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Trig Substitution 
The types we encounter are:            

2

2

2

2

2

2

11 use sin
1
11 use tan

1
11 use sec

1

common form Let

common form Let

common form Let

θ

θ

θ

− =
−

+ =
+

− =
−

Diagram 

  

Sine 

Basic
2

1
1

dx
x−

∫: Find  

 1

2 2

sin cos
1 cos cos sin

cos1 1 sin

Let x then dx d
d ddx d C x C

x

θ θ θ
θ θ θ θ θ θ

θθ
−

= =

= = = = + = +
− −

∫ ∫ ∫ ∫
 

Patterns: 

( )
2 2

2

cossin sin
1 1 sin

coscossin sin
cos

cos 1

x da dx Let x
x

x ddd d

C x C

θ θθ θ
θ

θ θ
θ θθ θ θ
θ

θ

= =
− −

=
 = = 
 

= − + = − − +

∫ ∫

∫ ∫  “sketch

( )
2

2 2

2

1 1 2

cossin sin sin
cos1

cos1 cos 2 1 sin 2
2 2 4

1 2sin cos 1 1sin sin 1
2 4 2 2

x db dx d Let x
x

dx d
d C

x C x x x C

θ θθ θ θ θ
θ

θ θ
θ θθ θ

θ θ− −

 = = = 
 −

=
−

= = − +

= − + = − − +

∫ ∫ ∫

∫

” 

 

 
{Notice how the integrals of powers of the trig functions come into these 
solutions.} 
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( )

( )

( )

( )

3
3 3

2

2 2

3
2

2 2
2

cossin sin sin
cos1 cos

sin sin 1 cos sin

cossin cos sin cos
3

1 1
1

3

x dc dx d Let x
x dx d

d d

d d C

x x
x C

θ θθ θ θ θ
θ θ θ

θ θ θ θ θ θ

θθ θ θ θ θ θ

 = = = 
 − =

= = −

= − = − + +

− −
= − − + +

∫ ∫ ∫

∫ ∫

∫ ∫
 

Let’s place more x’s into the denominator. 

( )
2 2

2

1 cos csc sin
sin1 sin 1 sin

cos1 1ln csc cot ln

d dd dx d Let x
x x

dx dxC C
x x

θ θ θ θ θ θ
θθ θ

θ θ
θ θ

= = = =
− −

=
−

= − + = − +

∫ ∫ ∫ ∫
 

( ) 22 2 2 2

2
2

2

1 cos cos sin
sin cos1 sin 1 sin

cos1csc cot
sin

d de dx Let x
x x

dx dd xd C C
x

θ θ θ θ θ
θ θθ θ

θ θ
θ θ θ θ
θ

= = =
− −

=
−

= = = − + = − +

∫ ∫ ∫

∫ ∫
 

( ) 33 2 3 2

3
3

1 cos cos sin
sin cos1 sin 1 sin

cos
csc difficult, done by parts

sin

d df dx Let x
x x

dx dd d

θ θ θ θ θ
θ θθ θ

θ θ
θ θ θ
θ

= = =
− −

=
= = ←

∫ ∫ ∫

∫ ∫
 

( )

( )
( )( )

44 2 4 2

4 2 2
4

2 2 2 2 2

3
3 2 2

1 cos cos sin
sin cos1 sin 1 sin

cos
csc csc csc

sin
cot 1 csc cot csc csc

cot 1 1 1cot
3 3

d dg dx Let x
x x

dx dd d d

d d d

x xC C
x x

θ θ θ θ θ
θ θθ θ

θ θ
θ θ θ θ θ θ
θ
θ θ θ θ θ θ θ θ

θ θ

= = =
− −

=
= = =

= + = +

 − −
= − − + = − − +  

 

∫ ∫ ∫

∫ ∫ ∫
∫ ∫ ∫
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Tangent 

Basic 2

1
1

dx
x+∫: Find  

 

2

2 2
1

2 2 2

tan sec
1 sec sec tan

1 1 tan sec

Let x then dx d
d ddx d C x C

x

θ θ θ

θ θ θ θ θ θ
θ θ

−

= =

= = = = + = +
+ +∫ ∫ ∫ ∫

 

