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The methods of statistical dynamics are applied to a fluid with 5 conserved fields (the
mass, the energy, and three components of momentum) moving in a given external field.
When the field is zero, we recover a previously derived system of parabolic partial differential
equations, called ‘corrections to fluid dynamics’.
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1. Introduction

In a previous paper [23], we described a stochastic model of a fluid with no
external field and derived a system of parabolic equations expressing the dynamics
of the density fields of mass, energy and momentum. An unusual feature of the
system is that the Euler continuity equation acquires a diffusion term. This bulk
diffusion does not appear in the standard theory [1], but has arisen in some other
works [3, 9, 25]. It is likely that our equations are more stable and physically more
accurate than the usual Navier—Stokes equations. In a model in an external field,
but without a velocity field [21], we studied the dynamics of the mass and energy
densities; they differed from the equations got by putting the velocity field, u(x, )
equal to zero in the Navier—Stokes system. In particular, the mass density p(X,t)
did not obey the Euler continuity equation with u = O but rather the Smoluchowski
equation. This contains not only the diffusion term found in [23], but also a drift,
as predicted by Smoluchowski, and implicit in the work of Einstein. In the present
paper, we take the model of [23], and put it in an external field ®. We derive the
full set of equations
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Here, p is the mass density, u is the velocity field, and © is the temperature. The
energy density per unit mass e reduces in this approximation to ®/m + 3kg®/(2m).
The equations reduce to those of [23] when & = 0, while if u = 0 they reduce
to [21] with suitable changes due to the different multiplicity of states in the two
models. This is a property of any good approximation method, which is not true of
the usual compressible Navier-Stokes equations with temperature, as studied in [16,
17] for example. The equations of [21] can be extended to models with interparticle
forces, treated as a nonlinear mean field theory by a development of the theory of
nonlinear parabolic systems [4-8].

2. Review of the model
2.1. The sample space, conserved quantities and information manifold

Let A be a finite subset of the cubic lattice (aZ)® with spacing a ~ 10~® cm,
representing the size of the hard core of the fluid molecules. We endow our model
with a local structure by assigning to each x € A a sample space 2,, which specifies
the possible configurations at x. The total sample space is then the product space
Q =[1,ca Sx. For a structureless monatomic fluid (e.g. argon) we choose

Q. = (9, (e2)*), @

where € ~ 6.6 x 1071° c.g.s. is the quantum of momentum of a particle confined to
a region of size a® (see the discussion following Eq. (6) in [23]) . A point w €
is thus the collection {w},ea. If @ is such that w, = @ for a certain x € A then the
configuration @ has no particle at x; we also say that there is a hole, or vacancy,
at x. If w, =k € (¢Z), then in the configuration w there is a particle at x and its
momentim is k.

The state space of the system consists of the probability measures on Q and
is denoted by X(R2). The information manifold S C ¥ associated with the model
consists of the parametric exponential family [14] determined by the slow variables,
that is, the local mean values of the five conserved quantities: the mass, energy
and the three components of the momentum along the three unit vectors ey, e, €3
generating the lattice. These are the random variables:

0 if w, =0,

Ne@)=1" 3 )
1 if w, =k € (eZ)°,
0 if w, =0,

Ex(w) = (6)

2m) 'k k + ®(x) if o, =Kk,
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0 if w, =0,
Py=4{ 0
k if w, =k,

where m is the mass of the molecule and @ is a given real-valued potential, which
could be time-dependent. The states in S C T are those of the form p = nx Pxs
where

Px = E; exp (—5N; — Bi&x — & - Pa) - ®)
Here, &,, B and ¢, are fields of intensive variables that obviously determine p; they
are called the canonical coordinates for p € S§. The great grand partition function
B, at each site is the normalising factor

Br= ) exp(—ENy — Bebr — L - i) ©)
[Fse
=1+exp(—& — B P(x)) 212,25, 10)
where
Zi=) exp (—-«—-ﬂ"kz - ;;k) : (11)
keeZ 2m
This can be calculated explicitly if, due to the small parameter €, we approximate
sums by integrals:
00 . kz .
Z; %e"‘/ exp ( - P - K;k)dk 12)
oo 2m
2mm \ /2 ;
=€ (—3—) exp(m(¢')’/(2B)). (13)

The means (N,, E,, w,) of the slow variables in a state p € M also determine
p; these are called the ‘mixture’ coordinates. They are related to the canonical
coordinates by a Legendre transform:

dlog B,
N, =— : , 14
. 3t x €A (14)
dlog By
Ex__-——jag—, X 6 A) (15)
‘ dlogE
é=——§§f—f, i=1,23 xeA. (16)

Using the explicit expression for the partition function, these can be used to de-
duce several equations relating the macroscopic variables in the theory. In particular,
if we introduce the mean velocity field

, a7
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and the temperature field ©, = 1/(kgB,), it is straightforward to show that

. m’i X

c"=—ﬁN:=—m@ (18)

and 3 1
E., =N, (CD(x) + EkBQX + imux -ux) . (19)

The discrete nature of the model allows us to use the von Neumann entropy
S(p) == —ks Y _ p() log p(w), (20)
which for p € § gives
S= (ExNx+ BxFx+ & - wx +log Ex) . @1)
X€A

An argument from equilibrium theory [23] then leads to the definition of the ther-
modynamical pressure as
P(x) = a " 3kg®log E,. (22)

If the ratio Vp/V (between the smallest volume that the N =) N, particles can
occupy, that is Vp = a>N, and the total volume V) is small, then the formula above
for the pressure reduces to the perfect gas approximation

N;kpg®,
= a3 .

