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Abstract

We study interior regularity of weak solutions of second order linear di-
vergence form equations with degenerate ellipticity and rough coefficients. In
particular, we show that solutions of large classes of subelliptic equations with
bounded measurable coefficients are Holder continuous. We present two types
of results dealing with such equations. The first type generalizes the celebrated
Fefferman-Phong geometric characterization of subellipticity in the smooth
case. We introduce a notion of L?-subellipticity for the rough case and develop
an axiomatic method which provides a near characterization of the notion of
L%-subellipticity. The second type deals with generalizing a case of Horman-
der’s celebrated algebraic characterization of subellipticity for sums of squares
of real analytic vector fields, namely the case of diagonal vector fields. In this
case, we introduce a “flag condition” as a substitute for the Hosrmander commu-
tator condition which turns out to be equivalent to it in the real analytic case.
The question of regularity for quasilinear subelliptic equations with smooth
coefficients provides motivation for our study, and we briefly indicate some
applications in this direction, including degenerate Monge-Ampére equations.
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Subject classification numbers (2000): 35B65, 35D10, 35H20

Original submission date: December, 2003.
Overview

This paper is concerned with regularity of solutions to rough subelliptic equations.
Historically, the regularity of weak solutions to second order linear partial differential
equations has been reasonably well understood in two cases:

e when the equation is subelliptic, and the coefficients are restricted to being
smooth,

e when the equation is elliptic, and the coefficients are quite rough.



In the subelliptic case, there are two main types of result. First, there is the
algebraic commutator criterion of Hormander for sums of squares of smooth vector
fields. These operators have a special “sum of squares” form for the second order
terms, but no additional restriction on the smooth first order term. Second, there
is the geometric “control ball” criterion of Fefferman and Phong that applies to
operators with general smooth subelliptic second order terms, but the operators are
restricted to be self-adjoint.

In the elliptic case, De Giorgi-Nash-Moser theory applies to equations in diver-
gence form with bounded measurable coefficients. The minimal regularity assump-
tions on the coefficients in this theory make it well suited for applications to elliptic
quasilinear equations.

In this paper we initiate a unified treatment of the subelliptic case when the coef-
ficients are also rough, with a view to obtaining a theory sufficiently rich to apply to
subelliptic quasilinear equations. Our methods involve a merging of techniques used
by De Giorgi-Nash-Moser, Fefferman-Phong, Hérmander and Franchi, and result in
an analogue of the Fefferman-Phong theorem for rough coefficients, and an analogue
of the Hérmander theorem for diagonal vector fields with rough coefficients.

Much remains to be done in these areas however. For example, there are no
results of the Fefferman-Phong type including general first order terms, save for the
special case of the degenerate heat equation. Moreover, the case of sums of squares of
non-diagonal subelliptic vector fields with rough coefficients is far from understood
except in the simplest subelliptic situations. Finally, the case of degenerate subelliptic
operators, where the degeneracy is measured by a weight as well as by a subelliptic
geometry, leads to theories that do not apply to operators with general lower order
terms, and this case has not been pursued here.

1 Introduction

The point of departure for this work consists of three papers: L. Hérmander [21], C.
Fefferman and D. H. Phong [7] and B. Franchi [8]. In [21], Hérmander obtained hy-
poellipticity, actually subellipticity, of sums of squares of smooth vector fields whose
Lie algebra spans at every point. In [7], Fefferman and Phong considered general
nonnegative semidefinite smooth linear operators, and characterized subellipticity
in terms of a containment condition involving Euclidean balls and ”subunit” balls
related to the geometry of the nonnegative semidefinite form associated to the oper-
ator. The problem of extending these results to include nonlinear operators requires
an understanding of subellipticity for linear operators with nonsmooth coefficients,
generally as rough as the weak solution. Some nonsmooth degenerate elliptic cases
when the eigenvalues all vanish at the same rate were investigated in Fabes, Kenig
and Serapioni [6], using Ay weights or quasiconformal maps and the Euclidean met-
ric to control the degeneracy. The first treatment of a nonsmooth subelliptic case
occurred in Franchi and Lanconelli [9], and in greater generality, later in Franchi (8],
which we now describe in more detail.

Franchi considered a collection X = {X j}?:l of diagonal Lipschitz vector fields
X; =aj(x) %, 1 < j < n. Assuming a strong form of a reverse Holder inequality
involving integral curves of vector fields in the span of X, and the subunit balls
B of Fefferman and Phong, Franchi established a subrepresentation inequality for
Lipschitz functions f similar to, but slightly weaker than,

|f(x)f3|§C/B|Xf(z)|%

where 4 is the subunit metric of Fefferman and Phong. From such subrepresentation

dz, € B, (1)



inequalities, it is possible in many cases to deduce Sobolev and Poincaré inequalities
for Lipschitz functions, as well as Harnack inequalities and Hélder continuity of weak
solutions to rough equations.

There has recently developed a vast literature dealing with these matters, pro-
pelled in large part by the aforementioned works, as well as the pivotal papers of L.
Rothschild and E. Stein [36], D. Jerison [22], A. Nagel, E. Stein and S. Wainger [33]
and many others. These latter papers deal mainly with smooth vector fields satis-
fying Hormander’s condition. For example, it was shown in [33] that the underlying
metric space is a homogeneous space, and in [22], a Poincaré inequality was derived,
with subsequent improvements by G. Lu in [25], [26]. In this paper, we shall be con-
cerned with both the general setting of rough nonnegative semidefinite operators, as
well as the special case of operators arising from rough diagonal vector fields. Due to
the large collection of papers in these areas, we will only mention work with a direct
impact on our development, and for a more complete history, we refer the reader to
the recent papers [19] and [12] and the references given there, some of which we will
discuss in more detail below. See also [24], [27], [28] and references given there, for
further results on subrepresentation inequalities. We also refer the reader to [46] for
an adaptation of the Morrey-Campanato method to “rough elliptic” sums of smooth
vector fields satisfying Hormander’s condition. See also the limitations of this method
discussed at the end of subsection 1.3 below and in Appendix A.5 of [34]. Finally,
some nonsubelliptic equations are treated in [38], [39], [40] and [35].

We will extend the characterization of subellipticity by Fefferman and Phong in
[7] to a near characterization in the rough case (Theorem 6 and Theorem 7), and
building on ideas of Franchi in [8], we will use this result to obtain an extension of
Hormander’s theorem [21] to operators with quadratic forms comparable to a sum of
squares of rough diagonal vector fields (Theorems 9, 13 and 15). The general case of
nondiagonal rough vector fields will be considered in a subsequent paper.

We begin by recalling Hérmander’s celebrated theorem on hypoellipticity of sums
of squares of smooth vector fields ([21]): Suppose

Xg:Zaig(x)az, 0</4<m,
i=1 g

is a collection of smooth vector fields in a domain 2 C R" satisfying the following
commutation condition.

Definition 1 The vector fields {X,},., satisfy the commutation condition in € if
for every x € Q, there is p € N such that the linear span of the vector fields X, and
their commutators up to order p,

span {Xélv [XENXZQ] ) [Xfu [szvag]] JRXED) I:Xfla [nga [ [XZ

p—17

s equal to R™.

Then the linear operator

L=Xo+ Z X)X,
=1

is hypoelliptic in €, i.e. a distribution w is smooth in any open set in which Lu is
smooth. The commutation condition 1 is essentially necessary; in particular it holds
when the coefficients a;¢ (z) are real-analytic and L is hypoelliptic. The conclusion

X, ] ]]]:0< 6 <m},



of Hormander’s theorem can be strengthened to show that L is subelliptic, where in
the case L = V'B (x) V is self-adjoint, we say L3 is subelliptic in € if there is ¢ > 0
such that
2 2

[ Retura) + €l = el ©)
for all u € C° (), where H¢ denotes the usual Sobolev space of functions with
¢ derivatives in L?. A classical result is that subellipticity implies hypoellipticity.
Observe that if X, = >"" | aj () %, then )", X)X, = V'B(2) V where B (z) =
[bij ()] bij (x) = Yy aie (z) djg (z). The principal symbol of the operator

i.j=1’
L=Xo+ Y -, X, X, is by definition

(X =) (Z ai¢ (z) fi) =¢B(2)¢, (3)

=1 (=1 \i=1

A characterization of subellipticity for more general, but self-adjoint, smooth
operators L = V'B (z) V has been given by Fefferman and Phong in [7]. Given a
smooth nonnegative semidefinite matrix B (z) defined in €, they use the metric

6(z,y) =inf{r >0:~4(0) = z,~v(r) =y, is Lipschitz and subunit} (4)

on (2, often referred to as the Carnot-Carathéodory distance, or control distance,
where a Lipschitz curve 4 : [0,7] — Q is subunit (with respect to the matrix B (),
or its associated operator L) if

(¥ (1) <EB( ()€, aetelr], EcR™

Then L = V'B (z) V is subelliptic in  if and only if the é-balls K (z,7) = {y € Q: § (z,y) < r}
satisfy an e-comparability condition with Euclidean balls D (x,7) = {y € Q: |z — y| < r}:
for every compact subset K of €2, there are positive constants C', ry and € such that

D(z,r) C K (z,Cr%), zeK,0<r<my. (5)
We now wish to consider quasilinear equations of the form
Lu=V'B(z,u(z)) Vu=f(x,u(x),Vu(z)), (6)

where f(z,2z,p) € C*(QxRxR"), B(z,2) = [b; (I7Z)]Zj:1 € C* (2 xR) and
the quadratic form ¢'B (z,u (x)) £ is nonnegative semidefinite. We will also consider
the special case

ey (Xe(wu(@) - <E€Bwu@)é<Cy (Xe(zul@)-€)°,  (T)
(= (=1

1

where the nonlinear vector fields X (x,u (z)) arise from vector fields
= 0
Xg(x,z):Zaw(z,z)%, 1 <0< m,
i=1 i

with coefficients a; (z,2) € C°° (2 x R). In order to obtain regularity results for
such equations, it is necessary to treat the linearized operators L = V'B (x) V with



coefficients B (z) = B (z,u (x)) generally as rough as u (z). In the elliptic case, there
exist positive constants ¢, C' such that

cle? <€B(z,u(x)€E <Ol

(in Definition 1, this occurs when p = 1; the vector fields {X,};", then span R™ at
each point of ), and then the results of De Giorgi - Nash - Moser theory can be
applied (see e.g. [30]): If

9
8£Ej

/ ~ 9

ij=1

where the coefficients b;; (x) are bounded and measurable in 2 and satisfy the ellip-
ticity condition

clEP <E€B(2)E<CIE?, ae xzeQEeR,

then all weak W2 (Q) solutions u to the equation Lu = 0 are Holder continuous in
Q. Here W12 (Q) is the Sobolev space of square integrable functions f on Q with
square integrable gradients V f. A bounded function f is Holder continuous of order
aon Qif |[f(x)— f(y)| <Clz—y|” for x,y € Q.