Patterns: 

( ) 2
2 2

2 2

tan sec tan
1 1 tan

tan ln sec ln 1 sec

xa dx d Let x
x

d C x C dx d

θ θ θ θ
θ

θ θ θ θ θ

= =
+ +

= = + = + + =

∫ ∫

∫
 “sketch

( )21 2x x′+ =

” 

[Note:  We can also find this integral directly since . Therefore, 

 2
2 2

1 2 1 ln 1
1 2 1 2

x xdx dx x C
x x

= = + +
+ +∫ ∫ ←Same answer as above.] 

( )

( )

2 2
2

2 2

2 2 2

1

tan sec tan
1 1 tan

tan sec 1 tan sec

tan

xb dx d Let x
x

d d C dx d

x x C

θ θ θ θ
θ

θ θ θ θ θ θ θ θ
−

= =
+ +

= = − = − + =

= − +

∫ ∫
∫ ∫  

[Note: We can also do this question more directly by writing 
2

2 2

1 as 1
1 1

x
x x

−
+ +

 

    and 1
2

11 tan
1

dx x x C
x

−− = − +
+∫ ] 

Placing more x’s in the denominator. 

( ) ( ) ( )
2

2 2

2

2

1 1 sec tan
1 tan 1 tan

1 coscot ln sin sec
tan sin

ln
1

c dx d Let x
x x

d d d C dx d

x C
x

θ θ θ
θ θ

θθ θ θ θ θ θ θ
θ θ

= =
+ +

= = = = + =

= +
+

∫ ∫

∫ ∫ ∫  
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( ) ( ) ( )
( )

2
2 2 2 2

2 2 2
2

1

1 1 sec tan
1 tan 1 tan

1 cot csc 1 sec
tan

1cot tan

d dx d Let x
x x

d d d dx d

C x C
x

θ θ θ
θ θ

θ θ θ θ θ θ θ
θ

θ θ −

= =
+ +

= = = − =

 = − − + = − − + 
 

∫ ∫

∫ ∫ ∫  

Secant 

“Basic”
2

1
1

dx
x −

∫: Find  

 
2 2

2

sec sec tan
1 sec tan sec tan

tan1 sec 1

sec ln sec tan ln 1

Let x then dx d
d ddx

x

d C x x C

θ θ θ θ
θ θ θ θ θ θ

θθ

θ θ θ θ

= =

= =
− −

= = + + = + − +

∫ ∫ ∫

∫

“sketch

( )
2

2 2

1

sec sec tan
1

1 sec tan sec tan
sec tan1 sec sec 1

sec

dxa Let x then dx d
x x

d ddx
x x

d C x C

θ θ θ θ

θ θ θ θ θ θ
θ θθ θ

θ θ −

= =
−

∴ = =
− −

= = + = +

∫

∫ ∫ ∫

∫

” 

This is not really the “Basic” since the answer is not sec-1x.  The next integral 
should be the “Basic”. 

 

( ) 22 2 2 2

2

1 sec tan sec tan sec
sec tan1 sec sec 1 sec tan

1 1cos sin
sec

d db dx Let x
x x dx d

xd d C C
x

θ θ θ θ θ θ θ
θ θθ θ θ θ θ

θ θ θ θ
θ

= = =
− − =

−
= = = + = +

∫ ∫ ∫

∫ ∫
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( ) 33 2 3 2

2
2

2
1

1 sec tan sec tan sec
sec tan1 sec sec 1 sec tan

1 1 cos 2cos
sec 2

1 sin 2 1 2sin cos 1 1 1 1sec
2 4 2 4 2 2

d dc dx Let x
x x dx d

d d d

xC C x C
x x

θ θ θ θ θ θ θ
θ θθ θ θ θ θ

θθ θ θ θ
θ

θ θ θθ θ −

= = =
− − =

+
= = =

−
= + + = + + = + ⋅ +

∫ ∫ ∫

∫ ∫ ∫  

Placing more x’s in the numerator. 

