Trig Substitution

The types we encounter are: Diagram
\ll—Dz common form#2 use LetD:sine
1-—

1+[ ] common form use Let] [=tano

_1

1+] ]2

D2 -1 common form ! use LetD =secd
DZ

&)

Ine

Basic: Find J.

#dx

J1-x°
Let x=sin@ then dx=cos@dg
cosgdo _Icosé?dé?

1
Iﬁdx ) j J1-sin®@

:Id9:9+C:sin’lx+C

cosd

Patterns:

X . cos@do .
a)| ——dx = |sin0—— Letx=sin@
( )I\/l—xz '[ V1-sin*@

cos0do dx =cos@dé
:Isin9£ j:jsinede “sketch”

cosd

=-c0s#+C =—J/1-x* +C
x? ) cosfdo ) .
(b)J‘\/_dx :Ismze( j:ISInZHdH Letx=sin@
1-x°

cosd ’ 0do
) X = COS
:J-l—00320d0:19_3|n29+c
2 2
:%sin‘lx——zsmiC059+C :%sin‘lx—%xﬂ+c

{Notice how the integrals of powers of the trig functions come into these
solutions.}
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dx :Isin39(cowd6j Ism 6deo Letx =sin@d
cos O
dx =cos@dé

g

:jsinzesinedezj 1—cos H)sianH

3
cos 9+C

:jsin ede—jcosze(sin 0do)=—coso +

w2\ 2
:—x/1—x2+(1 K Vi-x +C

3
Let’s place more x’s into the denominator.

1 cos@do .
d)| ————dx = =|csc@do Letx =sin@
)Ix\/l—xz J.sin O1-sin? @ IS'” I
,—2 dx =cos@do
=In|cscO—cot ]+ C = In1 1-x
1 cos@d@ cosadé@ .
(e)'[xlel—xz " '[sinzexll—sinze Jsinzecose S
— dx =cosadéo
I _Icsczedez—cot0+C:— 1-x +C
sin® X
cos@d@ cos@dé@ .
( )J.x3\/1 x? ” J-sin36?\/1—sin26? Isin%’cos@ o
dx =cos@adé
Ism = Icsc3 6 d @ « difficult, done by parts
cos@dé@ cos@dé@ .
- dx = Let x=sind
(g)jx4\/1—x2 "o J-sm * O1-sin® Isin“&cos& S
dx =cos@adé

I5|n —ICSCAQdQZICSCZH csczede)
= cot 6+1)(csc’0do) = |cot’ Ocsc® #dO+ | csc® HdO
I I )=] J

J1-x? Js N1- x?

cot’ o 1

=— —-cotd+C=—= +C
3 3(

X X
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Tangent

Let x=tan@ then dx =sec?Odo

2 2
j jsec Q?QZJ‘SGC fde:fd0:0+C:tan’1x+C
l+x 1+tan“ @ sec“ @
Patterns
(a j —I tan@ sec 0do Letx =tan@
1+x°

“sketch”

:Itan9d9=In|sec6?|+C=In 1+ x|+ C dx =sec® 6d@

[Note: We can also find this integral directly since (1+ xz)' = 2x . Therefore,

Il+ - =_J.1+ = :%In|1+ x2|+C —Same answer as above.]

(b J. —I tan” 9 sec’0dé Letx =tan @
1+ x? 1+ tan?

:Itan 0d0=j sec 9—1)d9:tan8—0+c dx = sec’ 0do

=Xx—tan* x+C

[Note: We can also do this question more directly by writing 1X - as 1—1 >
X + X
and _[1— ~dx=x—tan™" x+C]
1+ x°
Placing more x’s in the denominator.
(c)j;zdx =J' L —sec’0do Letx =tan @
X(1+x) tan 01+ tan’ 0)
= —de—.[cotede J.ﬁde Infsing|+C dx =sec’ 6d&
tan @ sing
=In X +C

V1+x?
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1 1

- — 2 —

(d)fxz(lJer)dx J.tan29(1+tan2«9)sec 0déo Letx =tan @
:Itanlzadezj.cotzede:I(cscze—l)de dx =sec? 0dO
:—cot9—0+C=—(%j—tanlx+C

Secant

“Basic”: Find j ! dx

VX2 -1

Let x =sec@ then dx =sec@dtanodg
secdtan0do _jsecetan 0do

1
—dx=
I\/xz -1 J- \sec?9 -1 tan &
:J'secedezln|sec6+tan6?|+c = In‘x+\/x2 —1‘+C

This is not really the “Basic” since the answer is not sec’x. The next integral
should be the “Basic”.

(a) _[ dx

xa/x? -1

“sketch”

Let x=secd then dx =secftanfdl

J» 1 dx—j secdtan 0do _J-secetanede
Xy x2 -1 secO/sec’ O -1 secdtand
=jd9:9+czsec-1x+c
secfdtangdeo =Isec«9tan0d9 Let x — sec o

1
() [ o= :
x2[x% —1 sec’ Oysec’g-1 ° sectOtand o0 0de

2
= [ 1 de:jcosedezsinmcz“x -1
secd X

+C
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(c) J- 1 dx—J' secdtan0dg _Isecetan 0do Let x — secd

XX -1 sec® 0/sec? 9 — sec’ ftan @ dx =secdtan 9d o

Al 1+ cos 20 40
: . 2
=£6’+Sln29+C=19+25m9C050+C=£S€C_1X+l X 1~1+C
2 4 2 4 2 2. /x X
Placing more x’s in the numerator.
X (secO)secftan0dé sec’ #tan Hd@
d dx = = Let x =secéd
) J‘sz -1 '[ \Jsec? 01 J tan¢ dx =secdtan 6do