However, in the nonelliptic setting where B (z) is nonnegative semidefinite (in
Definition 1, the commutation condition fails with p = 1), we must consider linear
operators L=V'B (x) V with bounded measurable coefficients in 2 and degenerate
nonnegative semidefinite quadratic forms, in particular those satisfying

ci(f(g(x)ffgf'é(x)fgCi()?g(x)-f)27 a.e. x € §,
=1 =1

where X, (z) = Xy (z,u (2)) = [ai (2, u (z))];-,. We obtain regularity results in both
the general and particular settings mentioned above.

First, we obtain an analogue of the theorem of Fefferman and Phong that is valid
for rough operators L = V' B (x) V, with a general nonnegative semidefinite bounded
measurable matrix B (x). Before describing our result, we point out that an example
in Xu [45] shows that the € in (5) cannot be taken equal to the ¢ in (2) if B (z) is

not sufficiently differentiable (at least C 3(271) s needed). Xu also showed that in
two dimensions, (5) implies (2) with a smaller ¢ > 0, if B (z) is twice continuously
differentiable. Note however that the notion of subellipticity of order ¢ in (2) is based
on L?-Sobolev spaces, while the notion of Li-subellipticity we use in this paper (see
Definition 4 below) is based on Holder spaces. Roughly speaking, we show that weak
solutions of equations involving L are Holder continuous for some positive exponent
provided the e-comparability condition (5) holds, there is a doubling condition on
the balls K (z,7), and certain Poincaré and Sobolev inequalities hold relating the
subunit metric to the degenerate form ¢ B (z)¢. C. Gutiérrez and E. Lanconnelli
[19] have obtained a special case of this result, which we discuss following Theorem
7 below. The e-comparability condition (5) often turns out to be necessary in this
rough setting, and the Sobolev and Poincaré inequalities are essentially necessary for
certain related notions of subellipticity for Dirichlet and Neumann boundary value
problems. We also give a version for more general quasimetrics, in place of the subunit
metric, which will see application to regularity of weak solutions for operators L with
principal symbol satisfying (7).



Second, we obtain an analogue of Hormander’s theorem for rough vector fields
{X¢},~, in the special case where the vector fields are diagonal, i.e. of the form

a n
= {o @)
j=

with m = n. We introduce an analogue of Hormander’s commutation condition
in this setting, called the flag condition, which requires that for each z €  and
each index set ¢ C T G {1,2,...,n}, there is j ¢ T such that a; does not vanish
identically on (z 4+ Vz) NN for any neighbourhood N of x in Q, where V, = {0}
and V7 = span{e; : i € I}. Roughly speaking, we show that weak solutions of an
operator L = V'B (x) V, whose principal symbol is equivalent to the quadratic form
Sory (g (x)¢€ j)Q, are Holder continuous for some positive exponent provided the flag
condition holds, along with certain reverse Holder conditions on the coefficients of
the vector fields. The flag condition turns out to be necessary in this rough setting,
and is in fact equivalent to Hormander’s commutation condition when the vector
fields are analytic. We now consider these theorems in more detail.

We consider operators of the form L = V'B (z) V = szzl %bij (2) % where
the real-valued coefficients b;; (x) are bounded and measurable in {2 and the quadratic
form ¢'B (z)& is nonnegative semidefinite. We seek conditions on a nonnegative
semidefinite quadratic form

Q(z,6) =¢'Q )¢,

in order that all operators L with principal symbol ¢’ B () ¢ equivalent to Q (x, £) are
subelliptic in 2. To explain this more precisely, we recall the following two definitions
(see Fefferman and Phong [7] and Guan [15]). A vector field T = Y | a; (z) %,
with bounded coefficients «;, is subunit with respect to a symmetric nonnegative
matrix B (x) in Q if

n 2
(Z a; (x) §i> <¢B@)¢ aexzeNeR"
i=1

Definition 2 Let 0 < o < 1. A linear operator

"9 0
L=VB@)V=YS ——b; (@) —
@Y= @)
is a-subelliptic in Q if there is a positive function C(E, 21,29, 23,24) defined on
P (Q) x [0,00)" (where P (Q) is the lattice of compact subsets of ), increasing in
each variable separately, such that for all N-tuples T = (T1,...,Tn) of bounded sub-
unit (with respect to B (x)) vector fields, all bounded functions f,g, and all compact

subsets K of Q, every weak solution u € W2 (Q) to the divergence form equation
Lu=f+Tg,

satisfies, possibly after redefinition on a set of measure zero,
||UHCa(K) <C,

where C = C (K, ||ully, [ fll 18|l » V). Here T” denotes the transpose of T and

zEK z,yeK ‘JJ - y|

(8)



Note that the Holder exponent o measures the gain in smoothness of the weak
solution u (€ C®) over the data f and g (€ L™ ~ CY). This gain will clearly depend
on the operator L, but will be independent of the norms |[ul[,, || f||,, and ||g|l., by
the linearity of the equation: if w = cu, f = ¢f and g = cg for a nonzero real
number ¢, then u is a solution to Lu = f + T'g if and only if @ is a solution to

Li = f+T'g. The norms |25, HfH and ||g||,, can thus be made arbitrarily small

while the Holder exponent « of u remains unchanged.

Remark 1 We caution the reader that in subsequent subsections we will strengthen
the above notion of subellipticity for rough linear operators L by requiring the same
Hoélder conclusion, but for more general equations with lower order terms and rougher
data. The Holder exponent o will then depend on the degree of roughness of the data
as well as the norms of the coefficients of the lower order terms, and this will have to
be reflected in the definition of subellipticity. Moreover, as the data f and g will be
permitted to lie in rougher Lebesque spaces L3 and L7 respectively, the quantity o will
no longer reflect the gain in smoothness of u over the data f and g. Instead, the gain
from f and g will be measured by the quantities 2% and 2 respectively, where q is the
optimal exponent such that weak solutions u are Hélder continuous of some positive
order for data f and g in LT and L7 respectively. Recall that classical fractional
integration of order a maps LY to C° ife = a — % > 0.

As a result of these considerations, we will no longer specify the Holder expo-
nent « as part of the definition of subellipticity of L, but will instead specify the
Lebesgue exponent ¢ of the data, resulting in a definition of L?-subellipticity for the
operator L in Definition 4 below. We will also define in Definition 5 a notion of
Li-subellipticity for a nonnegative semidefinite quadratic form Q (z,¢) = £'Q ()¢,
which will essentially turn out to be that every rough linear operator L, even with
lower order terms, whose principal symbol is comparable to Q (z, £), is L?-subelliptic.
Finally in Definition 8, we will define a collection of vector fields {X; (z)}!", to be
Li-subelliptic if the quadratic form Q (z,&) = YI", (X; (z) -€)? associated to the
operator L = Y"1 X; (z)' X; (z) is Li-subelliptic. In all of these cases, we will refer
to L>°-subelliptic, the weakest of the L-subelliptic definitions, as simply subelliptic.

1.1 An extension of the Fefferman-Phong theorem to rough
operators

We extend the definition of the subunit metric 6 (x,y) to the case of a continuous
quadratic form Q (z, ).

Definition 3 If Q (z,&) is a continuous quadratic form on Q, we define
6 (x,y) =inf{r >0:~(0) = z,v(r) =y, is Lipschitz and subunit in Q},
where a Lipschitz curve v : [0,r] — Q is subunit with respect to Q (x,&) if
(Y ()-8 <Q(v(1).6), aetel0r], (R

The function 6 : Q x  — [0, 00] is a symmetric metric on {2 since the family of
Lipschitz subunit curves in €2 is closed under concatenation and invariant under time
reversal. If § is finite on Q x Q we define the subunit balls K (x,r) by

K(z,r)={yeQ:6(x,y)<r}, €9 0<7r<oo.



We first consider a general subellipticity theorem that is an analogue of the Fefferman-
Phong theorem for rough operators, but involves a more general quasimetric in place
of the metric of Fefferman and Phong. In order to state our general theorem, we
introduce some notation. A quasimetric d on 2 C R" is a finite nonnegative function
on ) x ) satisfying

d(z,y)=0<=zxz=y
d(z,y) < (d(z,2) +d(y, 2))

for all z,y, z in Q. The quasimetric balls B (z,r) are defined by
B(z,r)={yeQ:d(z,y) <r}, 0<r<oo.

