Solutions to Parametric Area

(a) y=2t+1>0 %:St2 >0 "sketch"

wA=] y—dt—J.1(2t2+1)3t2dt=jjl6t4+3t2dt
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(b) y=e'>0 E:% >0 sketch
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(c) y=sin*t=0 %:—sintso [0, 7] "sketch"

A= —Ioﬂsinzt(—sint)dt = Ioﬁsinztsintdt = Ioﬂ(l—coszt)sintdt
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() y=0 o=t(t—2) curve intersects x-axis at 0 and 2
dx

y=t>-2t<0 E:tho on [0,2] "sketch"

- _I y—dt = —j:(t2 —2t)2tdt = —j; 2t° — 4t’dt
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(f) y=0 0=t*+t-2 "sketch "
0=(t+2)(t—1) curve intersects x-axis at —2 and 1
Furthermore, % =2t+2 t -2 -1 1
0=2(t+1) y - -
t=-1 % — +
dt
product + -

On[-2,—-1]yieldsareaof B. On[-1,1] yields required area and (—areaof B)
Better : Counterclockwise closed curve .. — Area

A= y—dt =—[" (P +t-2)(2t+2)dt=—]" 2t +4t* -2t 4ct
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2. (a) Inthe first quadrant y=5sint>0 and %:—4cost£0 "sketch"
dt
:—j 5sint(—4sint dt_20j sin® tdt =20/ * ﬂdt
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b) Inthe first quadrant y=5sint>0 tO0 £ Z  "sketch™
( i

2
and d—)t(:80032t y + +
0=8cos2t % -
dt
2t:£,3—,... product + -
2 2

t:% in quadrant I  OR Counterclockwise

S A= —Iszin t (8 oS 2t) dt < area A getsadded and then subtracted.
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(c)  Inthefirstquadrant y=e'-1>0 and %=—sint£0 "sketch"
A:—If(e‘ ~1)(-sint)dt :J.f(et sint)+(—sint)dt

Using integration by parts to find '[O%(e‘ sint) dt we get

e'sint e'cost LIS 1 e? -1
= - +cost =5 _§+1:
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3.(a) y=0 0=3t*- "sketch"

0=3 t+f jr curve intersects x-axis at t=+ @
Furthermore, — = 3t* — 3 t -3 -1 1 J3
i J N
0=3(t+1)(t-1) y - -
t=+1 o + — +
dt
product - + -

[ —/3,-/3 ] areasof Aand B getadded and subtracted.

Better : Cfoc wise closed curve .. Areais positve.

S A= jf —dt—j}(/Stz—9)(3t2—3)dt:2'[_0ﬁ(9t4—36t2+27)dt

v 5 3 0
—18_|. —4t” +3) dt—18[t——4i+3t} =M
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(b) y=0 0-t"—4t "sketch" v
0=t(t-2)(t+2) curve intersects x-axis at t=0, + 2
Furthermore, % =2t t -2 0 2

0=2t y + —

t=0 % — +

dt
product - -

Better : Counterclockwise closed curve ... Areaisnegative.

- y—dt _j P at)2tdt =2 (2t* -8t
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(c) y=0 0=t>-3t "sketch"
O:t(t+\/§)(t - \/5) curve intersects x-axis at t=++/3,0

Recall: Curve intersected itselfatt =-1,2

Furthermore, % =2t-1 t -1 0 1 V3 2
dt 2
0=2t-1 y + - - +
1 dx
t=— — = -+ +
2 dt
product - + - +

Theareais accumulated as follows:

Interval of t: (-1,0) (0%} (l\/éJ (\/52)

-A-C +B -B-E-D A
Result=-C-E-D
Better : Counterclockwise closed curve .. Areaisnegative.

" A= —j_zly%dt =] (-3t)(2t-1)dt = (2t ~t*~6t* +3t)ct
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(d) y=0 0=3t"-3t "sketch"
O:t(t+\/§)(t —\/5) curve intersects x-axis at t= ++/3,0

Recall: The curve crosses itself att = -1, 2.

Furthermore, % =3t? — 6t t -1 0 J3o2
0=3t(t—2) y + —~ +
t=2,0 o + - -

dt
product + + -

On[-1,2]areaof Aisadded and subtracted.
Better : Clockwise closed curve .. Areais positve.

A=yt [ (£ -3t)(3t —6t)dt = [ (3t° —6t* ~ot* +18t* )t

17 dt
6 5 4 2

= t__GL_9L+6t3 =32_g_36+48_(1+§_g_6)=ﬁ
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