Trigonometric Integrals
The easiest integral is I f'(x)dx since the answer is simply f (x)

Hence, the following six trigonometric integral, other than a possible sign change,
are easy:

Type 1
Icosxdx jsin X dx Iseczxdx
Icsc2 X dx I sec X tan x dx j csc X cot x dx

) f n+l
Furthermore, the integral j( f(x)) f'(x)dx= %%3 withn = —1 is also

easy.

Type 2
Hence,

jsin5 X COS X dX =
J'cos4 xsin x dx =
J'tan2 xsec? xdx =
J'cot3 xcsc® xdx =
Isec5 X tan x dx =

Icsca xcot xdx =

are all easy integrals.
Sometimes we must use identities to change the integrals into easy integrals.
For example,

J'sin3 xdx «—the function sin x is there, but we are missing its derivative!
Using identities we produce the derivative as follows:
Isins xdx = jsinz xsin xdx = J'(l—cos2 x)sin X dx

3
COoS”~ X
+C

:Isin xdx—J'cos2 XSin xdx = —cos X +
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The identity changed the question into one typel and one type 2 integral.

Example: Find '[sec“ X dx

Solution:
sec” x is not a derivative. However, sec” x is a derivative of tan x.
jsec“ X dx = _[secz xsec? x dx = J'(tanz x+1)sec’ xdx

n3x

= J'(tan2 x)sec2 xdx+J'sec2 xdx =X tanx+C

Again, the identity changed the question into one typel and one type 2 integral.

Sometimes we must resort to the double angle identities.
Example: Find '[sinz x dx
Solution:
If we write
sin® x =sin x-sin x it will not do us much good since sin xis not the derivativ of sin x.

We will use the identity cos2x =1—2sin® x in the form sin® x = #, which

removes the exponent in the problem.
Therefore,

jsinzXdX:J~1—C052XdX:J-idX_J-COSZXdXZEX_SmZX+C
2 2 2 2 4

Contrast this solution with the solution of _[sin?’ xdx.

We have looked at finding the integrals of the first three powers of sin x. It will
be beneficial to find the integrals of the first three powers of the other five
trigonometric functions. Try these yourself and then check the answers.

Cosine Find:

(a) jcosxdx (b) J'cos2 X dx (c) J'cos3 X dx
Solutions: Very similar to integrals of powers of thesin x function.

(a) jcosxdx =sinx+C
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1+costd —,[ dx J-c052x 1 sin 2x

(b) J'cos xdx = j > dx:§x+ 2 +C

(¢)  [oos’ xdx=cos’ xcosxdx=j (1-sin® x)cos xdx

sin® x

=jcosxdx—jsin2xcosxdx:sinx— +C
Tangent Find:
(a) jtan X dx (b) J'tan2 X dx (c) J'tan3 x dx
Solutions:
We keep looking for the derivative f'(x)!!
(a) J.tan X dx = Iﬂdx =—In|cos x|+ C or In|sec x|+ C « since cosx 1
COS X sec X

(b) J'tan xdx:j sec x—l)dx:tanx—x+C
(c) jtan"’xdx:jtan xtanzxdx:jtan x(seczx—l)dx

:Itan x(sec2 xdx)—jtan xdx = tan® x +In|cos x|+C

Cotangent Find:
(a) .[cotxdx (b) jcotzxdx (c) Icot3xdx
Solutions: Very similar to integrals of powers of the tan x function.

(a) Icotxdx Imdx In|smx|+C

(b) jcot xdx:j csc x—l)dx:—cotx—x+C
(c) J.cot3xdx=‘|.cotxcot2xdx=Icotx(csczx—1)dx

2
= J'cot x(csc2 xdx)—jcot xdx = -0 X ~Infsinx|+C
Secant Find:
(a) J'secxdx (b) J'secz x dx (c) J.sec3 x dx
Solutions:

secx is not a derivative of our know functions. However, secxtanx and sec’x are
derivatives we know. The method is to form both of these known derivatives.
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tan x +sec X sec x tan X +sec? x
(a) jsecxdx:jsecx - " dx:j dx
tan x +sec x tan x +sec x

. f'(x
= In|tan x +sec x|+ C < since we created I%dx
X
(b) J'sec2 xdx=tanx+C <« This was easy since sec’ X is a known derivative.
(c) J'sec3 x dx < This is a difficult integral to be done by parts.

Let u =secx dv = sec’® x dx
du=secxtanxdx v=tanx

I = Isec3 Xdx =secxtan x—jtan2 xsec xdx <« Is this new integral easier?
Not really but we can partition it to form the original integral I.
| =secxtan x—j(sec2 x—1)sec xdx =sec X tan x - | +_[sec X dx

21 =secxtan x+Insecx+tan x|+ C <« By (a)above

N :Isec3xdxzsecxtan x+|r21|secx+tan X|+K
Cosecant Find:
(a) J-CSCde (b) _[cscz w dx () Icsc3 d

The work will be very similar to the integrals of powers of secx, (b) will be very
easy whereas (c) is challenging but not impossible.

Ccot X + CSC X CSC X Cot X + ¢sc? x
(a) Icscxdx:Icscx —_c dx=j dx
cot X + CSC X cot X + CSC X

=In|-cot x—csc x|+ C « since we created jmdx

f(x)

—COt X + CSC X . .
————— | we would arrive at an equivalent value

By multiplying by (
—COt X+ CSC X

J'cscxdx =1In |cscx—cot x| +C <« found in most texts
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(b) jcscz xdx =—cotx+C «This was easy since csc® x is a known derivative.

(c) J'csc3 X dx <« This is a difficult integral to be done by parts.
Let U =cscXx dv = csc® x dx
du=-cscxcotxdx v=-cotx
| = J'csc3 X dX = —CSC X cot X —J'cot2 xcscxdx « Is this new integral easier?
Not really but we can partition it to form the original integral I.
I :—cscxcotx—_[(csc2 X —1)csc xdx =—cscxcot x| +_|'cscxdx
21 =—cscxcot x+Injesc x—cot x|+ C « By (a)above, preferred form

—cscxcot X+ Injese x—cot X|

> +K
It is advisable that you are familiar with all the above work, although part (c) in
the last two is quite difficult. The techniques can be used in finding other
integrals.

o :J'csc3 X dx =

Some combined examples: «—Remember you are always looking for the basic trig
derivatives. Some may be hidden in chain rules.

sin and cos work together.
tan and sec work together. See Gerhard pg.102-103
cot and csc work together.
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