( ) ( ) 2

2 2

2 2

sec sec tan sec tan sec
tan1 sec 1 sec tan

sec tan 1

dx dd dx Let x
x dx d

d C x C

θ θ θ θ θ θ θ θ
θθ θ θ θ

θ θ

= = =
− − =

= = + = − +

∫ ∫ ∫

∫
 

[Note:  You can also find this integral directly since ( )2 1 2x x′− = .] 

( ) ( )32 3

2 2

3

sec sec tan sec tan sec
tan1 sec 1 sec tan

sec difficult one by parts 

dx de dx Let x
x dx d

d

θ θ θ θ θ θ θ θ
θθ θ θ θ

θ

= = =
− − =

= ←

∫ ∫ ∫

∫

1. 
Generalizing: 

Let’s change the number 1

( )
2

1

2 2 2

1 2sin 2cos " "
4
1 2cos 2cos sin

24 4 4sin 2 1 sin

a dx Let x then dx d sketch
x

d d xdx d C C
x

θ θ θ

θ θ θ θ θ θ
θ θ

−

= =
−

= = = = + = +
− − −

∫

∫ ∫ ∫ ∫

. 

 
 

1

2 2
In general sindx x C

aa x
−∴ = +

−
∫  
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( )

( )

2
2

2 2

2 2 2

1

1 3 tan 3sec
9

1 3sec 3sec 1
9 9 9 tan 39 1 tan

1 1 tan
3 3 3

b dx Let x then dx d
x

d ddx d
x x

xC C

θ θ θ

θ θ θ θ θ
θ

θ −

= =
+

= = =
+ + +

 = + = + 
 

∫

∫ ∫ ∫ ∫       “sketch” 

1
2 2

1In general tandx x C
a x a a

−∴ = +
+∫  

 

( )
2

2 2

1

5sec 5sec tan
25

5sec tan tan " "
5sec 25sec 25 5 sec 1

1 1 sec
5 5 5 5

dxc Let x then dx d
x x

d d sketch

d xC C

θ θ θ θ

θ θ θ θ θ
θ θ θ

θ θ −

= =
−

= =
− −

 = = + = + 
 

∫

∫ ∫

∫

 

1

2 2

1In general secdx x C
a ax x a

−∴ = +
−

∫  

 

( )

( )

2
2

2 22 2
13 3

2 2

23 2 tan sec
4 9 3

sec sec 1 1 3tan
4 4 tan 6 6 24 1 tan

dxd Let x then dx d
x

d d xd C

θ θ θ

θ θ θ θ
θ

θ θ
−

= =
+

 = = = = + + +  

∫

∫ ∫ ∫
     “sketch” 
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( )

( )

2

2
5

2 22
5

2

25 2sin cos
54 25

cos cos " "
sin 4 4sin sin 2 1 sin

1 1 1 2 4 25csc ln csc cot ln
2 2 2 5 5

dxe Let x then dx d
x x

d d sketch

xd C C
x x

θ θ θ

θ θ θ θ
θ θ θ θ

θ θ θ θ

= =
−

= =
− −

−
= = − + = − +

∫

∫ ∫

∫

 

 
Fractional exponents

( )
( )

( ) ( ) ( )3
2

2

2

2 2 2

2 2 2

2

3

2

3
2

3 3 3
2 2 2

2 tan 2sec
4

2sec 2sec 2sec " "
4 4 tan 4 1 tan 8 sec

1 sec 1 1 cos
4 sec 4 sec 4
1 1sin
4 4 4

dxf Let x then dx d
x

d d d sketch

d d d

xC C
x

θ θ θ

θ θ θ θ θ θ

θ θ θ

θ θ θ θ θ
θ θ

θ

= =
+

= = =
+ +

= = =

= + = +
+

∫

∫ ∫ ∫

∫ ∫ ∫

: 

 

 

( )
( )

( )
( )

( )

2

2

2

3 3 2
2

1
2cos

2sin
cos

1

2

3
2

3 sec 3 sec tan
9 1

sec tan sec tan 1 sec " "
3tan 3 tan3 sec 1

1 1 cos 1 sin cos
3 3 sin 3

sin1 1 1 3csc
3 1 3 3 9 1

dxg Let x then dx d
x

d d d sketch

d d d

xC C C
x

θ
θ
θ

θ θ θ θ

θ θ θ θ θ θ θ θ
θ θθ

θ θ θ θ θ θ
θ

θ
θ

−

−

= =
−

= = =
−

= = =

= + = − + = − +
− −

∫

∫ ∫ ∫

∫ ∫ ∫
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2. 