Py (23)

The other macroscopic variables in terms of which the hydrodynamical equations
are written are the mass density po(x) = mN,/a> and the energy density per unit
of mass e(x) = E,/(mN,). If we ignore the small term involving u, -u, in (19),

we see that ()  3k® I ®
X X X
- + 2B () + 2 (24)
2m 2m

e(x)

2.2. The hopping dynamics and the continuum limit

Whether time is discrete or continuous, the dynamics traces out an orbit in S.
The need to take the time interval larger than zero has been well explained in [2].
For discrete time, the dynamics consists of two steps. The first one is a stochastic
map T : ¥ — X which maps each shell

Qnew = {weQ:ZNx =NY & =E,2Px=w}
X X p

to itself. This is obtained when we specify the hopping rules that are responsible
for changing the configuration of the particles and hence the local values of the
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slow variables. If we start with a state p € S, the state T(p) will generally not
be an exponential state. The second step in the dynamics is then an orthogonal
projection back to S following a path that conserves the means of all the slow
variables [18]. This is the thermalising map Q, defined for any state p with finite
expectations of the five slow fields, as the unique point in S with these expectations
as mixture coordinates. So Qp is determined by

EgpNi1=EplN;] = Ny, (25
EQp[gx] =Ep[8x] = E,, (26)
EQp[Px] =Ep[Px] = Wy. 27

The precise meaning of orthogonality in the description above, as well as the
characterisation of the path followed during the projection as a geodesic for a
certain affine connection (the ‘mixture’ connection), is part of the subject called
information geometry [2, 10-15].

Our model is specified by giving hopping rules. We require that 7 should couple
only neighbouring points in A, where we consider two points to be neighbours if
their distance along one of the lattice unit vectors is one mean free path, denoted by
£. A particle moving from a site is taken to move exactly the distance £ and then to
thermalise. This was called abrupt thermalisation. The more elaborate assumption,
that the size of its hop is random, governed by the exponential law with mean £,
leads [24] to similar conclusions. We assume that ¢ is an integer multiple of the
lattice spacing a, but allow it to depend on the local density by taking ¢/a to be
the nearest integer to

Pmax M

p(x) ap(x)
Suppose that @ € Q2 is such that x € A is occupied. Consider in turn the possibility
of jumping from x along the direction of the unit vectors +e; of the cubic lattice
to an empty site x’ := x + £e;,i = 1,2,3. In the absence of an external potential
[23], the jump will take a time £/|vl|, where v, := k./m. We then define the
(random) hopping rate from x to x + fe; to be the inverse of this relaxation time,
namely v./¢ if v\ > 0 and zero if v\ is negative, in which case there is a rate
—v! /£ of hopping to x — £e;. The situation in the presence of an external potential
is a little more involved because the potential causes a change in the velocity along
the jump. From now on, assume for definiteness that ®(x + fe;) > ®(x). If the
particle at x hops to x + fe;, its potential energy increases to ®(x + £¢;) and so
its kinetic energy must decrease by the same amount. Its change in momentum
is taken to be entirely in the direction of e;. So its velocity in the i-direction,
vy = k,/m (we omit the index i for v and k in the following formulae since it
is clear from the rest of the notation what is the component involved) is reduced
to v}, 1=k, /m, where

k%/@2m) =k2/(2m) — ®(x + Le;) + D (x)
=k2/(2m) — £8; D (x) + O(£?), (28)
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that is s

K, = (k2 — 2me3,®(x)) "> . (29)
In order for the move to be energetically possible, we must have

ke > k! i= (2emd; d(x))'2. (30)

Similarly, if the particle at x with velocity v, < 0 in the i-direction hops to x —Z£e;,
its potential energy decreases to ¥ (x —£e;), with a corresponding rise in its kinetic
energy. Therefore (again taking the change in momentum to be entirely in the
i-direction) its (negative) velocity in the i-direction becomes v, = k;/m, where

K2/ (2m) =k2/(2m) + ®(x) — ®(x — Le;)
=k2/(2m) + £3; (x — Le;) + O(£3), (31)

that is 1

k! = — (K2 + 2med, b (x — ) . (32)
We take the hopping rate from x to x’ = x + fe; to be the average of the initial
and final rates:

" __kx + k)%_i__ K'i_ ' 2 1/2
r_(ky) := _”"2;2’* - [ 2m(ex )] . if k, <O;
rike) = T (33)
vt v, ke + [k~ () . |
ro(ky) == T [ x2m£ ] , if ke > &l

These hopping rates increase with k, and there are infinitely many possible mo-
mentum states. To be a Markov chain, the sum of all rates out of a configuration
must be less than one. For any k, this can be achieved by choosing dt small
enough. To do this for all k, with a fixed dr we must put in a cut-off; there are
no hops if |k.| > K,, say. Finally, r(k,)dt gives the probability of a transition in
an interval dt provided that the site x is occupied and the site x’ is empty, so the
actual entries of the Markov matrix are conditional probabilities and the transition
rate above should appear multiplied by factors of the form N, (1 — N,/). As argued
in [23], we neglect N, comparing to 1, therefore leaving out the second term in
the factors above.

The continuum limit we are going to take in order to obtain the hydrodynamical
equations corresponds to £ — 0, ¢ — 0o, such that the product {c remains finite

and nonzero, where "
kg®
ci= ( B 0) (34)

m
is the approximate velocity of sound at the reference temperature ®¢. The diffusion
constant that appears when we take the limit is then predicted to be
. Lcp _ @PmaxC
T (2r00)12 T 2r )12

(35)
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3. Hydrodynamics in an external field

When a transition from x to x + fe; occurs in a potential P, the loss of mass
and energy from the site x is equal to the gain at the site x + €e¢;. This is not true
of momentum; the loss at x differs from the gain at x + £e; by «; := (2¢md; d)\/2.
So we deal will N and £ first. We take it that if 0 < k' < «; then no hop is
made.