Provided the quasimetric d (z,y) is Lebesgue measurable in the second variable, the
upper and lower dimensions, Q* and Q., of a quasimetric space with balls B (z,r)
are given by

log |B
Q" = lim sup max 222 &1 (9)
0 TEQ logr
log |B
Q4 = lim inf min 0812\ T B (@,7)] )
r—0z€Q log r

Provided the balls B (z,r) are contained in Euclidean balls D (z, Ceycr) for some
fixed positive constant Ce,., which will be the case for all balls considered in this
paper, we have Q* > Q. > n. Note that for any ¢* > Q* and ¢. < Q., we have the
estimates

cer? <|B(x,7)| < Cpr?, 0<r<lze, (10)

for some ¢4+, Cy, > 0, which explains the terminology.

Convention Throughout the paper we will have occasion to consider local prop-
erties of balls B (x,r) that require  and r to be suitably restricted. We will
effect these restrictions by taking a sufficiently small positive constant § and
qualifying our local properties by

x€Q,0<r<bdist(x,00),

where dist (x, E') denotes the Euclidean distance from the point « to the set E.
The positive number § may change from line to line, but we will only indicate
this by a different symbol, such as & or ¢', if a comparison is necesssary.

We will require the following containment, which for the subunit balls K (x,r) is
essentially necessary for the notion of subellipticity of the form Q that is given in
Definition 5 below: there are positive constants C, ¢ and ¢ such that

D(z,r) C B(z,Cr®), z€,0<r<édist(z,00). (11)

This shows that | B (z,7)| > ‘D (m, (%)%ﬂ = ¢r® for small 7, and hence that Q* < 2

is finite whenever (11) holds. There is the following partial converse.

Remark 2 If the balls B (x,r) are locally equivalent to their convex hulls coB (x,71),
i.e.

coB(z,7) C B(z,Cr), x€f,0<r<ddist(x,00), (12)



for some C,8 > 0, and uniformly bounded for x € Q, 0 < r < édist (x,09), then the
containment condition (11) is a consequence of the finiteness of the upper dimension
Q* (which in turn is a consequence of the doubling condition (13) below). Indeed,
there is a positive definite matriz A with corresponding ellipsoids

E@t)={yeR": [A@ -yl <t}, ¢>0,
centred at T, the center of mass of coB (x,r), such that
E(ZT,r) CcoB(x,r) CE (E,n%r) .

This variant of F. John’s famous result can be found in Gutiérrez ([18] Theorem
1.8.2). If A is the largest eigenvalue of A and p = A=1r, then D (Z,p) C E (z,7).
If Cy is a bound for the diameters of the balls B (x,Cr) with x € 9,0 < r < 1,
then Sup,cq o<r<1 diam{E (T,7)} < Cp, and so there is a constant C} such that

Al < Cj for any eigenvalue \ of A. Thus we have
|coB (z,r)| < ‘E (E,n%“)‘ = Cor" (det A~ < ¢ (C)" p.

Now (10) yields c~r9” < |B (x,7)| for ¢* > Q* and some cy- > 0, and altogether we
have
cgr? < |B(w,1)| < |coB (x,1)| < C;, (C})" ' p

Thus the convex hull coB (z,r) of B (z,7) contains a Euclidean ball D (z,cr?") with

c= W, and then by (12), D (x,c (%)q> C coB (z, &) C B(x,r).
n b

We will also require the doubling condition
1B (z,2r)] <C[B(z,7)], 2€Q,0<r <o, (13)

which makes (£2,d,|-|) into a general homogeneous space. See the beginning of sub-
section 2.2 for a detailed discussion of such spaces. Note that doubling (13) implies
(18) below for some finite exponent D, which yields @* < D < oo.

We now introduce a bounded nonnegative semidefinite quadratic form Q (z,¢) =
€'Q (r) ¢, where Q () is a symmetric matrix for each = € €, and define

IU (@) = Q (2, U (x)) = U (2)' Q (x) U (x) (14)

for any vector-valued function U (z). The Sobolev inequality we need is: there is
o > 1and ¢ > 0such that for all balls B = B (y,r) withy € Q,0 < r < § dist (y,09),

1 R ! ! :
VA A U T AU RS VA

for allw € VVO1 2 (B). In many applications the stronger form of hypothesis (15) holds
without the L? average of w on the far right. Note that the right-hand side of (15)
is comparable to the normalized Q-Sobolev norm

\ 1
|w|Wé,z(B)_{E/B(|rVw|2Q+w|2)} _ (16)

Since Hw”*vvéz( p) is at most \/[|Q]|, times the classical normalized Sobolev norm

HwH*WLg(B), we see that 20 < -2&.. The Poincaré inequality we need is: there is

10



Co > 1 and 6§ > 0 such that for all balls B = B(y,r) and B* = B (y,Cor) with

y €Q,0< Cor <6 dist(y,00),
2y 3 1 1
<Cr —/ sz} , 17
} {gm [ Ivuld ")

\ Ll ()

for every w € W2 (B*). In applications to vector fields X = {X; }?:1, the Sobolev
and Poincaré inequalities (15) and (17) are typically deduced from a subrepresenta-
tion formula like (1), see e.g. Proposition 56 below, and hence the stronger form of
hypothesis (15) holds without the L? average of w on the far right. Sharper versions
of (17) are also often available in special cases; see Proposition 56 regarding different
exponents, and see Remark 21 in section 4.4.1 regarding the choice B* = B. See
Proposition 36 for yet more on subrepresentation formulas.

We remark that in the case of the Euclidean metric, we have Q(z,&) = [¢|°
and that (15) holds for ¢ = -2 = (2)", n > 3. Typically 0 = 525 where D is
the doubling exponent for the homogeneous space with balls B (x,r), given in the
inequality

Ban<c(D Bl BB, (18)

See Lemma 55 in subsection 4.2. The following quantity will play the role of ”dimen-
sion” in the sequel:

Q = max{Q*, 20"},

where % + ﬁ = 1. Note that 20/ = D if 0 = %, and that D > Q*, where Q*
is the upper dimension of the homogeneous space. Thus in the typical case where
Uz%,wehaveQ:D.

The next hypothesis is crucial for Moser iteration, and as we show in Proposition
51 below, holds automatically with p = oo for the subunit balls K (z,r), if Q (x,€)

is continuous in = and (11) holds for the subunit balls:
D(z,r) C K (z,Cr®), x€Q,0<r<édist(z,00). (19)

Similar results for subunit balls, but with 6-Lipschitz cutoff functions instead of
ordinary Lipschitz cutoff functions, have been obtained earlier in [12] and [11] and
will be discussed below. We suppose there are positive constants ¢, N and ¢ such that
for each ball B (y,r) with y € £, 0 < r < § dist (y,09), there is an accumulating
sequence of Lipschitz cutoff functions {wj }]Oil on B (y,r) with the following five

properties (E € F means that the closure of E is contained in the interior of F'):

supp ¥y CB(y,r),
B (y,er) oty (@) =1},j>1
supp Y41 @{xzwj (:c):l},jZl (20)
Y is Lipschitz, j>1"
o Vg _
{IB(;,TM J vajHde} <Gt j>1

2n
n—2’

(15). Thus the condition postulates an accumulating sequence {@[)j};il of Lipschitz

for some p > 20’. Note that 20’ > n since 20 < as we observed following

cutoff functions with LP control of HV@/)J-H o for an exponent p > 20’ > n, where

o > 1 is the gain in the Sobolev inequality (15), uniformly for B (y,r) with y € Q,
0 <r<édist(y,00).

11



In the case that the balls B (y,r) are the subunit balls K (y,r), the containment
condition (19) holds and the quadratic form Q (z, ) is continuous in z, then the ”ac-
cumulating sequence of Lipschitz cutoff functions” condition (20) holds automatically
with p = co. Indeed, this follows formally from the following fundamental inequality
relating the subunit metric § to the corresponding quadratic form Q:

IVad (2, 9)llg < Vn+C, (21)

where C' depends on @ and the inequality holds in the distribution sense provided Q
is continuous and ¢ is finite on 2 x . Under more restrictive hypotheses, this was
first obtained in Garofalo and Nhieu [12] and Franchi, Serapioni and Serra Cassano
[11]. Using this, or more precisely a Lipschitz approximation to this inequality when
(19) holds, see (176) below, we can employ ordinary cutoff functions ¢ and compose
them with Lipschitz approximations 6° to the metric § to obtain Lipschitz cutoff
functions of the form ) (z) = ¢ (6° (z,y)) that satisfy

IVellg < ¢l 1V28" (2, 9)llg < VR ll¢'llo -

See Proposition 51 in section 4 for the details.
Since our methods yield Holder continuity in more general situations, we will
consider the second order equation with lower order terms,

Lu+HRu+S'Gu+ Fu=f+Tg. (22)

The equation now involves a second order term Lu with symbol ¢'B () &, first order
terms HRu+ S’Gu and a zero order term Fu, where B (z) is a bounded measurable
nonnegative semidefinite matrix, R = {Ri}fil, = {Si}i]il and T = {Ti}fil are
collections of vector fields subunit with respect to B (z); and the operator coefficients
H-= {Hi}i]ip G = {Gi}ﬁil, F, and the inhomogeneous data g = {gi}i]iland f are
measurable. Our hypothesis on the operator coefficients H, G and F' is

11,8 o) TGl Lao) + [Hl L) = Ng <00, (23)
for some g > ). Our hypothesis on the inhomogeneous data f,g is
1714 0y + Il o) = N < oo, (24)

for the same ¢ > @ as in (23), but with N, not necessarily the same as N, in (23). The
distinction between N, and N, is made here because the Holder continuity exponent

a of weak solutions u to (22) will turn out to depend on the gaps 1 — % and 1 — %7
where p is as in (20) and ¢ is as in (23) and (24), as well as C, in (20) and N, in
(23), but not on u or N, in (24). This is of paramount importance in applications
to nonlinear equations such as (51) - see also [34].

