Parametric Curve Areas

Area and Direction
Find: (a) I122x+1dx (b) I:2x+ldx
Solution:

(a) x*+x| =(4+2)-(1+1)=4

2 L . _

(b)  x +x|2_(1+1) (4+2)=-4
Which one, of the above, represents the area between the curve y =2x+1 and the
X-axis?

“graph”

(a) Since y > 0 and dx > 0 the curve is above the x-axis and is

moving to the right with product>0.
(b)  Sincey >0 and dx <0 the curve is above the x-axis and is

moving to the left with product<O0.
Therefore, (a) represents the area. Remember, area is always positive!

The same principle applies to parametric curves. Area must be positive.
ie. When we are find the area we require J'ydx = J' y(%dt) >0!

-.y>0and %>Oory<0and %<O
dt dt

Ify and % have opposite signs we must change the sign of the integral.

[ Later: For Polar curves we will require dé > 0, to find area since r?is always
positive.]

Example:
Find the area of a simple closed curve defined by parametric equations:

Xx=cosé+1 y=sinfd+1
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Solution:

“graph”
y >0, for all  and
3—2: —sin@ and is equal to zero at 6 =0, z, 27, ...
Hence
t 0 T 2r
y + +
dx
— - +
do
produce - +
Therefore,
0<é<rx n<0<2r Result on [0,27]
-A-B-C A+B (-A-B-C)+(A+B)=-C

To calculate the area we use,

Area = —J'OZ” yg—Zde =—I02”(sin 0+1)(-sing)do

:J'Zﬁsin29+sin 0d0=_[2ﬂm+sin 0do
0 0 2
. 2r
:ie—smze—cosﬁ
2 0

~~(27)-0-1-[0-0-1] -

This represents the area of a circle with radius 1.
Question: Is the area = ZJ.:(sin 0+1)(sin@)do? [ Look at the diagram!]

Green’s Theorem for the area of a simple closed curve:
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Quick parametric sketches in order to find parametric areas
1. Sketch x against t
2. Sketchy against t
3. Use the above two sketches to sketch y against x.

For example: 1.(a) Sketch x=t°, y=2t>+1; -1<t<1
“graphs”
Areas of Parametric Curves

Depending on the time you have to do this assignment you may wish to set up the

integral only.
1. Find the area of the region that lies between the given parametric curve and
the x-axis.

(@ x=t} y=2t°+1 -1<t<1

(b) x=¢* y=e"'; 0<t<In2

(c) x=cost, y=sin’t; 0<t<z
(d x=1-¢€', y=2t+1 0<t<1
(e) x=t? y=t>-2t [#8]

() x=t*+2t-1, y=t>+t-2 [#6]

2. Find the area enclosed by the given curve and the coordinate axes, in the first
quadrant.

(@ x=4cost, y=>5sint
(b) x=4sin2t, y=>5sint
(c) x=cost, y=¢'-1
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3. Find the area of each simple closed curve.
(@) x=t*-3t, y=3t>-9 [#]]
(b) x=t*—4, y=t>—4t [#2]
() x=t*—t, y=t>-3t [#3]
(d) x=t*-3t% y=t*-3t [Example in notes]
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