Before we start the calculations, let us recall that integrals of the form

Muo=f k" exp{—Bk?/(2m) — ¢k)dk, n=0,1,2,3,
0

were evaluated up to second order in ¢ in Appendix 1 of [23]. For later use, we
reproduce the results here up to zeroth order in { for n =0, 1,

mm 12
M°(§)=(ﬁ> ; (36)

My(2) = % 37)

and to first order in ¢ for n =2,

3/2 2
wo=(3)"(5) -2(5) ¢ (38)

3.1. Dynamics of the mass density in an external field

Since the field ®(x) is external, it does not depend on the configuration w, of
the random fields at x. It therefore cancels in the exponential states. This is seen
in its simplest case in the model studied in [19]. The potential enters only in its
suppression or enhancement of the transition rate; in the present case, the rate is
the average of the initial and final rates. This shows up mainly in the appearance
of a nonzero lower limit to the (positive) momentum for any right-going hop to be
possible.

Let J!/¢ be the change in the value of N, due to the hoppings occuring between
x and x — fe; in such a way that the change due to exchanges with both x & fe;
in an interval &t is

Jo =
&M=—£#r—m. (39)
So the total change in N, in an interval §¢ due to hoppings in all directions is
ON; = (i Ny + 82N, + 83N, )ét. (40)

Using the hopping rates defined in the previous section, the loss/gain contribution
to the particle current involving the exchange between x and x — fe; is

Ji= =Y tr (k) pe N (&) + D €ry(ky—te) Prte; INp—te, (k). (41)

ki<0 kizxi
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As in [23], the analysis of this expression is best handled by introducing a
conditional probability p,(w) = p(w|N, = 1) on the particle space 2 — @, that is,

Px(K) = (Z1Z,Z3) " exp{—B.|k|*/(2m) — ¢ - k}. (42)

We now use the fact that p, (k) = N,p,(k) and N, (k) = 1 on the particle space
2 — @, replace the sums by integrals in (41), and add and subtract the term

, k2
F! = N,(Zie)™! f er (k) exp (—ﬂ— - gk) dk, (43)
k>« 2m
to obtain
) . N k2 ;
Ji=F — = | tr_(k)exp (—ﬁ— - {‘k) dk
i€ Jr<o 2m
—£(Fi - Fi_,,) /2 “4)

We start by calculating F:. In the term

k k2 _ w2172 k2 .
/ __LL)_.exp (__ﬂ_ _C'k) dk’
k> 2m 2m

we make the change of variable
K% =k — k2,

Then kdk = k' dk’, and the integral becomes

/ K [(k? 4+ )2 + 1] B+ (K2 + kD)2 ) ak’
=0 2m(k,2 -+ K2)1/2 2m ’

which can be written as

k' [(k/2 +IC2)1/2 +k/] ﬂkIZ o
/ exp| ——— - ¢’k
=0 2m(k’? + k?)1/2 2m

Br* ;
X exp [_Er; — ((K* + D2 — k) {'] dk’.

The arguments of the exponentials are small, and we expand them to first order,

2

2
exp (-PZL:n_ - [(k’z +42)? _k’] Ci) =1- ";Lm - [k/ - +"2)1/2] ¢
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This gives us the three terms
kK kQ 23172 k'
f L2+ 57 + ]exp _BkE ¢’k ) ak’
s  2mk? + x2)1/2 2m
ﬁ’cz k, [(ka + Kz)l/z + k,] ﬁ ikl dkl
“2m Joso 2m(K2 + kD)2 “om ¢

xz{i k’ ﬁkIZ iy’ !
- 2m [k/;:o k2 + k2)1/2 exp (—"7)‘; -tk ) ak’.

The dominant term is (45), in which we may replace the factor

K[ + )12 4+ ']
2m(k'2 + K2)1/2

21

(45)

(46)

47

by the velocity when @ = 0, namely k’/m, with an error of O(£log£) (Appendix
1). So the contribution of this term to the mass current can be approximated in

the limit by
N, o0 k! ,3 /2
—_— — ‘K’ ) dk.
ZieJo m cxp( 2m —¢ )
Making the same replacement in (46), with the same error, we obtain

k2 Rk | K2 .
Gy e (G %) k=S

Therefore, the contribution coming from (46) to the mass current is

N Br?
2m2 Z,'G

. N.Bx? 12 . .
G = -2 (L) epoma g,

which, to zeroth order in ¢f, gives

g \'? N, & AN,
N, ( - 3 ®(x) o 2 @03 ®(x) o /23 (x).

(48)

49

When multiplied by m/a® this is what we call the Smoluchowski, or drift, current

i_ B,Q(X)
js — '—'AW.
The integral in (47) is bounded by
2 ,
— poey.

2m

(50
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Expanding M, to zeroth order in ¢’, this gives

_Cilczl 2wm 1/2_ 3 d(x) (2nm 1/2_(n)1/2£u"a.¢
2m 2\ B - 2 B - P

so that it can be ignored in the limit.

We now turn our attention to the second term in the current (44). We can again
replace the factor £r_ by |k’|/m (Appendix 2), so that the contribution to the mass
current from this term is

N, [° k Bk .
— —— —¢'k ) dk. 51
Zie /;oomexp( 2m g 51
When we combine this with (48) and multiply it all by m/a® what we find is

simply pu'.

