Partial Fractions
Do one of the following two problems. Preferably the easier one.

Find: (a) _[de (b) j(iﬁ-ijdx

D ) Xx-1 X+2

. . 1 2
Express as a single fraction: —+——=
x-1 x+1

_ 4
(x—2)(x+2)

Express as a sum of partial fractions: . This will be a major part of

this section.

Identities
Find the values of the constants A, B and C such that

5x+3= Ax(x+3)+Bx(x—1)+C(x-1)(x+3)
Method 1. Comparing coefficients.
5x+3=(A+B+C)x*+(3A-B+2C)x—-3C
~0=A+B+C 5=3A-B+2C 3=-3C
Hence, C=-1 and 0=A+B-1
5=3A-B+2(-1)
~A+B=1
3A-B=7
Method 2 identities
Let x=—3 then —15+3=B(-3)(-4) or B=-1
Let x=1 then 5+3=A(1)(4) and A=2
To find the value of C we could compare the constants and arrive at
3=-3C ..C=-1
You may use either method or a combination of both.
We will look at three types of partial fractions:

1. Denominator contains only linear factors.
11x+12 11x+12 A B C

(2x+3)(x*—x-6) (2x+3)(x-3)(x+2) T %43 x-3 x+2

}:4A:8:>A:2 and B=-1

123



2. Denominator contains quadratic(non-factorable) factors.
3x+1 A Bx+C
2 - T2
(x—l)(x +1) x—-1 x°+1
3. Denominator contains repeated factors
1 1 A B C

(x+2)(x2—2x+1) (x+2)(x—1)2 “xt2 X—1+(X—1)2

Once you’ve performed the partial decomposition you are ready to evaluate the
integral.

Let’s return to our original problem.
6X

Example 1: Find Imdx
Solution:
6X 6X A B
J‘x2+x—2dx :j(x+2)(x—1)dxz-[x+2+x—1dX
6X __A N B
(x+2)(x-1) x+2 x-1
6x=A(x-1)+B(x+2)
Let x=1 Let x=-2
6=3B -12=-3A
hence B=2 A=4

6X 4 2
dx = d
J.(x+2)(x—l) X J-x+2+x—1 X

:4In|x+2|+2In|x—1|+C

Example 2: Find J.27X—+2dx
X

(3x+1)
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Solution:

7X+2 A B C

x* (3x+1) ;Jr

NIV
X° 3x+1

7x+2=Ax(3x+1)+B(3x+1)+Cx’

Let x=0 Let x:—% compare x*coefficients
1
2=B -—+2==C 0=3A+C
3 9
—l=1C 0=3A-3
3 9
-3=C A=1
D2 g (l2 3
x* (3x+1) x x° 3x+1

Example 3: Find _[(

Solution:

~Injx|—2-In[3x+4+C

2X% +2%x+3 N
x+2)(x2+3)
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J~ 2% +2x+3 dx:f A +BX+Cdx
(x+2)(x2+3) X+2 X*+3
2x% +2x+3= A(X* +3)+(Bx+C)(x+2)
Let x=-2 compare x> coef. compare constants
8-4+3=7A 2=A+B 3=3A+2C
T=T7TA 2=1+B 3=3+2C
A=1 B=1 C=0
2X% +2X+3 1 X
O S e B N S S
J‘(x+2)(x2+3) X jx+2+x2+3 X
:In|x+2|+lj. 22X dx:ln|x+2|+lln|x2+3|+C
2° X°+3 2
) x¥-18x-21
E le3: Find [ ———d
xample in J(x+2)(x—5) X
Solution:

Since the degree of the numerator is >the degree of the denominator, we
have changed this improper fraction in a “whole number” and a proper fraction.
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J-(x —~18x — 21 J~ —18x — 21dx=_[(x+3+ X+9 jdx

x+2)( x*-3x-10 x> —3x-10
But 2x+9 _ A N B
X°=3x-10 x+2 x-5
x+9:A(x—5)+B(x+2)
Let x=5 Let x=-2
14=7B 7T=-T7TA
B=2 A=-1
3_ J—
‘-_‘[de:j(x+3_i+i]dx
(x+2)(x—5) X+2 X-5

2
:X?+3x—ln|x+2|+2ln|x—5|+c

This completes our techniques of integration. This does not mean that we have
exhausted all the techniques. We have exhausted all the techniques you will
encounter in this course.