We now wish to capture in a precise way the notion that a bounded nonnegative
semidefinite quadratic form Q (x, &) is subelliptic if all operators of the above form,
with principal symbol comparable to Q (z,£), are subelliptic operators in the spirit
of Definition 2. First we recall that u is a weak solution of (22) in Q if u € Wlif (Q)
and satisfies

,/(vu)’ va+/(HRu)w+/uGSw+/Fuw:/war/gTU%

for all nonnegative w € W, (Q) (equivalently, we could test over all w € W,? (Q)).
Note that V' = —div, and that the prime in (Vu)/ refers to transpose of a vector

12



rather than adjoint of an operator. By the Sobolev embedding theorem I/Vllof Q) C

Li» (Q) (gn = 2% if n > 3 and ¢, < oo if n = 2), the individual integrals above

converge absolutely if (24) and (23) hold with ¢ > n (recall that if the balls B (x,r)
are contained in Euclidean balls D (x,Cr), then Q* > Q. > n).

For a discussion of alternate definitions of weak solution, and why we focus on
the classical definition in this paper, see subsection 6.7 of the appendix. We now
strengthen the notion of subelliptic operator given in Definition 2.

Definition 4 Let q € [2,0]. We say that an operator L = V'B (x) V with bounded
measurable matriz B (x) is Li-subelliptic in Q if there are positive functions a =
a(B,z) and C = C(E, 2, 22,2) defined on P (Q) x [0,00) and P () x [0,00)*
respectively, increasing in each variable separately, such that every weak solution u
of (22) in Q satisfies, possibly after redefinition on a set of measure zero,

[l oy < C, (25)
for
a=a(K,N,), (26)
C=C (K,Ng, N}, |ull,),

whenever K is a compact subset of 0, (24) and (23) hold, and R = {Ri}f;l,

S =
{Si}fil and T = {Tl}f\il are collections of vector fields subunit with respect to B (z).
We say that the operator L is subelliptic in Q if it is L>°-subelliptic in 2.

Definition 5 Let g € [2,00]. We say that a bounded measurable nonnegative semi-
definite quadratic form Q(x,£) is Li-subelliptic in Q if every operator L =
V'B (x) V whose matriz B (x) satisfies

CoymQ (x,€) < EB(x)€< CoymQ(2,8), ae xzeeR", (27)

for positive constants csym and Csym, is Li-subelliptic in Q, and provided the positive
functions o and C in (26) can be chosen to depend only on the constants ceym and
Csym i (27) and not on L itself, i.e.

a:acsynlacsynl (K7 Nq)7
C:Ccsymacsym (Kv N%Néa HUHQ) :

We say that the form Q (x,&) is subelliptic in Q if it is L*°-subelliptic in .

Theorem 6 Suppose that Q (x,£) is a bounded measurable nonnegative semidefinite
quadratic form in Q. Let d(x,y) be a symmetric quasimetric in Q with d(x,y) >
clx — yl| for some ¢ > 0, that is Lebesgue measurable in each variable separately, with
upper dimension Q*, and suppose o > 1. Then Q (x,&) is LI-subelliptic in Q for

1 1
¢>Q=max{Q",20'}, —+—==1,
o o

provided that the following hold for the d-balls B (z,r) ={y € Q:d(x,y) <r}:

1. the doubling condition (13) holds,

2. the containment condition (11) holds,

13



3. the Sobolev and Poincaré inequalities (15) and (17) hold with the given o,

4. the "accumulating sequence of Lipschitz cutoff functions” condition (20) holds
for some p > max {20”,4}.

Of course the functions a,,,, c.,,. and Ce,, .. c.,, in Definition (5) will depend
on the various constants in the conditions (13), (11), (15), (17) and (20). The proof
of the theorem relies on the Moser iteration method, using the quasimetric d (z,y)
in place of the Euclidean metric | — y| and is presented in section 3. See Remark
15 in section 3.1 for a discussion of the restriction p > 4 in the fourth condition of
Theorem 6.

Remark 3 If the containment condition (11) is not required in Theorem 6, then
we still obtain Holder continuity of weak solutions, but with the Euclidean metric
replaced by the quasimetric d in the definition of C* (K):

w(z) = w(y)]

lollon ey = sup w (@) + sup wl (28)
quasi zeK

z,ycK d (i, Yy
This is discussed further in the appendiz.

A natural family of balls to consider in connection with Theorem 6 is the family
of balls K (z,r) arising from the subunit metric ¢ (z,y) associated to a quadratic
form Q (z,€) = £'Q (x) € as in (4) with B (z) replaced by Q (z), provided & (x,y) is
finite on Q x €. These balls are measurable by Lemma 50 in subsection 4.2. By
Proposition 51, the "accumulating sequence of Lipschitz cutoff functions” condition
(20) is automatic with p = oo for the subunit balls K (z,7) in case the form Q (z, &)
is continuous in x and the containment condition (19) holds. Thus we have as a
corollary the following theorem that extends the Fefferman-Phong theorem, in that
it comes close to characterizing subellipticity in the rough setting. We remark that
while the subunit metric is well-defined by (4) even in the case when Q (z,¢) is only
a bounded Borel measurable function of x, it may exhibit pathological properties if
continuity is violated. See Example 37 in section 2.3.1.

Theorem 7 Suppose that Q (x,£) is a nonnegative semidefinite continuous quadratic
form in §, and suppose that the subunit metric 6 (x,y) is finite on Q x Q. Let
the corresponding subunit balls K (x,r) have upper dimension Q*, and suppose that
o> 1. Then Q(x,§) is Li-subelliptic in Q for ¢ > Q = max{Q*,20’} provided that:

1. the doubling condition |K (z,2r)| < C|K (x,r)| holds for 0 < r < oo,
2. the containment condition (19) holds,

3. the Sobolev and Poincaré inequalities (15) and (17) hold with B (x,7) = K (z,7).

‘We mention here a special case of Theorem 7 that arises in the work of Gutiérrez
and Lanconelli [19] on quadratic forms arising from rough dilation invariant vector
fields. Assuming a doubling condition and a strong Poincaré inequality relative to a
collection of dilation invariant Lipschitz continuous vector fields { X };.":1, they prove
a Harnack inequality for weak solutions to (22) with H, G, F' and g identically zero,
and where the symbol of L is comparable to Z;nzl (X;-¢ )%. See the references there
for additional recent work in this general area.
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1.1.1 Almost necessity of the conditions

The second condition in Theorem 7 is necessary, at least in the case that Q (z,¢)
is continuous and stably subelliptic in Q. We say that a quadratic form Q (x,&) is
stably subelliptic in €2 if the family of forms

Q- (2,6 =Q(x, )+, 0<7<1,

is subelliptic in  uniformly in 0 < 7 < 1, in the sense that the positive functions
Qcyym Coym a0 Ce, o, . in Definition 5 can be chosen independent of 7. Note
that Q. is a small elliptic perturbation of Q, hence the terminology. We note that
the conclusions of Theorems 9, 13, 15, 18 and 19 below all persist for stably L9-
subelliptic in place of L?-subelliptic, since the hypotheses are not compromised upon
adding 7 > 0 to the coefficients of the vector fields. We do not know if there are
quadratic forms Q (x,&) that are subelliptic, but not stably subelliptic. The proof
that the containment condition (19) is necessary for stable subellipticity is given in
Proposition 73 of the appendix. Here, let us merely observe that if we ignore the
parameter 7, we can argue formally as follows. If P (z) is a measurable matrix with
P(z) P(x) = Q(z) where Q (z,£) = £'Q (x) &, then with y fixed and u (x) = § (z,v),
the fundamental inequality (21) shows formally that

Lu=Tg= ZT;g;
j=1

where L = V'Q (2)V = [P(z) V] [P (2) V], g = P (2) Vu = <gj)?:1 has bounded
components, and T = P (z)V = (Tj)?zl is a collection of subunit vector fields T}

with respect to @ (). Indeed, if P; (x) denotes the i** row of the matrix P (z), then
for 1 <j <n,

(T;- <D (T:-* =) (Pi(x)-&° =|P ()¢
=1 =1
- 3 !

(P(2)€) P(2)€=¢€P(2) P(x)€=€Q(2) ¢

The subellipticity of Q (x,&) then shows that « is Holder continuous of order a > 0,
and it follows that

6(x,y) =lu(z) —u(y)| < Clz—y|",

which is (19) with ¢ = «. This proof breaks down since (21) is not generally true
in the ordinary W12 sense, and Proposition 73 establishes the necessity of (19) for
stable subellipticity by using the Lipschitz approximation (176) in place of (21). We
note however, that for the alternate notion of weak solution discussed in subsection
6.5 of the appendix, the distributional inequality (21) of [12] and [11] often suffices.
In certain cases when Q is a sum of squares, such as in the next section, we can show
the necessity of the containment condition (19) for mere subellipticity, rather than
stable subellipticity, of Q (see Proposition 74 in the appendix).