Finally, we need to deal with the last term in (44), which in the limit becomes
just —€3; F!. As we have just shown, the only nonnegligible terms in F! itself are
(48) and (49). But (49) is already of order £c and therefore can be ignored when
multiplied by the additional £ above. The only term that survives is

oo 2
r N"/ * exp (=X _ i) ak
Zie Jo m 2m

12 _
= —£9; [& (—L) exp(—m({i)z/Zﬁ)Ml(;")] ,

m \2mxm

which, to zeroth order in ¢°, is

N, Lc N A
£ ((znmﬂ)l/Z) (27 ©g)1/2 (kllg/zﬁl/") P 3 (®"Ny) (52)

When multiplied by m/a3 this is what we call the diffusion current

. A
Ji==0©"p), (53)
which is made up of the Fick current
— 202y, (log p) (54)
and the Soret current
- 220 156. (55)

Therefore, we obtain the total mass current by collecting together (48), (51),
(49) and (52), that is
N,

i A 1/2
Ji=Naul — = k®ma<1>(x)——a(@ Ny). (56)
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We now go back to (39) and expand the finite difference in there as

Jivee, =5 3 ea2J'

eZ
£ T oaxi 2 gxi )-

Since the expression we just found for J! does not contain any term with a large
factor ¢, we see that, in the limit £ — O subject to keeping {c finite, Eq. (40)
becomes aN.

&Y

Multiplying both sides of (57) by m/a> gives us the equation for the time
evolution of the particle’s density

dp . o ~1 12 vo
rn + div(up) = A div ( V@/“p)+ ———= PREYIE (58)
or 3
5? +div(J,) =0, (59)
where the conserved density current is found to be

Jo=up+ Jg+ Js. (60)

3.2. Dynamics of the energy in an external potential

Let J!/¢ be now the change in the value of E, due to the hoppings occurring
between x and x — fe;. As before, the change due to exchanges with both x =+ fe;
in an interval 8¢ is

SE, = —J:‘*‘;E_Jilat (61)
and the total change in E, in an interval 8¢ due to hoppings in all directions is
SE, = (61Ex + 5,E, + 83E,)ét. (62)
We have that
Ji= = tr () pxWEM) + Y lri(ke—te) Pacte, K)Ex_te;(K),  (63)
ki <0 kil

where £ =k -k/2m + ®o(x).
The analogue of the quantity F, of the previous section is now

G\ = N.(Ze)™! / er (k) (%;k + d>(x)) exp (—ﬂ—k'—k -¢- k) d’k.  (64)

ki >«t

2m
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Adding and subtracting this to (63), replacing sums by integrals and again using
that p,(k) = N,p.(k), we obtain
: . Ny k-k Bk -k
=G, — rk)| —+@ —— 3
J, =G, 253/,;50 r (x)(zm + (x))eXp( s— ¢ k)dk
~£(GL =Gy It
We calculate G, first (for i = 1). In the integral
ki + (k2 — k?)1/2 (k-k Bk -k 3
¢ —_— ,
jl;zx o - + ®(x) Jexp o .- k}d’k
we make the change of variables k2 = k? — k2 while keeping k) = k, and k} = k3.

(65)

Note that
k2 /2m + ®(x) = k7 /2m + ®(x + Ley)
and kidky = kjdk;, so defining
kK -k ! k!
AK)=[—=——+ o +ee1)) exp KK k),
2m 2m

the integral becomes
K T2 + eV2 4 | 2
/ L0 D K] )y exp (-gim—((k?wz)‘”—k;);l) &K, (66)
k=0

2mk + k2)1/2
We now expand the exponential to first order

2 2
exp (-%%; — 2 +e)" -k c‘) =1-25 [k - g +))e

Thus the integral splits in the following three terms:

k kfl 2y1/2 K
s / AL )+ Iy 67)
Ze’ Jyso  2m(k{ + DY
N 2 k kf2+ 23172 L
— xﬁx3f l[( 1 ,ZK ) > l+' I]A(kl)d3k/ (68)
2mZe K20 2m(k1 + «2)1/2
NxK2[ k}
- —1 Ak 69
Ze3 k>0 2m(k?+x2)1/2 ( ) ( )

If we approximate the hopping rates appearing above simply by kj/m (Appendix
3) and use that ®(x + £ey) = (x) + £9,P(x), the integral in (67) becomes

N K (KK K-k N
zZe [k 0}?;"( ™ +Q(x))exl’(_ﬂ2m _';'k)dgk
12




HYDRODYNAMICS IN AN EXTERNAL FIELD 25

N, K BK - K N 3
—{o P —— - -K}dK. 70
vos | o menowen (-5 - 10

The first part of (70) is later going to be combined with the integral over the

negative values of k; appearing in the second term of (65). As for the second part
of (70), we have

N 4 BK - K
ud Lo, —_—— KK
Ze? Jyrom 1®(x)exp ( 2m $ )

N,£8,®(x) , BkZ /
- —— k) dk
Ziem  Juzo ky exp ( m 'k 1

=__—__N*‘Za“"(x)M1(c‘)=N"w‘q’(")( b )UZMI(;’)exp(—'"(‘;l)z).