E 'sec2 dé=tan Oy C =-/x*-1+C

[Note: You can also find this integral directly since (x2 —1)’ =2X.]
sec 0 secdtan8dO  .sec® @tan Odo
j dx = I j Let X =secd
Ny \/sec - tan 0 dx = sec@tan #d o
= Isec do <« difficult one by parts
Generalizing:
1. Let’s change the number 1.
(a) J‘\/liz dx  Let x=2sind  then dx=2cos@dd "sketch"
4-X

2cos0do I 2cos@d@
2

1
= dx= -
I\/4—x2 ‘[\/4—4sin20 VJ1-sin?@

=jd0=0+czﬁn4§+c
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(b) jg 1 ~dx  Let x=3tand then dx =3sec’ 0d6
+X

J-3sec2 0do J- 3sec? 6do

> 1.[dé? “sketch”
9+9tan” x 1+tan 0 3

J‘9+x
=19+C=1tan-1(5]+c
3 3 3

dx 1 ,1x
2 xzzgt aJrC

dx
c —_— Let x=5secd then dx=>5secOdtanfdo
(©) J.x\/x2—25

_.[ S5secdtan 8do _.[ tan 4d 6
5

5sec 9+/25sec® @ — 25 - Jsec? 6 -1

= d—9=19+c—lsec ( j+C
5 5 5 5

"sketch"

1 X
=Zsect=+C

. In general J. o
h xyx*—-a®> a a

(d) J' dXZLet3x=2tan49 then dx:gseczede

4+9x
=I§Sec29d9 . 2sec? 040 =1Id9=£tan‘1(3_xj+c sketch
4+4tan*@ ° 4(1+tan’0) 6 6 2
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Let 5x=2sin@ then dx:écosede

dx
(¢) J‘xx/4—25x2

_I 2cosfdeo I cosgda " sketch”
Zsin@v4—4sin’0 " sinf(2)v1-sin’ 6
/ _ 2
:ijcscede:lln|csc9—cot6’|+C:llni—ﬂ+c
2 2 2 |5x 5x
Fractional exponents:
(f) J' dx 7 Let x=2tan @ then dx =2sec?@dé
(4+x2)2
2sec?0do 2sec’0do 2sec’ 0do . .
— 7= T = 3 sketch
(4+4tan20)2 45(1+tan29)2 8(sec26’)2
_= Isec Hde_l 40 _1 cos6do
sec® 6 secd 4
=isin9+c:1 X_.c
4 X2 +4
dx
(9) J'—g Let 3x =secd then 3dx=secOtanddo
(9x* -1)?
secdtan 0do secdtan@d@ 1 ¢secod@ wsketch”
I 32! 3tan’d  3) tan’o SKele
(\/secze—l)
:_J-mwde 1 cosé’dé’_l (sm¢9) cos0do
3 2:;‘; 3 sind 3
sing) ™
I CLL IS O S S S
3 -1 3 349x% -1
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2. Completing the Square

J‘Z;dx =[— L dx:j;zdm—completed square
x> —2X+5 X —2x+1—1)+5 (x-1)"+4
Let x-1=2tan@ then dx=2sec’Add
2
J- 12 X=_|. Zs,ec2 0do I 2sec’0do —ljde " sketch”
(x—l) +4 4tan“ 0+4 tan 6?+1

:£9+C:£tan X 1 +C
2 2 2

dx

1 1 1
) [—1dx= dx =
(b) j\/4—2x—x2 " I\/4—(x2+2x+1—1) * J.\/S—(x+1)2
Let x+1=+/5sin@ then dx =+/5cos@de
1 J5cosodo J5cos8do
—dx = =|
j 5= (x+1

J5-5sin26 ° \/5\1-sin?@
1
—(do=0+C =sint| XX j+c
-l %

"sketch"

() [———ox=] . =[x
V5—4x—2x? \/5—2(x2+2x+1—1) w/7—2(x+1)2
Let 2(x+1)=+/7sin@ then v2dx =+/7 cosod@

Y1 cos @ cos@do I cos@do

J.m =J_'[J_\/1T NERY

_ _ L oot Y2(x1))
_ﬁjde ﬁ9+c ﬁn[ 7 }c

"sketch"
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Variations and generalizations.

If v/1—x? is in the numerator of this famous integral which finds the area of a
circle with radius 1.

Example: Find the area of a circle with radius = 1. “sketch”
Solution:

4J‘:\/1— X% dx Let x=sin@ then dx=cosddé x|

:4J.fx/1—sin2 0cos¢9d¢9=4jfcoszede=4jf%de

2
:4£le+s'” 26 2]:4.1(£j+0_[o]:4(£]:ﬂ
2 . 2\ 2 4

Let’s look at this problem using parametric equations and using a polar curve.
Parametric

A circle with radius=1 is defined by parametric equations:
X =C0sé y=siné

. Area = —J'OZ” yg—gde :—.[OZE(Sin 0)(-sing)dé

=I2”Sin26’d6’:.[2”1_00529d9
0 0 2
2z « Basically the same

:ig_sinze
2 4

:%(zﬂ)_o_[o]:ﬂ

0

Polar
A circle with radius = 1 has equation_r = 1.

2z
~Area==["rdo=2["rdo=20| =Z(2r)-0=x
2% 2% 2], 2

0

Which system is more efficient? Do you see the advantages of different systems?
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