We turn now to the third condition in Theorem 7. We are unable to demonstrate
its necessity for L?-subellipticity, but will show that it is a reasonable assumption by
demonstrating its necessity for certain notions of subellipticity related to Dirichlet
and Neumann problems for the balls B (x,r). Indeed, the Sobolev inequality in
the third condition in Theorem 7 is almost necessary for the following variant of
the notion of Li-subellipticity. We say that Q (x,&) is L9-subelliptic relative to the
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homogeneous Dirichlet problem for the balls B (x,r), if we assume existence of weak
solutions to the homogeneous Dirichlet problem for the balls B = B (x, r),

Lu=fin B
u =0ondB”’

where L = V'Q (z) V is the operator with symbol Q (z,¢) = £'Q (z) £ and f € L% (B)
(in analogy with the elliptic case as treated in Chapter 8 of [14]), and if we also
assume the following global boundedness estimate for these weak solutions to the

above Dirichlet problem,
2
g q
sup Ju (2)] < C (/ |f2)
z€B B

(in analogy with Theorem 8.16 of [14] in the elliptic case). We are being deliberately
vague regarding the precise definition of these weak solutions, since we have not yet
obtained positive results in this direction (we conjecture that there is a definition of
weak solution such that Q (z,¢) is Li-subelliptic relative to the homogeneous Dirich-
let problem for the balls B (x,r) under the hypotheses of Theorem 7 - see subsection
6.7 of the appendix). However, these and related properties have been obtained in
some cases in Gutiérrez and Lanconelli [19] - see Theorem 3.1 and Proposition 2.4
there!. We prove in Lemma 75 of the appendix that the Sobolev inequality (15)
with o = L5 is necessary for the Li-subellipticity of Q (z,¢) relative to the homo-
geneous Dirichlet problem for the balls B (z,7) (in the classical W? weak sense),
provided 2 < ¢ < Q, where Q. denotes the lower dimension of the balls B (x,r)
(Q« > n if B(x,r) C D(z,Cr)). Note that the Sobolev inequality (15), together
with the other hypotheses of Theorem 7, implies that Q (x,&) is L%-subelliptic for
g > max {Q*,2¢"'}. Thus in the special case where the upper and lower dimensions
Q* and Q. coincide with 20’ (this is the case for the homogeneous groups in sec-

tion 5 of Chapter XIII of Stein [42]), the Sobolev inequality (15) with o = Q?i;fQ

and B (x,r) = K (z,7) is necessary for L?-~¢-subellipticity of the form Q, and the

Sobolev inequality (15) with o = Q?+ji2 and B (x,r) = K (z,r) is sufficient for the

L@++¢_subellipticity of Q for e > 0 arbitrarily small, provided conditions 1 and 2 of
Theorem 7 are in force. The questions of global boundedness, and existence of weak
solutions to degenerate Dirichlet problems, whose study has been initiated in [19],
will be taken up in a subsequent paper.

The Poincaré inequality in the third condition in Theorem 7 is almost necessary
for a variant of the notion of hypoellipticity. We say that Q (z,&) is L2-hypoelliptic
relative to the homogeneous Neumann problem for the balls B (x,r), if we assume
existence of weak solutions to the homogeneous Neumann problem for the balls B =

B(x,7),
Lu =fin B
{nQuzo on 0B’ (29)

where L = V'Q () V is the operator with symbol Q (x,£) = £'Q (x) ¢, the boundary
differential operator is ng = n’Q (z) V where n is the unit outward normal to 0B,
and f € W'?(B) satisfies the compatibility condition [, f = 0; and if we also
assume the following natural hypoelliptic estimate for these weak solutions to the
above Neumann problem:

HU||L2(B) <Or’ Hf||L2(B) : (30)

10One of our students, Scott Rodney, has obtained positive results in these directions as well.
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Inequality (30) postulates zero gain in smoothness for u from f, which accounts for
the terminology hypoelliptic. Again, we are being deliberately vague regarding the
precies definition of weak solution to (29). However, we remind the reader that the
classical meaning of weak W12 solution to the boundary value problem (29) is

—/ (Vo) QVu = / vf, forallve W' (B). (31)
B B

Note that the test functions v in (31) do not necesssarily vanish at the boundary of
B. This weak definition is of course motivated by the divergence theorem

/8 _umqu= /8 Q@) Vul n = /B 4o [0Q (@) Yl )
- [ ve@vu+ [ otu,

B

valid for u € C? (B) and v € C* (B) (see e.g. (8.96) in [14] for a discussion of mixed
boundary value problems). Note that the compatibility condition | g [ =0 follows
from (31) with v = 1. We prove in Lemma 76 of the appendix that the Poincaré
inequality (17) is necessary for L2-hypoellipticity of Q relative to the homogeneous
Neumann problem for the balls B (x,r) (in the classical W12 weak sense). The
existence of weak solutions to degenerate Neumann problems, and the corresponding
estimates, will be taken up in a subsequent paper.

1.2 Extensions of Hormander’s theorem to rough operators

Now we consider extending Hérmander’s commutation theorem to rough vector fields
in the diagonal case. Suppose that the operator L = V'B () V satisfies (27), i.e.

Csym Z (aj (iC) gj)Q < ng ($)£ < Csym Z (aj (iC) gj)Qa T e Qvg € Rna (33)
J=1

Jj=1

where a; (z) is nonnegative and continuous on €. We seek conditions on the weights
aj (z) in order that any operator L = V'B (x) V satisfying (33) is subelliptic in
according to Definition 4.

Definition 8 Let ¢ € [2,00]. A collection X = {Xj};n:l of vector fields is L9-
subelliptic in Q if the quadratic form Q(z,&) = Y.7", (X, (x) ~£)2 (the principal

j=1
symbol of Z;n:l X} X;) is Li-subelliptic in Q according to Definition 5. We say that
the collection X = {X; };n:l of vector fields is subelliptic in  if it is L>°-subelliptic
in Q.

Subellipticity problems for rough vector fields have been considered previously in
Franchi [8] and Franchi and Lanconelli [9], as well as elsewhere (see [19] and [12] and
the references given there). The theorems obtained in [8] and [9] involve conditions
on integral curves or apply to special choices of a; (z), except in two dimensions
where some of our results essentially coincide with those in [8]. See below for a more
detailed discussion.

1.2.1 Diagonal Lipschitz vector fields

Using Theorem 6, we can obtain a general subellipticity theorem for a collection of
diagonal Lipschitz vector fields X = {X; };"':1 that are adapted to a homogeneous

17



space B of balls (Definition 26) in the sense that the coefficients of the vector fields
are sufficiently large compared to the corresponding side lengths of the balls. We now
introduce some specialized terminology necessary to state a version of this result. A
precise and sharper statement is given in Theorem 61 below when the definition of a
prehomogeneous space (Definition 28) is available.

Let B = {B(z,r): z € Q,0 < r < 0o} be a homogeneous space on 2 and let B be
the collection of smallest closed rectangles

B(z,r) = H [zr = B (2,7) , ok + By (2,7)]
k=1
containing B (z,7). We say that B is Q-locally equivalent to B if there are constants
6 >0 and C > 1 such that
B(x,r) C B(x,r) C B(z,Cr), B(z,r)eBwithzeQ,0<Cr <6 dist (z,00).

More generally, we say two families B; = {B; (z,r): 2 € 2,0 <7 < oo} for j = 1,2
are (2-locally equivalent if there are constants 6 > 0 and C' > 1 such that
By (z,7) C By (z,Cr) and By (x,r) C By (z,Cr)
for x € Q,0 < Cr < 6 dist (x,09).

Given a collection X = {X; };nzl of vector fields on §2,

Xlzi,X2:a2<.T)i Xn:an(as)i

e IR (34)

let .
Aj($,t):/CLj(ZE1+S,ZE2,...,$n)dS, 1S.]§n7
0

provided the segment joining x and x + (¢,0, ..., 0) lies in 2. We say the vector fields
X ={X; };nzl are adapted to the homogeneous space B if

< Bl (':Ea T)

- r

c! <C, B(x,r)eBwithaxeQ 0<r<édist(x,00),

and if, for every 0 < a < 1, there is a positive constant e such that for all balls
B(z,r) € Bwithx € Q, 0 <r < § dist(xz,00), there is a subset 2 of B (z,r) with

Q] > « )E (z, 7‘)‘ and satisfying
Aj(z,r) >eBj(z,r), forzeQ,1<j<n.

Theorem 9 Assume that a; is nonnegative and continuous for x in 2, doubling in

x1 uniformly in xa, ..., x, and Lipschitz continuous in xa,...,T, uniformly in 1.
Suppose that the collection of vector fields X = {X; (:1:)};1:1 in (84) is adapted to

a homogeneous space B on §) that is Q-locally equivalent to the family B. Let D
be a doubling exponent for the family B. We either assume that the ”accumulating
sequence of Lipschitz cutoff functions” condition (20) holds for some p > max{D, 4},
or we assume that B is Q-locally equivalent to the family of subunit balls IC. Then X
is Li-subelliptic in Q for all ¢ > D.
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The flag condition We now turn to two special and explicit cases of interest in
which we will focus on obtaining conditions of commutation type that guarantee
Harnack inequalities and Hoélder continuity of weak solutions. Our approach will be
to construct homogeneous spaces on which our vector fields are adapted, and then to
use Theorems 6, 7 and 9. Recall that for smooth vector fields satisfying Hérmander’s
commutation condition, the control metric was shown to yield a homogeneous space
in [33]. Our substitute for Hérmander’s commutation condition 1 in the case of rough
diagonal vector fields X; = a; () %, 1 < j < n, is the following flag condition.

Definition 10 A collection of continuous vector fields X; = a; () %, 1<j<n,
satisfies the flag condition at x € Q if for each index set T with ¢ C T ; {1,2,...,n},
there is j ¢ I such that for any neighbourhood N of x in Q, a; does not van-
ish identically on (x + Vz) NN where V, = {0} and Vr = span{e;:i €I}, e; =
(0,...,0,1,0...,0) with 1 in the i'" position. The vector fields X; satisfy the flag
condition in Q if they satisfy the flag condition at every point x € €.

Remark 4 An equivalent formulation of the flag condition at x is: there is an in-
creasing sequence of vector spaces

(0} =W SWM SV SV G .V =R",
and an increasing sequence of index sets
(;5 75 Il g Ij g Ij+1 ; Im = {1,2, ...,n},

such that V; = span{e; :i € Z;} for 1 < j < n, and a; does not vanish identically
on (z+V;) NN for any neighbourhood N of x in Q if i € Zj11, j > 0.