Ziem m 2nm 28

Expanding it to zeroth order in ¢!, we get

N.£3,®(x) ( B )"2
B 2nm

For the integral (68), we again approximate the hopping rate by k;/m and use
that P(x + Ley) = P(x) + £3,P(x), to obtain

N, Bi? f , (KK BK - K A
- Kl ——— - -t
2m2Ze® Juzo '\ 2m e om ¢ K)4k
N, Br? , Bk - K 3
— kK A(® e _ X !
20ZE Jyz0 (D (x) + £3; D (x)) exp - ¢-k')d’k (72)

i

A
ZN, 0723, d(x). 71
P

The first term above divides into three integrals. The first one is
B ﬂNxKZ / ..Iff_cxp —-ﬂki K
2m?Ze3 Jy 0 2m 2m
__BN:L3® Ms(¢h
mZie 2m

- k’) 4’k

g\
—_N, (ZM) £3,9 (x)kg©: 73)

the second one is

BN [ K B _ f 2 BE
5o | soep| 5= =tk )d _P5
221226 Jyzo 2m P\ T 2m 78R b j Bexp( =50k = Jdbs
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BN, £3;P(x) Mi(¢h) m2(§2)2+m
mZe 2m ﬁZ B

1/2 242
= —N, (%) £9,®(x) [m(;) +§kB(~)] (74)

while the third one is

ﬂN K / k’3 ﬂk% 1 /‘ 2 ﬁkg, 5
2m2212362 ¥ 20 2m m XP m ¢ ky |dky A ksexp| — £ . k3)dk3

BN£3;®(x) My (¢h) [ m?(3)? m]
_ + .

mZy€ 2m B2
_ B\ m(u*)?
=—N, (an) £31P(x) 5 +2kB® (75)
So the total contribution from the first term of (72) is
1/2 242 332
N (P a0 (m(" Y M) k). (76)
2nrm 2 2

The terms involving the velocities disappear in the limit. The remaining term is
A
- 2;Nx®1/231¢(x). (77)

As for the second part of (72) we have

2 1/2
Nepr [®(x) + L1 D) M1 (¢') = —N, b £, 2(x) [P(x) + £3,P(x)],
T 2m?Zé? 2rm
(78)
of which only the first term survives in the limit, leaving us with
) P(x) N,

The integral in (69) is itself of smaller order and can be ignored (Appendix 4).
This completes the contribution of G’ to the energy current.

We move on to deal with the second term in (65). The factor £r— can be
replaced by —k;/m (Appendix 5), leading to a contribution of the form

N, ki (k-k _Bk-k 3k
Ze3 -Lsom (2m +d>(x)) exp( > ¢ - k)d (80)
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As promised, this joins the first part of (70) to give

P, 1
N.E; [%Ex] =N,E; [;‘] E;[£] + N.cor (% 8,,)

_W'E, N; 8%logZ
m 989p
=ulE, + Nokp®,ul. 81

We finally look at the last part of (65), which in the limit becomes —£3;G,.
As we have just seen, all the contributions coming from G, are already of order
£c (and can therefore be discarded when multiplied by the additional £ above) with
the exception of the first part of (70), that is,

Ne [ K (KK ) K - K N s
-+ — -~ ¢-K)dK. 82
VA /];;20 m ( 2m +®@) Jexp 2m g (82)

We recognise the term not involving & as being equal to the first term in (72)
times a factor —2m/Bx? = —(B£3,®(x))"!. Therefore, its contribution to the energy
current is

A A
— £, [ZEN""B@3/Z] - -—2;81(ka3(~)3/2). (83)

As for the term involving ¥, we again recognise it as being equal to the term
involving @ in the second part of (72) times the factor —2m/Bk? = —1/B£d,P.
Therefore, its contribution to the energy current is

A N,01/2
— 3, {

d)(x)} = —%8;(1\4’,‘@1/2)@@) - %Nx(-}”za,d)(x)‘ 84)

We can now take a breath and collect all the terms we have obtained for the
energy current to put back in (65). They are (71), (77), (79), (81), (83) and (84)
and the end result is

. A
Ji=u (E; + Nckp®,) — 2;Nx®1/28,-¢(x)

P (x) N,

— p T
kBO®12 p

A A
P(x) — zza,v(zvxka@m) - ;a,-(Nx@‘/%(x). (85)
Again we see that none of the terms in J! contains a large factor ¢, so that
the discussion preceding (57) applies here as well and in the limit we obtain

0E,
ot

+divJ =0, (86)
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that is

aE,
at

A
+ div[u (E, + N kg®,)] = div [2;Nx®1/2V<l>(x)

Vo (x) Ny

R P X
T e 5

d(x) + 2%V(N,,kg®3f’2) + %V(Nx(@’fz)@(x)} . (8D

We now use that e(x) = E,/(mN,), ¢(x) = ®x)/m, p(x) = mN,/a> and
P, = N kp®, /a3, divide both sides of the previous equation by a® and obtain

3
—%‘%‘2 + diviu(pe + P)] = A div [207'V (8'2P) + p7'V (8'%p) ¢
vo v
+ ka®‘/2¢+2ka®*/2p]’ (88)

which can be written as (recall (50) and (53))

209 + divtutpe + P) + (a + J5)o +2JsP) = 21div [0V (PO (89)

3.3. Dynamics of the momentum in an external field

Since momentum is not conserved (as there are body forces due to the external
field), the rate of change of momentum density will not be the divergence of
something; we expect the extra term to be pf where f := —V®/m is the force
per unit mass. To see this, let us define the current J! as in the previous sections,
namely

Ji= =) tr () pe (P + Y lri(kh_g, ) Prote, )P, (k). (90)

ki<0 kizkt

Then the change in @ due to exchanges with both x X fe; in an interval &t
will only be given by the usual

§wl = —-"i:%—sr (1)

for i # j, because it is implicit in this formula that the paiticles hopping from
x+Le; to x have their j-component of the momentum unchanged during the jump.
We do this case first. The analogue of F; and G) from the previous sections is

now
_ o k-k
H! = N (Ze*)™! er (k" )k’ exp (—%m— -z k) d’k. 92)
kizicf
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Adding and subtracting this to (90), replacing sums by integral and using that
Px(k) = Ny p,(k), we obtain the familiar form

: . N,
J; = HJ'C — 73 ki<o
—¢(H—H;_,,) /L 93)

Notice that since wr, =mN ux, in this section we shall keep all terms of order

muj. If we now perform in (92) the integrations over k, (r # i, r # j) and k; we
find

er_(k")k’ exp (—élz‘—m'—k -t k) &’k

. . N, k?

k>k
— it
=M, L.

