Inverse Trigonometric Functions

High school review:
A Questions without inverse functional notation:

Examplel: Find tan@ if sinezé and d el

Solution:
“sketch a unit circle or a right triangle”
(a) Coordinates of the point on unit circle are [%%}
sing 1 1
stanf="——=-2 ="
cosé ﬁ J3
2
OR
(b) tand = opposite _ 1.

adjacent /3

Example2: Find cot@ if cosez—g and 9 e ll

Solution:
“sketch a unit circle or a right triangle”
(a) Coordinates of the point on unit circle are [—?%}
V3
sin@ 3
OR
(b) cotd— adjace_nt _ 3
opposite 1

Example2: Find sing if tand=-1and 8 IV
Solution:
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“sketch a unit circle or a right triangle”

(@) Coordinates of the point on unit circle are (i—ij
V2" 2
. 1
nsinf=——
V2
OR
opposite 1

b) sing——PPOSIe __ 1
(b) hypotenuse /2

B. The above three example can be stated more concisely by using inverse trig
functional notation. Each question would be stated as follows:

(a) tan(sin%j:% (b) cot(cosl_—sz—\@ () sin(tanl(—l)):_g

{Note: we can also use arcsin etc. in place of sin™. It emphasizes that the value
isan arc!'}
Therefore,

Example 4: Find the value of cos(sinl %)
means ““ Find the value of cos@if siné :land del”
2
Example 5: Find the value of tan(cosl(—%n
means “ Find the value of tan@if cosé = —%and dell”
Example 4: Find the value of sec(sin‘l(—gn

means “ Find the value of sec@if sin@ = —gand delVv”

Exercise to review more notation and methods
Find the exact value of:
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. 1[ . 57[)
sin”!| sin=—
6
1. sin[sin‘léj
4

2. tan (tan‘1 3)

3. sin® [sin zj
6
4, tan” (tan 5—)

5. sin| tan™ j

6. tan|sin 1\/5]

8. tan S|n‘14j

(
|
7. cosan(-2)
(
[

9. sin| 2sin™ ]

10. sec| cos” j

11. cos[Ztan j

Be sure you know the definitions and graphs of the inverse trig functions!
The definitions and the graphs are found on pg. 72 — 74 in Stewart.
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The three basic ones are much more important than the remaining ones.
Definition of sin"x

sin™' x =y provided siny = x and —%s y s% [ile.yelorliV]
Remember!! y is an arc length (or an angle).

“sketches”  Range of sin™" x = [—%%} and its domain is [-1,1]

Definition of tanx

tan™' x = y provided tany = x and —%< y <% [ile.yeloriV]

Remember!! y is an arc length (or an angle).

“sketches” Range of tan™' x = (—%%) and its domain is R

Definition of cos™x

cos™ x =y provided cosy = x and O<y<r[ie.y e lorll]
Remember!! y is an arc length (or an angle).

“sketches”  Range of cos™ x=[0, ] and its domain is [-1,1]

Try something cute. Sketch each of the following:
(a) y=Sin_1x+% (b) y=2tan™'x (c) y=cos‘1(%xj

Just as in grade twelve these are functions and behave as any other transformed
functions.

Non-numerical type of questions
Simplify
X)

1. sin(cos
2. cos(sin‘l x)

-1

3. cos(tan’l x)

98



4. sin(tan’lx)
5. tan(cos‘lx)

6. tan (sec‘l x)

Derivatives of Inverse Trigonometric Functions
[You are responsible for the proofs of these theorems. The proofs are easy!]

Theorem: If y =sin™* x then y__ 1
dx 1-x?
Proof:
y=sin""x
Hence, siny = x "sketch"
cosyd—yzl 1 =a’+x°
dx
y__ 1 sLa=+y1-x°
dx cosy - i
But——<y<—
= ! 2 y 2
1-x?
1
1 a=+1-x°

- J1-x?

Sincecos y > 0inquadrants | and IV.
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Theorem: If y =tan™ x then dy__1 -
dx 1+x

Proof:
y=tan™ x
Hence, tany = X

dy
sec’y—==1
y dx

dy 1

dx  sec’y
_ 1
“1+tan’y
1
T 1+x°

Theorem: If y=cos™ x then % o1

X 1—x?

Proof:
y =C0s™ X
Hence, cos y = x "sketch"

—sin yd—yzl P=a’+x
dx

La=+J1-x°

1 Buto<y<r

1 La=+1-x°

J1-x?

Sincesiny > 0inquadrants | and 11.

100



Be careful of chain rule questions involving inverse trig derivatives. Since

PR 1 RV 1
(sin"*x) SN and  (tan™'x) =2
with the cha'y‘i rule become:

' 1 ,

sin™ tant[ |) = [ ] etc.
) - o T -
Examples: Find
(a) y=sin™ ) (b) y=tan*(2sinx)  (c) sin(x+cos™x)
Pg. 234
#44 Differentiate h(x)=~1-x" (arcsin ) < means+/1- x> (sin‘l x)

Solution:

—2x)arcsin x+1

(x) = —= —2x)arcsin X ++/1— x> I
h(x)_szfQE(z ) Jf__( 1—x2] 2¢53F(

#46 Differentiate y =tan™ (x —1+x? )

Solution:
, 1

| @)

Reversing the differentiation process we also have:

J‘\/ll_zdx:sinlx+C and _[
—x

Ty dx=tan" x+C etc.
+
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Examples:

1. I\/l_x4 dX:j\/l_(X2 - dx ==

Let u=x*> du=2xdx

Zdu 1 1
| = :—sm 'u+C==sin?(x?*)+C
1% N 2 (<)
2. (pg. 421 #22)
tan~' x 1 (tan‘l X)2
I dx = jtan x( 2jdx= +C
1+ x? 1+X 2
OR
Letu=tanx du=—" ~dx
1+x
tan x)’
J-tan Xd _Iudu_—+C (an X) +C
1+ x? 2 2

3. (pg. 421#66)

I_J- sin~ x (sm X)

V1-x2 2
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3. (pg. 421#66)

OR
Let u=sinx du= 1 dx x|u
1-x 1
. (ﬂjz 26
5 2
|_j sgu e _\e) 7 00
2 2 72
Furthermore
3
tan~' x tan x
J‘de =£J-(tan‘1 X)3 . > dx =1(—)+C
2+2X 2 1+Xx 2 4
OR
a1 1
Let u=tan—x du =——dx
1+ X
(tan‘lx) 1 L y
J'— fu du==-—+C=Z(tan"x) +C
2+2x%? 2 4 8
2. j 4 dx = 4j ﬂ dx = 4In|sm’lx|+C
J1=x%sin™ x sin™ x
OR
Let u=sin'x du=-——dx

e

4 .
————dx=4 —=4In ul+C =4Inlsin* x|+ C
J.\/1—x2 sin™ x 'f u o | |
Homework

3. Find J-ﬁ /tan™ X

3+3x2
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