( ) ( )

( ) ( )

22 2

2

2 2

2 2 2

1

1 1 1 completed square
2 5 2 1 1 5 1 4

1 2 tan 2sec
1 2sec 2sec 1 " "

4 tan 4 24 tan 11 4

1 1 1tan
2 2 2

dx dx dx
x x x x x

Let x then dx d
d ddx d sketch

x

xC C

θ θ θ

θ θ θ θ θ
θ θ

θ −

= = ←
− + − + − + − +

− = =

∴ = = =
+ +− +

− = + = + 
 

∫ ∫ ∫

∫ ∫ ∫ ∫

Completing the Square 

 

 

( )
( ) ( )

( )

2 22

2 2 2

1

1 1 1
4 2 4 2 1 1 5 1

1 5 sin 5 cos

1 5 cos 5 cos " "
5 5sin 5 1 sin5 1

1sin
5

b dx dx dx
x x x x x

Let x then dx d

d ddx sketch
x

xd C C

θ θ θ

θ θ θ θ
θ θ

θ θ −

= =
− − − + + − − +

+ = =

∴ = =
− −− +

+ = = + = + 
 

∫ ∫ ∫

∫ ∫ ∫

∫

 

 

( )
( ) ( )

( )

( )

2 22

7
2

2 2

1

1 1 1
5 4 2 5 2 2 1 1 7 2 1

2 1 7 sin 2 7 cos

cos 7 cos 1 cos " "
cos2 27 7sin 7 1 sin

2 11 1 1 sin
2 2 2 7

c dx dx dx
x x x x x

Let x then dx d

d dd sketch

x
d C C

θ θ θ

θ θ θ θ θθ
θθ θ

θ θ −

= =
− − − + + − − +

+ = =

∴ = =
− −

 +
= = + = +  

 

∫ ∫ ∫

∫ ∫ ∫

∫
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Variations and generalizations

21 x−

. 
If is in the numerator of this famous integral which finds the area of a 
circle with radius 1. 
Example

[ ]

1 2

0

2 2

0 0 0

2 2 2

2

0

4 1 sin cos
0 01 cos 24 1 sin cos 4 cos 4 12 2

1 sin 2 14 0 0 4
2 4 2 2 4

4

x dx Let x then dx d x

d d d
π π π

π

θ θ θ θ

θ πθ θ θ θ θ θ

θ π πθ π

− = =

+
= − = =

     = + + − = =           
= ⋅

∫

∫ ∫ ∫

:  Find the area of a circle with radius = 1. “sketch” 
Solution: 

 

Let’s look at this problem using parametric equations and using a polar curve. 
Parametric

A circle with radius=1 is defined by parametric equations:
cos sinx yθ θ= =

 

  

 

( )( )

( ) [ ]

2 2

0 0

2 22

0 0

2

0

Area sin sin

1 cos 2sin
2

1 sin 2
2 4
1 2 0 0
2

dxy d d
d

d d

π π

π π

π

θ θ θ θ
θ

θθ θ θ

θθ

π π

∴ = − = − −

−
= =

= −

= − − =

∫ ∫

∫ ∫
← Basically the same 

Polar 

( )
2

2 22 2

0 0
0

1 1 1 11 2 0
2 2 2 2

Area r d d
π

π π
θ θ θ π π∴ = = = = − =∫ ∫

 A circle with radius = 1 has equation r = 1. 

 

 
Which system is more efficient?  Do you see the advantages of different systems? 