An increasing sequence of vector spaces {V; }?:1 as in Remark 4 is a flag at x (see
[32] for this terminology) and is a minimal flag if the length m is a minimum. Remark
6 in section 2.1 shows that a minimal flag is unique. The equivalence mentioned in
Remark 4 is easy. Indeed, assume first that for each index set 7 with ¢ C 7 g
{1,2,...,n}, there is j ¢ 7 such that a; does not vanish identically on (z + V) NN
for any neighbourhood A of z in 2. Then a flag of length m = n is easily constructed
by induction. Conversely, suppose we are given a flag of vector spaces {V; }Tzl at
zeQ Let o CT g {1,2,...,n}, and suppose in order to derive a contradiction,
that a; = 0 on (z + Vz) NN for some neighbourhood N of z in Q, for each j ¢ 7.
In particular, a; = 0 on (z+ Vo) NN, ie. a;(x) =0, for j ¢ Z, and it follows
that Vi C Vg since a; () #0if j € ;. Thus a;j =0 on (x+ Vi) NN for j ¢ T,
and it follows that Vs C V7. By induction we obtain R™ = V), C V7, the required
contradiction since 7 is a proper subset of {1,2,...,n}.

We now show that if the vector fields X; = a; (x) % are Lipschitz continuous,
then the flag condition is necessary for subellipticity.

Proposition 11 Suppose the vector fields X; = a; (x) %, 1 < j <n, are Lipschitz

and that X = {Xj};;l 1s subelliptic in Q). Then the flag condition in Definition 10
holds in 2.

Proof. If the flag condition fails at z = 0 for Z = {m + 1,m + 2, ...,n} with some
1 <'m < n, then there exists a neighbourhood A of 0 such that a; =0 on

Vr={z:2;=0,1<i<m}nQnN, 1<j<m.
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Define ¢ on [0, 00) by
t,0<t<1
PO=1t>1 -
For € > 0 sufficiently small, set u® (z) = ¢ (le) where 2’ = (21, ..., %, ), and define

f5 = Xju® = ajgixj' Since a; is Lipschitz and vanishes on V7 for 1 < j < m, we have
la; (x)] < C'|2'| for 1 < j < m, and so also

. [2'['\ 10|
\fj ($)| = |aj (x) ¢ (? gc‘?—x?
Thus u€ is a W12 () weak solution of
Luf = ZTJ/ s
j=1

where L = 77| X7 X satisfies (33), T; = X is subunit with respect to the matrix

<C, 1<j<n.

ap (@) 0

0 --an(z)?

corresponding to L, and [|u® |y, ||f5||__ are uniformly bounded for 0 < ¢ < 1. Never-
theless, the u® are not uniformly bounded in any Holder space, and this shows that
X = {X;}]_, is not subelliptic in €.

In the next section, we show that in the case the a; (z) are real-analytic, then the
vector fields {X; }?:1 satisfy the flag condition in Definition 10 if and only if they
satisfy Hormander’s commutation condition in Definition 1. In order to state the
first of our two generalizations of Héormander’s commutation theorem, we recall the
definition of the reverse Holder condition, referred to as RHy, in [8] and elsewhere.

Definition 12 A nonnegative function a (t) defined on an open subset J of R satis-
fies the reverse Holder condition of infinite order if

1
esssupa (t) < C—/a(t) dt
tel 1] Jr

for all intervals I C J.

Theorem 13 Suppose for 1 < j < n that a; (x) is nonnegative and Lipschitz con-
tinuous on a domain Q C R™, and reverse Hélder in each variable x; with i # j,
uniformly in the remaining variables. Then the set X of vector fields X; = aj%,
1 < j < mn, is subelliptic in Q if and only if X satisfies the flag condition in Defini-
tion 10 in Q. In the case that the flag condition in Definition 10 holds in 2, there
is Q € [n,00) depending only on the Lipschitz and reverse Hélder constants of the a;
such that X is L1-subelliptic in Q for all ¢ > Q.

The constant @ can be taken to be a doubling exponent D of the flag balls
B (z,r) defined in subsubsection 2.1.1 below. A doubling exponent D is given by the
inequality

D
|B (z,7)| < C (%) |B (y,t)|, whenever B(x,r) D B(y,t) (35)
0<r<édist(zx,00),0<t<6dist(y,00N).

See Lemma 55 in section 4 for details.
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The noninterference condition In order to motivate our second generalization
of Hormander’s theorem, we observe that an operator L = V'B (x) V satisfying the
quadratic form condition in Definition (33) with respect to continuous vector fields
X; =q;(x) % that satisfy the flag condition in Definition 10 is elliptic if and only
if m can be taken to be 1 in Definition 10 for all x € Q. The simplest nonelliptic
case thus occurs when for every z € 2, a minimal flag has length m at most 2, and
when the length m is exactly 2, the index set Z; can be chosen to be a singleton, i.e.
#1717 = 1. Of course there must be at least one point  where m = 2, since otherwise
L is elliptic. For example, in the case that m = 2 and Z; = {1} at a point y, we
assume that in some neighbourhood of y we have

ai (z) >¢>0, (36)

a;j (-, x2,...,2,) >0 on a dense subset for all zs,...,x, and 2 < j < n.

We will also assume that a; is nonnegative and reverse Holder of infinite order in z;
for j > 2 (but not in z; for i # 1). Moreover, we will suppose there is a positive
constant Cax such that
x . < .
(252, 20 () = G o

In this case there is a substitute for the requirement that a; satisfies the reverse Holder
condition in all of the variables x; with ¢ # j, in order to obtain L?-subellipticity for
L.

To state this condition, we first define open rectangular boxes of radius r and
center x by

A(z,r) = H (xj — Aj (z,r), 25+ Aj (z,7)), (38)

where half the j* side length of A (x,r) is given by

Aj(x,r) = / aj (x1 +t,22,...,xy) dt, (39)
0

provided the segment joining « and z + (r,0, ...,0)) lies in Q. Note that A; (x,r) >0
for j > 2, > 0 by (36), and thus we may rewrite (36) as the following nondegeneracy
condition,

Aj (x,7) > crand A; (z,7) >0for x € Q, 0 <r < 6 dist(z,00), (40)

where 6 is chosen small enough that Aj (z,r) is defined for z € ©, 0 < r <
6 dist (x,0Q). To simplify notation, we will always assume from now on that the
definitions of the A; (x,r) are with respect to the variable x1, and that (40) holds.
The reader can easily supply the more general statements and proofs. Even when
the a; are reverse Holder of infinite order in the z; variable uniformly in o, ..., 2,
the rectangular boxes A (z,7) do not in general form a homogeneous space structure
as in subsection 2.2, since the engulfing property can fail as evidenced by the three
dimensional example

a () =1,
az (x) = 3a,
az (z) = 92% + 3.

See Example 37 in subsubsection 2.2.1 for details. This problem can be avoided if the
following moninterference condition is assumed, which has the consequence of forcing
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the rectangles A (z,r) to form a (local) homogeneous space structure in the sense of
Definition 26 below, when the a; are doubling weights in the z; variable.

Definition 14 Suppose the continuous vector fields X; = aj% satisfy (40) in Q.

We say that the vector fields { X; };L:l satisfy a noninterference condition in 2 if there
are positive constants C. and 6 such that

C’;lAj (x,7) < Aj(2,7) < CAj(z,7), z€A(z,r),z€Q, 0<r<bdist(z,00),
for1 <j<n.

We remark that if 6 is sufficiently small depending on Cyax in (37), then A; (z,7)
is defined for z €A (x,r) when 0 < r < § dist (x,0). Since the above inequality is
automatic for j = 1, we may restrict j to the range 2 < j < n. In particular, as we
show in Lemma 82 of the appendix, the noninterference condition 14 is implied by
the following strong noninterference condition for Lipschitz continuous vector fields
in Q relative to the boxes A (x,r):

r sup
z€EA(z,T)

for 2 <i,5 <n.

8aj
8xi(z)

}Ai(a:,r)SC’Aj(x,r), x€Q,0<r<édist(x,00),
(41)

Remark 5 A comment regarding the supremum in (41) is in order. If a; () is Lip-
schitz continuous in z with constant C, then aj(z1,...,2n) is Lipschitz continuous
in each variable z; separately. Thus for each fixed z1,...,2;—1,%i+1, ..., 2n the par-
tial derivative gizj (21, ..y 2n) exists for a.e. z; and has absolute value bounded by C
g—‘;i (z)‘ to
mean the supremum of the Lipschitz constants of the functions z; — a; (21, ..., 2n) for
(215 .oy 2n) Such that (z1,...,2n) € A(z,T).

whenever it exists. We will always interpret the expression sup,c (g r)

Note that the strong noninterference condition (41) is automatic if ¢ = j or for
any 4, j with 4; (x,r) = A; (z,r), and thus vacuously true in dimension n = 2. Under
some natural hypotheses, the same is actually true of Definition 14, and this is proved
in Lemma 83 of the appendix.

A simple example satisfying Definition 14 is a; = 1 and a; (z) = |z|*? for 2
n, where p; is a real number greater than or equal to one. In this case, A; (x
r(r+|z))".

<j<
7"“) ~
Theorem 15 Suppose for 1 < j < n that a; (x) is nonnegative and Lipschitz contin-
uous on a domain Q@ C R™, and that the vector fields X; = aja%j satisfy (40) in Q.
We also assume the noninterference condition in Definition 14. Suppose moreover
that each a; with 2 < j < n is reverse Hélder of infinite order in the variable x1,
uniformly in the remaining variables. Then there is Q € [n,00) depending only on
the Lipschitz and reverse Holder constants of the aj such that the set X = {X; }?:1
of vector fields is L1-subelliptic in Q for all ¢ > Q.

As before, the constant ) can be taken to be a doubling exponent D of the
rectangles A (x,r). Again, see (45) below and Lemma 55 in section 3. We will often
refer to the open rectangles A (x,r) defined in (38) as noninterference balls.