But now we can use the calculation we have already done for F}, that is, in the

limit we have
; N [ole] kl ﬂkIZ .
= mu’ ol 22 _rikld
H, =mu exp( o {k) k

xZ,'E o m
AN,
-—[ Py @1/23 Q(x)] mu’ 94)

The second term above, when multiplied by m/a’, simply gives mu;ﬁ]é'.
As for the second term in (93), we can also perform the integrations over k,
(r #i,r#j) and k;, as well as to replace the factor £r_(k') by —k'/m to find

mu’

k2
Z (-—-—— - k) dk. 95)

When we add this to what we have foun;i in the first term in (94) and multiply
them by m/a’, the resulting term is mpuju’.

Finally, we look at the last term in (93), which in the limit becomes —£3; H.
Since the second term in (94) is already of order fc, we see that the only surviving
contribution here is

] I2
_ea,.[ / ud ( ck’)dk]=—£8 [mu’ ZN M@ )] (96)

which, to zeroth order in ¢, gives

. Ny B V2 Lc .
—f8; JX —_— e 3. V2 0,0
£3; [mux - (an) 5 PN 3 (N,©*mu’)

A ,
= -;ai (N, ®Y2mu’). 9N
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Therefore, the momentum current, for i # j, is given by

,. . AN,
J' = mNulul — [ ol =, <1>(x)] mul — _a (N0 2mul). (98)

Once more, none of the above terms contains a large factor ¢, so in the limit
£ — 0 subject to £c finite, we can approximate the term (J; ,, — J;)/¢ in (91)

simply by 9;J..
For i = j, Eq. (91) is not correct. In this case, if ky_¢, > ";—ee,- is the
j-component of the momentum for a particle at x — £e;, then

ky—ge; = [k7_g,, — 2me8; D (x — £ep)]'?

is the j-component of its momentum when it arrives at x. Similarly, if kyie; <O
is the j-component of the momentum for a particle at x + fe;, then

K yge; = —[KZ 1o, +2me3; D ()]

is the j- component of its momentum when it gets to x. Therefore, the total rate of
change in w; due to exchanges with x + fe; consists of the following four terms:

8~wxj ,
](St = Z r’(kx‘*'lej)kx,+£ejpx+eej(kx+£ej) (99)
kx+£ej_<.0
— Y rek ke pe(ke) — ) (ke pi (k) (100)
ky 2] kx <0
+ Y rellete K g Pxmte; (Kemte,)- (101)

kx—lej zx,{_,ej
If we now recall from (33) what the hopping rates look like, and use that
( x+£e, k;’-}-{e ) _’x’-{-leJ = (kx+£ej + k;’.i.[e]) kx+£8j + 2m€a] ¢(x)a
(et + Kooty ) Kty = (Kemtey + kit ) ety — 20mdy (x — ey),

then we can rewrite the above as

51' ZD';
Y = Z r_ (kx+£ej )kx+£ej px+£ej (kx+[ej)
kx+l¢j <0
— Y ree ke pa (k) — Y r— (ke P k)

kx Z"){ ky <0
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+ D r e Yemte Px—te; Kete;)

j
kx—lej Z'cx-lej

— D) Y Prtte;Keiee;)
kx+lej50
— P —Le) D ProteyKete)

J
kx—tej = x-lej

which we then recognise as

ij«g _ J;+£e1 B J"!
8t [
—HP®) Y Prrte;Keste;)
kx+lejf0
—d(x —Lep) Y Prose;(Kete))- (102)

knte; 2K,
x—tej=Tx—te;

In the limit, the last two terms above add up to N,9d;P(x) (Appendix 6).
Let us now calculate J;, that is

J o j Ay 2 —_—— .
J]=H] - Ze 3 kjfoﬂr_(k )k exp( . .-k)dk
—e(H - Hl,) /e (103)

We find that H,{ reduces to

. N k+ (k2 _ K2)1/2 ﬂ 2
H ==~ k — 'k | dk,
o Zi€ Jisx 2m cxp 2m ¢

where we can make the familiar change of variables k2 = k? — k% to obtain

. Nx (k12 + K2)1/2 + K ﬁk’2 .
H = K — ik
* 7 Ze m[ 2m ] =P ( m ¢ )

2
X exp (—QC— — (&*+ K12 — k') ;‘j) dk’.
2m
Expanding the exponential to first order gives the usual three terms

) Nx k/2 2\1/2 k' /2
Hi=> {f [( Ly ]k’ exp( Pk I;’k’) aK (104)
;€ k'>0 2m 2m
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2 24 272 4 3 12 :
[ e ()

2m Jps 2m
K2g! Bk*
— K —— K ) dk' } . 106
o Lo (5 %) (00
In (104), we can replace the factor
k2 + D)2+ ¥
2m

by k’/m (Appendix 7), so that it amounts to

N,
Zjem k>0

2
(k)2 exp (-%- —~ ;fk') dx'. (107)

In (105), the same replacement gives

Nxﬂx2 - ﬂk'Z i , Nxﬂkz ;
_szemz k'zo(k) CXP( - =tk }dk = ZZijzMZ(C ), (108)

which, to first order in ;‘, (recall that we are keeping terms proportional to mu’
in this section, since w] = Nxmux) gives

