Improper Integrals

_E) f (x) assumed [a,b] is of finite length and f is continuous. What if [a,0) or f is not

continuous? These are improper integrals.

Basically, you find the integral as before, except you will have to find a limit at the end, if it
exists.

Example 1: Find .[:e‘xdx

Solution:
oo is not a number so this is definitely an improper integral.

{—1 1} -1
=l—=Zt Z—a-i-l
e e e

If Jj e “dx is to exist then by the definition of a type | improper integral
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Ioae’xdx =

0

) a _ e -1 .
lim| e dx must exist. ie. Ilm[—+1} must exist.
a—wJ0 a—o ea

lim [ e ~*dx = Iim{_—al +1} = —0+1=1

a—od0 a—so| @

What does this really mean?
It states that as a increases in value the integral gets closer and closer to the number 1.

As an illustration

J.Ole’xdx = %l +1~-0.36788+1=0.63212

Ioze‘xdx = _—21 +1~-0.135335+1=0.864665
€ «— As a — w the integral -> 1

j:oe-de - e_—j +1~-0.0000454+1 = 0.9999546
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A more difficult improper integral to recognize is a type Il improper integral, with a
discontinuity at an interior point.
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Example 2: Find jj , If it exists.
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Solution:
There is no o symbol to tip you off that the integral is improper. However, the function

is discontinuous at x = 1.

I ~ _I . +IS o ~which by definition
é X 1 3
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We will attempt to find these integrals separately. If any one of these
exists we are done, the original integral does not exist.
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Example 3: Find the area of the infinite region that lies under the curve y = T
+ X

above the x-axis.

YA 2
JK [Very rough sketch, should be
symmetrical.]
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[Ilmtan a} 4tan 0= 4[2} 0=2x

a—ow

2

> dx:2'[

Area = I—il+ "
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Example 4: Evaluate, if it exists, .[0 X In x dx

Solution:
2 x® X 2
J.x Inxdx:—lnx—J'—dx let u=Inx dv = x“dx
3 3
3 3 3
“Xinx-Xic du:ldx v==
9 X 3
3 372 3 3
Therefore, jzlenxdleim 2lenxdx:Iim {X—Inx—x—} :§In2—§—lim[a—lna—a—}
0 a0' va a0 3 9 a>o0'| 3 9
3
:§In2—§—lima—lna+0
a—>0"
But
3
lim a—Ina Form:(O-—oo)
a—0"
= Iim;—a Form:(ﬁ) By L' Hopitals's rule
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Hence .[szInxdx=§ln2—§—0+0:§ln2—§
0 3 9 3 9
o X
Example 5: Evaluate _[O i dx
+
Solution:
w X e [2X 1l o2 2x o 1 2\ T
IO 1+X2 dx_im 01+X2 dX—E!ﬂI]O 01+X2 dX—E!ﬂI]O[ln(1+X )]0
~LiimMn(@+) T = Stimin(1+a2) = Sin(1+02) = Loo— 2 (0) = does not exist
_Eam[n( X )}O_Eam n( ta )_E n( n )__OO_E( ) = does not exis
© X .
Therefore, I > dx diverges.
01+x



Type | and type Il are the two types of improper integrals we will study. However, we must now
discuss the Comparison Test. In this section you are not asked to find the integral you are only
to determine whether the integral exists or does not exist. The method is very similar to the limit
Squeeze Theorem you encountered in calculus 1500.

We will restrict ourselves to only integrals which have a positive value, if they exist. The
strategy is as follows:

We are asked to determine whether J' dx does or does not exist.

If we can find, or know, of another mtegralj g(x)dx such that
a) 0< j . dx < j dx and J. dx converges then j dx converges. Basically,

b) 0< I: dx < f dx and j dxdlverges then I dx diverges.

if our integral is between 0 and another number then our integral is a number. Whereas, if our
integral is greater than oo than its is also gigantic.

It is important to have a reservoir of these known integrals I x ) dx which we can use to trap

our integral I x)dx , or show that our integral I x)dx is greater than this divergent

The two most common integrals we use for comparison are the p-integrals and the exponential
function integral.



p-integral test

The integrals, Lwldx and J'Oll dx both diverge. They get larger and larger at both ends.
X X
. o 1 1 1
The p-integrals are: [ dx and [ —-dx. The p-test states:
1 Xp 0 Xp

. © 1 =1 © 1 :

(@) if 03'[1 Fdx < L ;dxthen L Fdx IS convergent.
. ocl 0 1 © 1 . -

(b) if 0< J'l ;dx<L Fdx then L Fdx is diverges.
. 11 1] 11 .

(c) if OSJ.oFdX < IO;dx then IOFdx IS convergent.