In particular, the following special case arises in connection with the Monge-
Ampere equation discussed in subsection 1.3 on applications below. If a1 (x) = 1 and
a; (z) = a; (x) for 2 < 4,5 <n in Theorem 15, we have the following corollary.
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Corollary 16 Suppose that a (x) is nonnegative and Lipschitz continuous on a do-
main £ C R™, and reverse Holder of infinite order in the variable x1 uniformly
in Ta,...,Tn. Suppose that a(x1,xa,...,x,) doesn’t vanish identically in x1 for any
X2y .oy Tn. Then there is Q € [n,00) depending only on the Lipschitz and reverse
Hélder constants of the a; such that the quadratic form

Q(x,8) =&l +a(@) (& +..+) (42)
is Li-subelliptic in Q for all ¢ > Q.

As noted above, the constant @) can be taken to be a doubling exponent D of
the rectangles A (x,r) as in (45). Corollary 16 is a corollary of Theorem 15 since by
Lemma 83 in subsection 6.6 of the appendix, the noninterference condition 14 holds
automatically if a; = a; for 2 <, 7 < n. A stonger result is given in Corollary 21 in
the next subsubsection.

Franchi [8] and Franchi and Lanconelli [9] have also obtained versions of Theorem
13 and 15 and Corollary 16. In [9], the a; considered are products of special one-
dimensional functions that behave like monomials, and in [8] a strong form of the
reverse Holder condition is assumed along integral curves -y, of the vector fields
Ty =35 uja; (x) %, 0 < |uj| < 1, namely,

w0y < Ot {5 [y or, (0) e 7, (0 = T (ra (0 sl > € > 0.7, 0) =},
z€CK(x,r) 0
(43)

where K (x,r) are the balls corresponding to the subunit metric, and K (x,r) denotes
the smallest closed rectangular box with edges parallel to the coordinate axes that
contains K (z,7). In n = 3 dimensions, if we take 0 < 8; < ... < Sy and set

L,

356?,
= H 5 £C1 )

then the hypotheses of Theorem 13 hold, yet [, as (v, (t)) dt =0 for 22 € {8, ..., By},
v, (0) = 0, and so the strong form of the reverse Holder condition t43) fails. Nev-
ertheless, with some work, one can show that (43) does hold under the special hy-
potheses of Corollary 16.

ay ()

as ()

1.2.2 Sharper technical theorems

Due to the local nature of the L%-subelliptic conclusion in Theorems 13 and 15, we
may assume without loss of generality that a; (z) = 1, i.e. X3 = 8%' Indeed, fix
zo € Q. We may suppose that a; (zg) = maxi<;<,a;j(x9) > 0, and then define

Q= {zeQ:a(x) > a1 (o)} and a; (z) = %% for z € Q. It is clear that the

vector fields XVJ = a; (x) a%j, 1 < j < n, satisfy in Q the same quadratic form,
Lipschitz continuity, reverse Holder, flag and/or noninterference conditions as the
vector fields X; = a; (x) %, 1 <j < n, doin €, and with comparable constants
depending on zg. In this way, we have distinguished a direction, namely the x
direction, in which curves of unit Euclidean speed are subunit.

Having established this, it is now possible to relax the Lipschitz continuity of the
remaining coefficients a;, 2 < j < n, in this distinguished direction, still assuming
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Lipschitz continuity in the transverse directions (transverse continuity is essential as
evidenced by the pathological Example 37 in the next section). Moreover, it is also
possible to relax the reverse Holder continuity of the coefficients a; in the x; variable.
For this, we need the weaker reverse Holder condition of order p € (1, 00):

Definition 17 Let 1 < p < oo. A nonnegative function a(t) defined on an open
subset J of R, satisfies the reverse Holder condition of order p, denoted a € RH,, if

1 a(t)? dt %gci a(t)dt, (44)
1] Jr 1] Jr

This results in the following sharper, but more technical, sufficient conditions for
subellipticity.

for all intervals I C J.

Theorem 18 Suppose that a1 (z) = 1 and a; (x) is continuous and nonnegative
on a domain @ C R", 2 < j < n. Moreover, suppose a; is Lipschitz continuous
M To,..., Ty uniformly in xq, reverse Holder of infinite order in each wvariable x;
with i # 1,7, uniformly in the remaining variables, and reverse Holder of order
p > max{D,4} in the variable x1, uniformly in the remaining variables, where D
is a doubling exponent for the flag balls as in (35). If the set X of wvector fields
X; = aja%j, 1 < j < n, satisfies the flag condition in Definition 10 in 2, then X is
L4-subelliptic in Q for all ¢ > D.

In order to state the sharpened form of Theorem 15, we need a doubling exponent
D for the noninterference balls A (z,r):

D
|A (z,7)| < C (%) |A(y,t)|, whenever A(x,r) D A(y,t), (45)
0<r <édist(x,00),0<t<édist(y,00).

See Lemma 55.

Theorem 19 Suppose that a1 (x) =1 and a; (x) is continuous and nonnegative on a
domain Q CR™, 2 < j < n. Let D be a doubling exponent in (45). Suppose that both
the nondegeneracy condition (40) and the noninterference condition in Definition 14
hold, and that each aj satisfies the RH, condition (44) for some p > max{D,4}
in the variable x1, uniformly in xa,...,x,, and that each a; is Lipschitz continuous
in To,...,T,, uniformly in x1. Then the set X = {Xj}?zl of vector fields is L9-
subelliptic in Q for all g > D.

There are two differences between Theorems 13 and 18, and between Theorems
15 and 19. The a; are no longer assumed Lipschitz continuous in the distinguished
variable x1, and are no longer assumed reverse Holder of infinite order in x;.

Example 20 See subsection 6.4 of the appendiz for examples of functions a; that
satisfy (44) for p > max{D,4}, yet fail to be reverse Holder of infinite order. By
Proposition 77, such examples give Tise to a homogeneous space of moninterference
balls A (x,r) that are not equivalent to the subunit balls K (z,7) of Fefferman and
Phong [7] and Nagel, Stein and Wainger [33]. Nevertheless, by Theorem 19, the

n
corresponding set of vector fields {aj%} 18 still L1-subelliptic for large q.
i) j=1
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We close with a strengthening of Corollary 16.

Corollary 21 Suppose that a(x) is continuous and nonnegative on a domain Q C
R™, Lipschitz continuous in the variables xs, ...z, uniformly in x1, and reverse Holder
of order p > max{D,4} in the variable 1 uniformly in xs,...,x,, where D = 1 +
(n—1)d and d is the doubling order in

d
J
/ (x)dzy < C (||I||) / (x)dz1, wheneverI C J, uniformly in xa,..., 2y,
J

(46)
so that D is as in (45). Suppose that a (-, xa, ..., x,) doesn’t vanish identically in any
nontrivial interval for any xa, ..., x,. Then the quadratic form

Q(z,6) =& +a@)’ (& +..+&)
is L9-subelliptic in Q for all ¢ > D.

This is a corollary of Theorem 19 since the noninterference condition in Definition
14 is automatic by Lemma 83 if the a; coincide for 2 < j <n.

1.2.3 Connections between the theorems

Here we discuss the connection of Theorems 9, 13 and 15 with Theorems 6 and
7. Following the approach pioneered in [33], our strategy for proving Theorems 13
and 15 is to use the vector fields X; = a; (x )am , 1 < j < n, to construct balls
B (z,r) and A (x,r) that satisfy a §-local prehomogeneous and homogeneous space
structure respectively in €, relative to Lebesgue measure. See subsection 2.2 for a
detailed discussion of prehomogeneous and homogeneous spaces. A key feature of
these spaces is the doubling condition

|B (z,2r)| <C[B(xz,7)|, 0<r<oo,
|A(z,2r)| < C|A(z,7)], 0<r<oo,

first established for smooth vector fields satisfying Hérmander’s commutation condi-
tion in [33]. We also establish a subrepresentation inequality for Lipschitz functions

n
f in terms of their a-gradients V, f = (aJ B )j:1 of the form:

1

|B(y7 )l B(yr)f

<o V)t

AR g 47
- Bd@ = W

‘f (z) -

for x € B(y,r), where d(x,y) is the quasimetric associated with the balls B (z,r),
along with a similar result for the balls A (z,7). The main tool used for this is the
notion of adaptability of balls to vector fields as used in the statement of Theorem 9.
From these facts and others follow Poincaré and Sobolev inequalities, such as those
n (15) and (17), as well as the local equivalence of these families of balls with the
subunit balls K (z,r) of Fefferman and Phong. At this point, we are able to apply
Theorem 7 to obtain subellipticity of the vector fields {X; } _, in Theorems 13 and
15, and to apply Theorem 6 to obtain subellipticity in Theorem 9. These methods
yleld not only Holder continuity for weak solutions u to the equation

Lu+HRu+SGu+Fu=f+Tg,

25



but also Harnack inequalities for nonnegative weak solutions u to this equation in a
ball B (y,r): there exist positive constants ¢ < 1 < C such that

ess sup wu(z)<Cess inf w(x)+7r%|fllg +7° lell,
x€B(y,cr) z€B(y,cr) 2

where ¢ (1 —6) > D and D is the doubling exponent for the balls in question. See
Theorem 47 in section 3 below.