2N, Bmed;d(x) [ B \'* 12 (m ) ;
B 2m? (Zer) 5 (E (

£N, ;0 2
——Z—(L) (—ﬂ—) £93; ® (x)mu’ (109)
of which only the second term survives in the limit, resulting in
AN, ;
—2( L= s, j
2[pk391/23,<1>(x)] mul. (110)

Similarly in (106), we obtain

25 j 1/2
_Nx:c ¢/ M) = 2N,mL0; DBuy B m
2Z;em 2m 2wm B
B\ '
=N, (-2—;——) £3; ®(x)mu’
m

[ kxgma <I>(x)] mu. (111)
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Moving to the second term in (103), we replace the factor £r_(k/) by —k//m
(Appendix 8), so it contributes with

x k2
N k2 exp (—ﬁ— — ;fk) dk. (112)
2m

Combining (107) and (112), what we obtain is

72 _Elﬁ_ i J = Nx ~ (k)2
mZef (k)exp( o ;k)dk - E; [
N, 12 N 2 logZ
=mN, () + Nkg®,. (113)

Finally, for the last term in (103), which in the limit becomes —{9; H,{ , only
(107) contributes, since the other terms in H; are already of order ¢c. We get

N "n2 _E]i,i_ j/) /
Ziem /r;zo(k) exp( o ¢k ) dk
N, )
— _73. * J
= —£0; [ZjemMZ({ )],
which, to first order in ¢/, gives
Ny [ B \2[ 2 (m\*? mzj
- (B ()" |6 (3) 2(5) s

I} . B \*1
= — 23, (N.kg®,) — 23; | mu/ N, (2—) =
5% (N:ks®:) j|mu "(2nm) B

= Za (Ncks®,) —2=8; (N,®'*mul). (114)

—L3;H] = —£9; [

Therefore, the momentum current for i = j is given by the sum of (110), (111),
(113) and (114), that is
AN,

i 2

—3; <I>(x)] mu’
_f ) _ ﬁ ; 12,
28, (N:kg®,) —2—9; (NxG) mux) .

We see that the term N,kg®, above is of a larger order than the others and
is not negligible in the expansion of the finite difference (Jiie; — Jx) /€. What we
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obtain is
Jx+€ej - Jx 3J’ ¥4 BZJX 2
_4 o
¢ " ax Tager T OO
BJx £ 3%(N. kg ®,) 2
= — —+0
dx/ 2 oxi? + 0.

Thus, in this case, the finite difference (Jy4¢,, — Jx) /¢ can be approximated by

AN,

A .
acp(x)]muf 2;aj (Nx®‘/2mu;)). (115)

Therefore, collecting together the contributions from i = 1,2,3, we see from
(91), (102) and the equation above, that the change in @/ is governed by the
equation

3
a
- — (Nx®1/2mu1)] Ny ®(x) — ; o7 [N
AN A d ;
+ Nikp®,8;; — (-JB—G;ﬁa@) mul — o (Nxel/zmu;)]. (116)
The first term above is not covariant and we need to average it over SO(3).
The averaging procedure is explained in [23], and its result is

3
Zaii[axr Nx@mmuf)”— (N ©"2mu’ )] (117)

We can now put it back into (116), divide both sides of it by a® and use that
@i = mNul, p(x) =mN,/a3, fl = —3;®(x)/m and P, = Nykg®,/a> to obtain

at kp®1/2

2x

- = [3 (p(x)®'2ul) + a%f (p(x)(al/zu;)]} : (118)

dp(x)ul RN R AP
T =AW =Y g P+ Py — e
1=
3
50| ax!

In vector notation, this reads

apu . ) Vo
—3t—+d1v(pu®u)=pf—VP+Ad1v(k o1 ®u)

+ 25—A 107 39 (0()®'%u) + V (p(x)®'2u')], (119)
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which can be written as

0
—(,%‘—l+div(pu®u+ls®u)=pf—VP

+ 2% 10! [39 (0(x)©'%u) + V (p(x)©"2u')]. (120)

4. Appendices
4.1. Appendix 1
The difference between the cases with and without an external potential is

k' k' [(kIZ + K2)1/2 + kl] 3 K [(kIZ + K2)1/2 _ k/]

m 2mk? + k)2 T 2mk? 4 k2)12
- (k/2 +K2)1/2 -
=< o .

So we need to bound integrals of the form

N k12 23172 kK kIZ .
B, = == f *”+«) exp (——— - {'k’) dk’'.
kK'>0 2m

- Z,'G 2m
We have
2
£ 1/2 _ = K
2
s ;‘7 if K>«
K if 0<k' <«.
Hence,

it fxm % exp (—'—321‘,; - gk’))
ot (oo [ ()
= 2”1:]2,‘6 (Kz —x*log [(,%)1/2 ":I +«? /;oo d7y exP(l/2y2)dy) .

Since k2 = 2¢m3® and the term N./(Z:;€) is O(1), we see that the error is
O(Llogt).
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4.2. Appendix 2
Here the difference between the cases with and without an external potential is

kK k—(K+H?  k+ (k4«22

m 2m 2m ’

so the integral we need to bound is
N, K2+ )12 4+ k Bk?
By := — _ ~—— — 'k ) dk.
2 Zie _/k<0 2m xp 2m ¢

With the change of variable k' = —k, we are led to the problem of finding an
upper bound for

Nx kl2+ 21/2__k/ /2 ,
2—( - e"P(ﬂ “"’)‘”‘

But this reduces to the case of Appendix 1, since the quadratic (negative) term
in the exponent eventually (and in fact very quickly, since m is so small) overcomes
the linear (positive) one.

