
Yes.  This is the Cayley table for a cyclic group of order 4 that has the element b as the identity
element and the element a as a generator.



No.  Let G = S_3, the group of symmetries on {1,2,3}.  Let N ={id, (1,2,3), (1,3,2)}.  Then
N is an abelian group that is a normal subgroup of G and G/N has order 2, and so is 
abelian.  But G is not abelian.

No.  The factor group Q/Z has elements of finite order, besides the identity element.
For example, the element (1/2) + Z is not the identity element, and it has order 2, 
since (1/2) + Z + (1/2) + Z = 1 + Z = Z.
The group Z does not have any element of order 2.



Yes.  G cannot have an element of infinite order, or else it has an infinite number of subgroups.
Each element a of G can be used to generate a finite subgroup <a>.  But if there are only a 
finite number of subgroups, then there can only be a finite number of subgroups of the form 
<a>, which implies that G is finite.

(1,4,5,6,7,2,3)

(1,3)(1,4)(2,1)(2,5)(6,7)

f



(a) (1,2)(3,4,5)

(b) No.  Such an element can be written as a 
product of disjoint cycles.  But then it is either a 
cycle of length at most 5, or the product of a 2-
cycle and a 3-cycle and so has order 6.



(a)  The First Isomorphism Theorem for Rings.

(b)  Define g:R/I -> S by g(r+I) = f(r).
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(a), (b), (f), (h) 

(b), (f)
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Yes
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Callout
(c) as well.



(a) Let a, b belong to G.  Then f(ab) = (abH, abK) = (aHbH, aKbK) = (aH, aK)(bH, bK) = f(a)f(b).
So, f is a homomorphism.

(b) Let b lie in the kernel of f.  Then f(b) = (bH,bK) = (H,K), the identity element of the product.  
So bH = H and bK = K.  This implies that b is in H and in K.
Conversely every element in the intersection of H and K can be seen to be in the kernel.  So the 
kernel is the intersection of H with K.



(a)  By Lagrange's theorem, the possibilities are 1, p, q, and pq.

(b)  Yes.  If H is a proper subgroup of G, then it has order p or q.  Since they are prime numbers then
H is cyclic.  This was proved in class (or can be seen by observing that any non-identity element of 
H must generate all of H).

(1,0,0)  (2,0,0)

4 [(0,0,1), (0,0,2), (0,0,3), (0,0,4)]

Yes (it is iso. to Z_60.