* Stewart has an excellent section on strategies for integration pg.505 section 7.5.
It is recommended, very strongly, that you read this section and try as many
problems as you can. Some unusual problems are numbers: 31, 35, 39, 49, and 53

Many integrals can be solved in more than one way. Try the following for some
fun. However, you should always attempt the most efficient method.

1. Evaluate I

X dx Using:
V4 +x?

(a) trig substitution (b) substitution letting u =+/4+ x?

X ]dx
4+ X
Evaluate Jx\/4+ x dx Using:
(@) trig substitution (b) substitution letting u =+/4+ x

(c) by parts with dv = (
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(c) substitution letting u =4+ x (c) by parts with dv =+/4+ xdx
Solutions:

1.(a) Let x=2tan® x? =4tan’ @
8tan® 9 2sec’ Hde)

fm”m

8Itan3 Osecodey  dx=2sec’0do

3
:8'[(sec26?—1)(sec6’tan9)d¢9:8{sec e—sew}C
I — 2
=8 2 - X2+4 +C "sketch"

(b) Let u=+v4+x? then u®=4+x> and 2udu = 2xdx

J. i _J. 2 (xdx) J.(u2—4)udu
V4 + X2 Va4 + X2 u
U (\/4+x2)3
:?—4u+C:——4 4+x*+C
(c) Let u=x? dv:\/%
du = 2xdx v:(4+x2)%
3 1 1
J' r—4):-X2 dx:x2(4+x2)2 .[(4+x )2(2xdx)
:x2(4+x2)%——(4+x )% C
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Which method was the easiest?

[ x/4+xdx Let x=4tan’0

= [4tan? 0-/4+ 4tan” 0 (8tan Osec? 0d#)  dx =8tan Isec’ 0do

= 64j tan® @sec’ §(tan sec 4d)

=64/ (sec’ 0—1)sec’ 0(tan Osec0d0) = 64[ (sec’ 0 —sec’ 0)(tan 9secod0)

. |sec’o sec’o ~ (x+4)2m (x+4)m1
_64{ 5 3 }LC_&{ 532 3(8)V fc

Let u—\/x+ then u?=x+4 and 2udu = dx

J-x\/de J'u —4)u(2udu) = _[( —8u2)du
Py

C= - +C
5 3 5 3
Let u=x+4 then du=dx
J'x\/4+xdx:J.(u—4)\/U(du):j(ug—4u%)du
5 3 5 3
2 2 2
_2u? 8ut 2(x+4)* 8(x+4) ic
5 3 5 3
Let u=x v=(4+ x)% dx
du = dx v_—( xz)%

Ix\/4+xdx_—x(4+x) 44X — %j(4+x )%dx

=§X(4+X)\/4+X—%(4+X

5
2

N
S
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Which method was the easiest?

Logarithmic pattern: jm =In | f (x)| +C

f(x)
Find: (a) [X—dx (b)) [~Srix  (c) [$5 gy () [
x> +5 1—e* tan x + x xIn x
Solutions:
1, 1.2
(a) J.x " ——IX +5 _Eln|x +5|+C
1
(b) j1—e“dx= 2Xo|x=—§|n -
2
(c) J-sec X+1dx:ln|tanx+x|+C
tan X+ X
1 X
(d) xlnxdx Ilnxdx In|inx|+C

Square root pattern :
Let u = root and use substitution.

. cos\/— e . &
Find: b) | ——dx c) [sin/xdx d) |edx
@ o) @]
Solutions:
1
a Letu:\/; then du=—=dx
(a) 2Jx
cos~/x
j 7 dx —IZCosudu—23|nu+C 2sin/x +C
(b) Let u=+e*+5 u?=e*+5  2udu=e*dx

j\/:TdeﬂZ“ud“ =2[du=2u+C=2e" +5+C
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Let u=+/x u® = x 2udu = dx
| = Isin Jxdx = Isin u(2udu) Using integration by parts

Let w=u dv =sinudu
dw=du V=—-CoSU

I :—2ucosu+2jcosudu =-2ucosu+2sinu+C :—Zﬁcos x+25in«/§+C

Let u=+/x u? =x 2udu = dx
| = Ie& dx = Ie“ (2udu) Using integration by parts
Let w=u dv=e"du
dw=du v=¢"
| =2ue’ —2Ie“du =2ue" —2e" +C = 24/xe* -2 +C
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