulting derivatives all act on sections of the tangent bundle 7M. The price we pay
is that our derivatives are not defined for all tangent vectors, but only those satisfying
the conditions of Proposition 5.
We begin with the Amari—-Nagaoka o-embeddings

by : M — L" ()
p— ——p2z, acl[-1,1), (40)
—

_ 2
where r = 1=

Observe that

1/r 2 e\ 1/r
I€a(P)llr = [/ Ka(p)’du} = [/ (1—172) du} =r,
Q Q —

s0ly(p) € S"(w), the sphere of radius r in L" (i) (we warn the reader that, throughout
this paper, the r in S” refers to the fact that this is a sphere of radius r, while the fact
that it is a subset of L" is judiciously omitted from the notation).

According to Gibilisco and Pistone (1998), the tangent space to S”(1t) at a point

fis
TrS (n) = {g € L" () :/ng*du = 0] , (41)
where f* = sgn(f)|f|"~". In our case,

f=1Ly(p)=rp"" (42)

so that
fr= (oY =i “
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Therefore, the tangent space to S” () at rp'/" is

T,y 8" () = [g €L (w: /Qgpl_l/’du = 0].

(44)

We now look for a concrete realization of the push-forward of the map £, when the

tangent space T, M is identified with B, as in the previous sections. Since

d 2 ) _ %dlogp
a\1=o? " )TP° T4

the a-push-forward can be formally implemented as

(ba)s(p) : TpM = Bp = T,,1rS" (1)

l-a
U p2u.

(45)

For this to be well defined, we need to check that pl%a u is an element of 7. ,1/- S" ().

Indeed, since L®(p) C L*(p) for all s > 1, we have that

/ ‘pl/ru
Q

1—a
so p 2 u € L"(u). Moreover

/pl/rupl_l/rdlL:/updlL:O,
Q Q

which verifies that p!/"u T,pmS’ ().

rdy, =/ lu|rf" pdu < oo,
Q

The sphere S” (w) inherits a natural connection obtained by projecting the trivial
connection on L"(u) (the one where parallel transport is just the identity map) onto
its tangent space at each point. For each f € S"(u), a canonical projection from the
tangent space Ty L" (1) onto the tangent space T S” (1) can be uniquely defined, since
the spaces L” () are uniformly convex (see Gibilisco and Isola 1999), and is given by

My Tl () — TrS" ()
g g — (r_’/ggf*du) f.
When f = rp!/" and f* = "~ p!=1/7 the formula above gives

I, Trpl/rLr(/,L) — Trpl/rSr(M)

g g— (/Q gpl_”’du) pr.

@ Springer
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We are now ready to introduce the «-derivative. Suppose that y : (—¢, &) - M
is a smooth curve whose image consists entirely of points satisfying the conditions of
Proposition 4. Then the a-push-forward of an arbitrary vector field s € S(7 M) along

y is
(E)stpans = v sy (@),
while the a-push-forward of the tangent vector v = y(0) € T M,, is
L) s(pv = prv.

Therefore, the covariant derivative of La)syans(y (1) in the direction of (£¢)«(p)v
with respect to the trivial connection V on L" (u) is given by

Vit Eadsiyps = (r@"" s )]
a)x(p) 4 dt t=
1y, dlog(y (1) 1/ ds(r ()
= ; p d[ i—0 s(p) + p dt =0

1
= ;p”%’(ms(p) + Y7 (dys) (p).

Using the projection IT, ,1/» to obtain a tangent vector in T}.,1/- S" () we get

_ 1
1 Vit ) srans = pH7 [?E/(O)S(p )+ (dus)(P)
1
_/ (—E’(O)s(p)-i-(dvs)(P)) pdu].
Q r

It then follows from Proposition 5 that %E/(O)s(p) + (dys)(p) € L®(p), which
implies that the expression above belongs to the image of (£4)+(p). Therefore, we can

pull it back to 7}, M using (Za);(]p), from which we obtain

_ ~ 1
(@a)*(;) [Hrpl/rV(ea)*(p)u(ﬁa)*(y(z))s] = ;5/(O)S(P) + (dys)(p)

1
- / (;3/(0)8(1?) + (de)(P)) pdpu. (48)
Q
As this construction shows, the a-derivatives can be rigorously defined on the tangent

bundle 7'M as follows:

Definition 1 For o € [—1,1), let y : (—&,&) — M be a smooth curve such that
p = v(0) and whose image consists entirely of points satisfying the conditions of
Proposition 4. The a-derivative of a differentiable vector field s € S(T M) in the
direction of v = y'(0) is given by

(DY) (p) = o)y [Tpiir Vit apo @ sy s] - (49)
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Before we proceed, observe that since s(y(t)) € By () for each t € (—¢,¢), we
have

d
E/QS(V(I))V(l)dM =0

ds(y (1)) _ dy (1)
/QTV(f)dM— /QS()/(I))—dt du

d dl
/ wy(t)du - / sy DBYD g,
Q t Q dr

In particular, for r = 0, we get

/ (dys) (p)pdie = — / S(0)E0) pdps (50)

Q Q

Inserting this relation into (48) with « = —1, corresponding to r = 1, leads to
(DS705) () = @s)(p) + () (O), (51)

which coincides with (39).
Recall that the covariant derivative associated with the exponential parallel transport
(28) was computed in Gibilisco and Pistone (1998, proposition 25) as

(v}})s) (p) = (dys)(p) — /Q (dys)(p) pdpa. (52)

The next proposition shows that the relation between the exponential connection
and the «-derivatives just defined is the same as in the parametric case. Its proof
resembles the calculation in the last pages of Gibilisco and Pistone (1998), except that
all our derivatives act on the same bundle, whereas in Gibilisco and Pistone (1998)
each one is defined on its own bundle-connection pair.