4.3. Appendix 3

As in Appendix 1, the difference between the cases with or without an external

potential is

Kk [®Z+H 2+ ] GG +6D - K]

m 2mkE + 6DV 2m(KP +k2)12
L ®E+D K
f— 2m 2

so that we need to bound the integral

Nx (k;Z +IC2)1/2 ; 30,
By := AKHAK'.
RIS
Ze3 k >0 2m

l_
k/.kl , _ﬂk/.k/‘_ ,
X(2m +<I>(x))exp( o ;‘-k)

which gives rise to the following four terms

Ze k>0 2m 2m 2
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Ny

2 2
m(Z;e)QmZze)Bl{MZ(; )+ My(—¢%)]

BiMy (%) + Ma(—=¢7)]

N
t Zioemzse)

Using that, to zeroth order in ¢, M; and Z;e are ptopomonal, respectively, to
m3? and m~12, we conclude that the last three terms are all of the same order
as Bj, that is, O({log¥).

For the first of these terms, using the same estimate as in Appendix 1, we find

216 k>0 2m 2m 2

Nx * n ﬂ L O ’ !
< k k dk
~ 4m2Ze [K,[o ! exp( —¢ !

+« [ klexp(———-—Ck")dk’]

[«* + 2My (]

4m2Z
[(ea<1>)2

£3d
Z; 28
making it of a smaller order than the last three. Therefore, B; itself is of order
O(tlogé).
44. Appendix 4
The integral in (69) is bounded by
N,«?
2mZe3

f AK)HK
k{ >0

ka2 k' K ﬁk/ Kk’ ’ 3,/
= flﬁzo (_Zm + ®(x )) exp (——*—*Zm - k)d k
_ (Z2€)(Z3¢) n , (Z1€)(Z3€)
T 2mzZé [ m @)+

+(ZUE)(ZzG)
2m

[My(¢%) + Ma(—2D)]
[My(¢%) + Ma(—2H)] + ¢(x')(22€)(23€)M0(§1)] .

Now, to zeroth order in ¢, this reduces to

N, «k2xz 12 N, k2712 N, «2r 112 N2 [am\?
+ + + —
4V2B32m\2(Zy€)  2N2B32ml2(Zye)  24/2B32mV2(Zse)  Z1€2m (Zﬂ )
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Recalling that «? = 2¢m3® and that the term N,/(Z;e) is O(1), we find that
the expression above is O(£2).

4.5. Appendix 5§

As in Appendix 2, the difference between the cases with or without an external
potential is
k k— (k24212 _ k+ (k% +«?H)1/?

m 2m 2m ’
so that the integral to be bound in this is

Ne [ K+i)P 4k
Bs = X
263 k1 <0 2m
k-k k-k
X | —=——+®(x) )exp —ﬂ—— -¢-k)dk.
2m 2m
So, performing the change of variable k' = —k, the integral becomes
k' -K k'-K
X + ®(x) | exp _# +¢-K ) dK
2m 2m

which reduces to the case dealt in Appendix 3, since the quadratic term in the
exponential quickly dominates the linear one.

4.6. Appendix 6

Replacing sums by integrals and using that p,(k) = N,p,(k) we find that the
last two terms in (102) can be expressed as

Nx+le- ,Bx+€e-k2 i
9id(x) ————— - L~ k) dk
i P Zi(x + Lej)e /kgo cxp ( 2m Sxree;

N, _pe. -t k2 .
+0;P(x — Zej)——h’— f exp (—ﬂ i _ {j_eejk) dk.
k>k

Zi(x — £))e 2m

We first notice that we can move the lower limit of integration in the second
term above from « to zero, since the error involved in doing so is of order «, that
is, O(£*?). We are then left with

Nx—lej

Z;(x — £))e

Nx+£ej

8D (r)——tt
) T tee

Mo(—8l e, + 3, D(x — e)) Mo(t! ).
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Expanding M, to zeroth order in {, we get

N 1/2 N 1/2
x+Le; mm x—Le; mm

3;d(x 2 + 9, P(x — Le;) . .
B¢ )Zj(x + Lej)e (2ﬂx+ee,) ’ T Zi(x — £))€ \ 2Bx—re;

In the limit £ — O this reduces to

mm

172
ﬁ) = N, 3;®(x).

Ny
D(x)=—2
0;P(x) Zje (

4.7. Appendix 7
Here the difference is
K4+ &2+6HV2 K @) -
2m T m - 2m

and the integral to bound is

Ny [ K?+DHV2 -k, Bk .\ .,
B; = — k —— 'K ) dK.
7 Zie Jp 2m cxp 2m ¢

Using the same estimate as in Appendix 1, we find

Ny ‘ BK? _
B; < K —— =K ) dk’
7= 2mZje (K -/o exP ( 2m ¢ )

00 2
+K2f exp (—% - ;‘,-k’) dk’)

[® + 2 Mo (g1,

Ny

2mZ;e

=

which we conclude is O(£?), since, to zeroth order in ¢, M, is proportional to
1/2
m .

4.8. Appendix 8
The integral to be bound here is

Nx k k2 23172 k2 .
= & AT exp (—E———g'k) dk.
Zjé k<0 2m 2m

Bg:

With the change of variables ¥’ = —k this becomes

Nx 1% k12 23172 klZ .
+( +K ) kexp (_ﬂ_m _ ;lk,) dk’,

Bg = —
s ZjG k>0 2m

which has the same bound as that of Appendix 7.
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