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The basic model is now
dfd—it) = rz(t)
where 1 is a constant and % is the differential operator associated with
a derivative with respect to time. Rather than the recursion equation
we had for discrete-time models, the equation at hand is a first order
ordinary differential equation (ODE). It can be thought of as the limit
of the discrete-time linear model as the time step gets smaller, i.e. from
the discrete model x(t 4+ h) = (1 4 rh)z(t)

do _ i x(t+h) — x(t)

dt h—0 h
i (1+7h)x(t) — x(t)

h—0 h

1. FIXED POINTS AND STABILITY

A point is still a fixed point only if when the model is applied to
that fixed point, the fixed point doesn’t change. In the case of this
continuous model, ‘Cll—f can be thought of as the change in x with respect
to time. Hence z* will be a fixed point of the model only if fl—‘f evaluated
at ¥ = 0. In the above example we require that rz* = which means
that if » # 0 then x* = 0. Just like before with the linear case, if r = 0

then any/every real number is a fixed point.

2. STABILITY

Stability is handled different compared to the linear model. For this
example if we want x* to be stable, then we require both that x in in-
crease for z < 0, and z is decreasing for x > 0 (z* has to be attracting
from both sides).

If we look at x > 0 we get that % = rx, and if we want this to be
decreasing we require that r < 0, since x > 0.
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If we look at = > 0 we get that % = rz, and if we want this to be
increasing we require that r < 0, since x < 0.
Therefore for this example, * = 0 is stable if r < 0.

3. EXPLICIT SOLUTION IN TIME

The method for solving a first order ODE is using the method of
separation of variables. This involves taking all independent variables
to one side of the equation, while taking the dependent variables to the
other side. Writing z = x(t) we obtain the following:

% =rx

L — pdt

fj(g)) %dm = Tfot 1dt

In(xz(t)) — In(xz(0)) = rt (assuming z(0) > 0)

x(t) = z(0)e"

The last formula provides us with the general formula for x(t) given an
initial condition z(0).

4. AFFINE MODELS

A continuous (more realistic) leaky bucket model is & = a — ba.

The fixed points are found from 0 = a — bxr* which is § assuming that
b # 0. This equilibrium is stable whenever b > 0 (note that b has the
opposite sign of r in the linear model). The explicit solution of this
ODE can be found by separation of variables to be

z(t) = e b (x(0) — §) + ¢
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