Proposition 6 The exponential connection and the o-derivatives on T M satisfy

1
D= — \ONT

;“DH). (53)

Proof Let £(t) = log(y(¢)) with y, s, p and v as in definition 1. Inserting (50) into
(49) gives

1 1
(DYs) (p) ;ﬁ/(O)S(p) + (dvs)(p) + (; - 1)/9(011)5)(17)17(1#

1+«
Q
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( ) [(dvs)(p) + s(p)€'(0)]

= E(VOs) 0+ 12 (D505) .

2

6 Auto-parallel curves

We now investigate some of the auto-parallel curves associated with the derivatives
introduced in the previous sections. First observe that a one-dimensional exponential
model of the form

tu

Z,au)’

q(t) =

u€ By, te(—¢c¢),

which obviously belong to the connected component &,, is an auto-parallel curve

for VD, since its tangent vector field s(f) = a (log (’)) (according to Pistone and
Rogantin 1999, proposition 21) satisfies

() d? d?
(Vq(,)s(t)) () = 35 (tu —log Z,(1w)) = Eqgq) (@ (tu —log Zp(tu)))

d? d?
=32 log Z,(tu) + Eq@) (d 5 log Z[,(tu))

Next observe that for g1 and g; satisfying the conditions of Proposition 4, a mixture
model of the form

gty =tq1 +A —-1)q, qi,q2 €Uy, te][0,1],

which belongs to the connected component £, according to Proposition 2, is an auto-

parallel curve for D1 since the tangent vector field s(f) = <log qt )) satisfies

1) T g+ (=g
(D2 0) ) = 51 [1og 02022

(ep!
d |: tQ1+(1—t)q2] d
— [log ——

—[log ¢ 1—1¢
+dt dt[og q1+( )q2]

_ i[ p (q1 —112)]
St [t +(—0Dg  p
( p q1 —612) (@1 — q2)
tqi+ (1 —8Hq p tq1 + (1 =g

:_( (q1 — q2) )2+( (q1 — q2) )22
1q1 + 1 —0q tq1 + (1 = 1)q

The next theorem establishes the corresponding result for the a-derivatives.
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Proposition 7 For o € (—1, 1), the a-auto-parallel curves between two of points q1
and q2 in U, satisfying the conditions of Proposition 4, for some p € M, belongs to
the connected component & .

Proof Using the same notation as in Proposition 2, we have that the o-auto-parallel
curve connecting g1, g» € £(p) is the pull back of the arc of great circle connecting
their images f; = £4(g1) and f> = £,(g2) on the sphere S” (). Now if 1 f1 4+ (1 —1) f>
is the straight line connecting f; and f, in L"(u), then for each fixed ¢ € [0, 1] the
corresponding point on the sphere of radius r is

r
f@ = %[tfl + A =1/l (54)

where k(t) = ||tf1 + (1 — t) f2||. Let us write its inverse image with respect to the
a-embedding as

1
k()"

e'p =) (f (1) = [tfi + (1 — 1) fol,

for some random variable . Following the argument in proposition 2, we see that

- 1
bt — — |t 1—1)f21P"
e AR
2r 7P ~ i
Br B Br Bz
< |— t 1—1¢ ,
_[k(t)} [£7"e” + ( e 2]
so that
/ P pdp < oo, (55)
Q

since both Bu; and Bus are in L% (p). Furthermore,

SO, L)
[tfi+ A —0)f]f" ~ | tr '

so that
/Q e Pl pdu < oo, (56)
which together with (55), imply that & € Z,. To complete the proof we can define
u=1a —/Qﬁpd,u, (57)
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to obtain that u € B, and

eu

le)! =
(a) (f(1)) Z, @

p€&(p). (58)

7 Further developments

We have seen that using L®! as the coordinate space for the infinite-dimensional infor-
mation manifold leads to a well-defined isomorphism 7(~!) between the tangent spaces
B, and B, whenever the difference of their log-likelihoods u1 and u; is bounded.
Moreover, this isomorphism is dual to the exponential parallel transport with respect
to the generalized Fisher metric. The next step in our program is to show that the
Kullback-Leibler relative entropy is the statistical divergence associated with the dual-
istic triple (D, =D, g) (see Amari and Nagaoka 2000). In the same vein, since our
interpolation family of «-derivatives satisfy the same convex mixture structure as in
finite dimensions, we are led to the study of the infinite-dimensional analogues of the
a-divergences. The completion of this circle of ideas would be an infinite-dimensional
generalization of the projection theorems obtained by Amari in the finite dimensional
case. Namely, one seeks to prove that, given a point p € M and an «-flat subman-
ifold S, then the point ¢ € S with minimal «-divergence from p is obtained by
projecting p orthogonally (with respect to the Fisher metric) onto S following a —a-
geodesic. An equally ambitious result to be pursued is the infinite-dimensional ana-
logue of Centsov’s theorem, which would characterize the generalized Fisher metric
as the unique continuous scalar product on M which is reduced by Markov morphisms
on the tangent space.
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