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Review: a /dc is a category with two monoidal structures

(® and @) or (m and w) or (® and ) or ...
linked by nats

pO(q0T) (POq) @r pr(qgwr) (poq)wr

(q@r)Ds

qQ(ros) (qwr)es——qw(ras)

Mnemonic Device: ‘“linear discipline”

= (pAaq) v (par) —bad! (repetition of p)
< (pAarq)vr —good! (no repetition of p)

Naive question: is this only a mnemonic device?



Review: a (unital) quantale is a complete lattice with an asso-
ciative (and unital) operation & which distributes joins:

as&(\/8)=\(@&B)  (\/B)&¢=\ (8&Q)
gel gel gel gel
There exists a monoidal category (Sup, »,2) whose monoids are
the same thing as unital quantales.

Definition: a (unital) Idqg is a (unital) quantale plus a second
associative (and unital) operation @ which distributes meets

aw (N\B) =/ Nes8)  (N\B)=<= /B0

gel gel gel gel
and such that

a& (B <
B¢ &Y < B2 (C&Y)

hold.



Theorem: a (unital) Idg is the same thing as a semigroup (resp.,
monoid) in (Sup, ®,2) and a cosemigroup (resp., comonoid) in
(Sup, v, 2°P) which share the same underlying object, ¢, together
with two 2-cells as below.

xl

qgm (qwq) (g mq) wq
W »id
l
q R q a q d qwq
SR I m
(qwaq) mgq qw (¢ mq)

T



Definition: a Frobenius quantale (Frq) is a unital Idg where the
two 2-cells are identities.

[Note: this does not entail equalities a & (879 () = (a & 8) % (,
(B72C) &9 =p87%(¢C&D)]

Theorem: a Frg amounts to a unital |dg with duals; that is, a
quantale which is also x-autonomous.

Remark: there exists a notion of Frobenius functor (Frf) be-
tween arbitrary ldcs such that a Frf 1 — (Sup, », 2, w, 2°P) is, tau-
tologously, a Frg. (More later!)



Theorem: let s,¢ be (unital) Idgs, ¢ -2 s an arrow in Sup, and !

its right adjoint. Then 1 is a morphism of cosemigroups (resp.,
comonoids) iff wﬁ preserves ¥ (and its unit).

Definition: a morphism of (unital) Idgs is a Sup-adjunction

S < ................. w ................... t

(0
such that w is a morphism of semigroups (resp., monoids) and

v @ morphism of cosemigroups (resp., comonoids).

A morphism of Frgs ‘“should be” a morphism of unital Idgs.

Question: can we find an equivalent definition (of morphism of
Frags) which does not refer to the 2-structure of Sup?



Review: a linear functor (If) between Idcs

(T, m,e,w,d) (K, m,e,v,d)

consists of: a monoidal functor (J,m e) L.(K,,e), a comonoidal

functor (J,w d) . (K,w,d), actions of YV on 3t

Vr(p) @ 37(q) Ir(p = q) 37 (p) » Yr(q)
and coactions of 41 on Vo
Ir(p) W Vr(q) Vr(p v q) Vr(p) v 3r(q).

satisfying a number of compatibility axioms.

A Frfis a If with Vo = dp and trivial actions and coactions.



Review: a morphism of Ifs § % T is a monoidal nat Vg —% V..

: : = : :
together with a comonoidal nat 37 =% 3¢ which further satisfy

Vs(p) w 3g(q) —2 P vi(p) w 35(e) —229 () w Ip(g)
| |
Vs(p w q) Yo(p¥a) Vo(p v q)
| o y |
35(p) w Vg(q) 2P 3000) w ¥p(p) —22¥9 30(0) w Vor(p)
15(p) @ V() —2 9 3.) @ Ws(g) —22P) 30(1) @ Vor(g)
: J9(pRq) l
1g(p » q) I7(p & q)

! idm3y(q) Vy(p)Rid T

Vs(p) ® 35(q) Vs(p) = I7(q) Vr(p) @ I7(q)



Theorem: a morphism of Idqgs induces 2-cells

S Y 8 wwid tws e twt
8] f I)
S w (4
i | J | ls

S X S ldWw sSwt RC twt

SR S yRid t s ldRw txt
H f Iz
S () 4
H] . | | Iz

SR S ldeag st wRid tt

and in the case of a morphism of Frgs, these are identity 2-cells.

Question: why no converse?



Theorem: Let s and ¢t be Frfs 1 — (Sup, », 2, w, 2°P), and

e —

(e

an arbitrary morphism of Ifs, then
s —+——t

0

define a If between s and t (now regarded as Idcs).
We do not get w = ! (or even w < %) in general.

[w < Yf = w1<1]



Definition: a point of a If T is a nat V3 — 31 satisfying
Vr(p) @ Vr(g) Vr(p @ q) —"— Vr(p) @ ¥r(q)
Tp&\id‘ TpRq lid@Tq

Ir(p) & Yr(q) Vr(p) @ I7(q)

d7(p ® q)

Vr(p) w I7(q) Vr(p w q) I7(p) w Vr(q)
prid‘ Tplwq lidqu

Ir(p) w 37(q)

3r(p w q) Ir(p) w 37(q)

A Frobenius functor (Frf) is a If T' for which the identity nat is
a point. (Structure, not property!)

Lemma: a point is uniquely determined by e—"—VYp(e)—~3p(e)
(and also by VYp(d)—%3p(d)—E-d).
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Definition: a morphism of pointed Ifs (S,0) — (T,7) is @ mor-
phism of Ifs ¥ : .S — T which further satisfies

Vs(p)
Vﬁ(p)‘ Pﬁ(p)
Vo (p) —2— 3p(p)

Lemma: it suffices to check

e ——Vg(e) —7—Is(e)
2 Bate)

Vr(e) —— 3p(e)

(or, equivalently, the d-case).
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