. 11 11 11 -
(d) if OsJ'();dx < j'oﬁdx then Ioﬁdx is divergent.
A more concise way of stating the p-integral test is:

@ I lwipdx converges provided p>1, diverges otherwise.
X

@ I;ip dx converges provided p<1, diverges otherwise.
X

y
y=1 Very rough sketch of three p-functions y =
p=1
p=2>1
p=2:<1
X

[Note: There is nothing sacred about the number 1. The key values are 0 and oo.

Hence, a can be any positive number.]



. . . o o 1
The second very common integral used for comparison is: J'o e ¥dx= J'O —-dx fora>0
e

This integral always converges.

dx

X3 +1

dx

Example 1: Use the comparison test to determine whether _[:O

converges or diverges.

Solution:
For x >1, ! <i:i3:iwherep:§>1
C+L W 2 xP 2
.'.OSIoo ! dx<.[wi3dx
1 X3 +l 1 X§
. © 1 . 3
By p-integral test j . —dxconverges, since p = > >1
X2
.. By comparison test J‘w dx converges.
LU +1

[Note: We have not found the value of the integral. We have just determined that the value
exists.]

© X
0 X
e"+X

Example 2: Use the comparison test to determine whether I
converges or diverges.

Solution:
[ Note: At x = 0 there is no problem since e® +0=1+0=1.]
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X

e +X

For x>0, 0< < elx
o 1 )
But I —de Is convergent

. By comparison test I

is also convergent.
e +X

) . © X
Example 3: Use the comparison test to determine whether j
O Ix+x°

converges or diverges.

Solution:
There is a problem at both ends since the denominator is 0 for x = 0.

fmd‘fm e
1

X+ Jx_S

By p-integral test _[ —5 converges (since p = g >1)
?

Forx>1 0<

1 . 3
=— withp==>1
xP P 2

>
N\w| =

. By comparison test _[ o dxalso converges.
X+ x°
1 1 1 1

For O<x <1 0< =

Bt R

By p-integral test I

) 1
=— withp==<l1
xP P 2

— converges (since p = % <1
?

. By comparison test _[ dxalso converges.

dx

Hence, from the above two facts J'w

converges.
X+ x3



In the previous example, you should notice, that it is very important which integral you choose

! < L is of absolutely no use if you are in the
Jéax I

interval (0, 1], since being smaller than a divergent integral tells you nothing. Similarly,

for comparison. Concluding that 0 <

1 1. . . .
<—= =—1s also of no use in the interval [1, ). Being smaller
I +x Wx X

than a divergent integral is also of absolutely no value.

concluding that 0 <

Homework:
Use the comparison test to determine whether the integral is convergent or divergent.

O [ 2) j”“&dx (3) [C-dx

1 2 1 \/; 0\/;
(@ [ 2o (5) |75 (6) [ e*dx
1 x> +2 0 2x+1 1
s 1 1[sin x| +1
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Solutions: Be sure to try answering the question fully yourself before checking  the solutions
below.

(1) For x >1, )(ng>12:1:i where p =1
X X x xP

By p-integral test .[:Oldx diverges.
X

X+1

dx,
XZ

and 0< J‘lw%dx < LOO

dx diverges.

) o X+1
so by comparison test L 5
X



(2) For x >1, ler\/;>i:i1:i wherep:1<1
\/; '\/; X2 xP 2
. w 1 )
By p-integral test | —dx diverges.
y p-integ LJ; 9
1+«/§dx'

and O<Lm%dxsj.:o X
% «/1+\/;
Jx

so by comparison test L dx diverges.

(3) For O<x <1, € :L<i:i:i Wherep:%

By p-integral test j 1 dx converges (since p = % <1

o
and 0<J \/_dx<'[ —dx

so by comparison test _[0

JX
N ¥ 1 1
4 For x >1, <—=—=— wherep=2
(4) X°+2 x° x* xP P

By p-integral test J.mizdx converges. (since p=2.)

and 0<J.

dx<I —dx
1 x°4+2

. g* 0
5 | —
( ) Xl—rll2x+l [oo:|

X X

[H]lim& =20 [

= XA)OOZ

dx diverges.
2x+1

N.B. An important fact: Iff x)dx converges then lim f (x)dx=0

X—»00



2 1
Forx<le™ =<
X
e (]

But'[mixdx converges
1e
] _X2 ['s] 1
and 0<I e dst' —dx,
1 1 eX

. © _y2
so by comparison test L e ¥ dx also converges.

Forx21,&+1s&+&=2&
w1
ButJ'1 2 I \/_

—=dx diverges by p-integral test (p = 1)

so by comparison test j also diverges.

1\/;+1

[Note: This is a very useful technique when a constant is added or subtracted

(8)

from a well know function. ]

Forx21|sin x|+1sl+1:2

Butj \/_d = ZI \/_dx converges by p-integral test (p = ;)
|S|n x|+1
dx<2
B
sinx|+1

NE

and 0 < J'

dx also converges.

so by comparison test IO

[Note: sin x and/or cos x often play the role of a constant between —1 and 0.]