As mentioned above, the balls B (z,7) and A (z,r) both turn out to be locally
equivalent to the subunit balls K (z,7) when the continuous vector field coefficients
a; (z) are reverse Holder of infinite order in the xq-variable, despite the different
constructions used in each case. In fact, assuming only that the continuous a; (x)
are Lipschitz in xs, ..., z,, and doubling in x1, uniformly in the remaining variables,
the noninterference balls A (x,r) are locally equivalent to the subunit balls K (x,r)
if and only if the a; (z) are reverse Holder of infinite order in the z;-variable. Thus
in the event the vector field coefficients a; (z) are RH,,, but not RH, in the z;-
variable for p sufficiently large, namely p larger than the doubling exponent D of
the balls A (z,r), the collection of vector fields X = {X; }?:1 is subelliptic despite
the nonequivalence of the balls A (x,r) and K (x,r). Moreover, the Fefferman-Phong
condition (19) is necessary for the subellipticity of the Lipschitz continuous vector
fields {X; }?:1 in the sense of Definition 8 (and necessary for stable subellipticity if
the X are merely continuous).

See section 2 and the appendix for proofs of these assertions regarding subunit
balls. In section 3, we prove our general result Theorem 6. In section 4 we complete
the proof of Theorem 7, extending the theorem of Fefferman and Phong, by estab-
lishing the ”accumulating sequence of Lipschitz cutoff functions on annuli” condition
(20) with p = co. We next establish a proportional subrepresentation inequality
similar to (47), and use this to prove Theorem 9 on vector fields adapted to a homo-
geneous space structure. Then we use Theorem 9 to reduce the proofs of Theorems
13 and 15, our extensions of Hérmander’s theorem in the case of diagonal vector
fields, to establishing appropriate homogeneous space structures adapted to X. In
section 5, we establish these homogeneous space structures adapted to X for both
the flag balls and noninterference balls. Before proceeding with this plan, we indicate
some applications to hypoellipticity of smooth nonlinear equations.

1.3 Applications to quasilinear equations

In order to apply our rough subelliptic theorems to hypoellipticity of the quasilinear
equations (6), and more generally to diagonal systems of this form, we recall the
regularity theorems for quasilinear equations in [16] and [34]. As in [16], a symmetric
nonnegative Lipschitz matrix A (y) is subordinate in a domain Q C RY if

2
n n a ,
Z(Eia—wamm) <CEAWE yeQEERNISISN.  (49)
=1

j=1

Theorem 22 (Guan [16]) Suppose that u € Lipy () is a weak solution of the di-
vergence form equation

Zn: % (aij (%U(ff))g—;> =f(z), =ze,

ipj=1""
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where a;; € C*° (A xR), A= [aij]?jzl is symmetric, nonnegative semidefinite, and
subordinate in relatively compact subdomains of Q@ x R, and f € C™ (). Let

Kl
8£Ej

~ v 0
L=V'A(x)V= Z %aij(m‘)

ij=1
be the linear operator with a;; (v) = a;; (z,u (x)). Suppose that
trace [divj]z.:l >c>0
n Q, and that L is a-subelliptic in Q for some a > 0. Then u is smooth in 2.

Clearly Theorems 13, 15 and 22 can be combined to yield smoothness of Lipschitz
solutions to quasilinear equations of the above type when the linearized operator L
can be shown to satisfy the hypotheses of either Theorem 13 or 15.

We now mention the application of Corollary 16 to the Monge-Ampére equation
in [34]. We first recall the theorem for quasilinear systems in [34]. Note that the un-
knowns in the system below are vector functions p acted on by nonlinear second order
operators, and vector functions v that are connected to the unknowns p via a simple
elliptic equation. This flexibility permits application to equations of Monge-Ampére
type transformed by a partial Legendre transform. We recall another definition of
Guan [15]. We say that L = V'A(x)V is a-elliptic extendible in Q for a > 0 if
for every xp and Qy with x¢ € Q; € , there is a symmetric smooth nonnegative
subordinate matrix B (z) in Q that vanishes in a neighbourhood N' @ Q of =, is
elliptic in £ — 1, and such that

L.=V'(A(x)+ B(z)+el)V

is a-subelliptic in ©, uniformly in 0 < e < 1.
The scalar version of the next result with the simpler right-hand side f (z) is due
to Guan [15], and included in Theorem 22 above.

Theorem 23 Suppose that p = (pr)y<pcn >V = (V0)1<p<n, € Lip1(Q2) and that
(p, V) is a weak solution of the system o

"0 0
Z_aii(xvvap)_ pg:hg(x,v,p,Dp), 1§£§Na
igm1 8:61 X ij
Dv =¥ (z,v,p),

where a;; € C°° ('), T is a subdomain of QxRN xRN | A (z,v,p) = [a; (z, v, p)]Z.:1
is symmetric, nonnegative semidefinite, and subordinate in relatively compact subdo-
mains of I', h = (he)y <oy € C%° (T xR"™) and ® € C>* (T). Let L=V'A(z)V =
Z?,j:l Oim&;; (x) % be the scalar linear operator with a;; (x) = a;; (z,v (z),p (x)).

Suppose that L is a-elliptic extendible in Q for some a > 0, that

trace [@;]Zzl >c>0 inQ,

and that h has the product decomposition

M
hé (SC,V,p,Dp) = HZ,O (iC,V,p) + ZHZ,;L (:E,v,p) (I)l,,u ($,V,p,Dp) ) 1 § l S Na

p=1
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with Hy , and @4, smooth functions of their arguments, and where the vector fields
9
8l‘k

are subunit with respect to Afor 1< pu<M1<{¢{<N1<k<n. Thenp andv
are both smooth in ).

HZ,,LL (.’E, v (.’E) P (.’E))

Corollary 16 and Theorem 23 apply to the quasilinear system

82
o2 "

0 0

n
Pezhé(l’yvvvap)a 1§€SN7
ij=2

)

Dv =p,
that arises from the generalized Monge-Ampére equation,
det D*u =k (v,u, Du), x€Q, (49)

where k is smooth and nonnegative in Q x R x R™, and 2 is a convex domain in R".
Indeed, using the higher dimensional partial Legendre transform corresponding to a
convex C?1 solution u of (49),

S =T
t2 :ﬂ($>

T2

: (50)
tn = g?w_un (2)

the vector-valued functions v = (v¢),_, = (x¢ (s,t));_o and p = Dv = (gf?
°J

)2§i§n,15j§n
(s = t1) arising from the inverse transform, satisfy a divergence form quasilinear sys-
tem

82
to={ 5 + VUM (0) Vi f p = £((5:6).v.p. D), 61)

in the classical weak sense as given in Definition 39 below . Assuming that u € C?!
and k (x,u, Du) ~ 23™ + 1) (x) where 1) (gc)ﬁ is Lipschitz for some m € N, and that
det [@aju]zj:Q > 0 so that M (p) is a positive definite matrix, Corollary 16 applies
to show that the linearization of (51) is a-subelliptic for some a > 0, and then
Theorem 23 yields smoothness. We note here that the main feature of Corollary 16
that permits its use with the partial Legendre transform (50) is that no assumption
other than Lipschitz is required of a (z) in the variables s, ..., ,, which get replaced
with the unknown Lipschitz functions (ve,...,v,). Indeed, it is this property that
allows us to verify the hypothesis in Theorem 23 that the linear operators L are
a-elliptic extendible in Q for appropriate k. See [34] for details.

An easily stated special case is this: If the smooth nonnegative prescribed Gaussian
curvature k,, (z) of the graph of a C?1! function u (x) vanishes at a nondegenerate
critical point at xg, then u (z) is smooth near zo if (and only if) k,—1 (z¢) > 0. Here
k; denotes the j*" symmetric curvature of u. Again, see [34] for details.

We also point out that certain subelliptic quasilinear systems of equations have
been considered by Xu and Zuily in [46]. They use the Campanato method to treat
equations of the form

ZX;MU (.’L‘,p)X] p£:f£<$,p,Dp), 1<{<N, (52)

4,j=1
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where p = (p1,...,pn) is assumed continuous and Dp locally square integrable,
M = [M;j («, p)]” | is smooth and elliptic, f = (f1,..., fv) is smooth and has
at most quadratic growth in Dp, and {X;}"" =1 is a collection of smooth [linear vector
fields satisfying Hérmander’s condition 1 (bee also [29], [1], [2] and [13]). Thus the
degeneracies are incorporated only in the linear part of the operator, i.e. the vector
fields X, while the nonlinearities occur only in the elliptic part of the operator, i.e.
the matrix M (z,p). In the above application to the Monge-Ampére equation, the
vector fields degenerate nonlinearly, and these methods do not apply.

2 Comparisons of conditions

In this section, we will compare our flag condition in Definition 10 to Hérmander’s
commutation condition in Definition 1, showing that they coincide for real-analytic
diagonal vector fields, and compare our homogeneous space structures used in the
proofs of Theorems 13 and 15 to the metric space of subunit balls. Proposition 36
provides a vital link in one of our proofs of Theorem 13. The remaining results of
this section provide useful perspective, but not all of them will be used in the sequel.

2.1 Flags and commutators

We begin by demonstrating here the equivalence of Hérmander’s commutation condi-
tion in Definition 1 and the flag condition in Definition 10 when the diagonal vector
fields X; = a; () %, 1 < 5 < n, are real-analytic.

J

Proposition 24 If a; (x) is real-analytic in Q for 1 < j < n, then the vector fields
X; =aj(x) %, 1 < j <mn, satisfy Definition 1 if and only if they satisfy Definition
10 in Q.

Proof. Suppose first that {X; }TL1 satisfies Definition 10 in Q. Fix z € © and let
W denote the linear span of {X; } _, and their commutators of all orders at the

point z. We must show that W = R"™. Since ¢ € Z; implies that X; (x) # 0, we
have that V; C W. Now fix i € Zo\Z;. Then a; is a real-analytic function that

is not identically zero on z + V;, and thus we must have %ai () # 0 for
T 9x5

some multi-index o of minimal length with o; = 0 for j ¢ Z;. But as we will show,
this implies that the direction e; is in the span W; of {X;} U{X;}, 7, and their

commutators up to order |af at the point z (note that we identify e; with 53— 9.) We
proceed by induction on the length la| of a, remembering that |a| is minimal. If
|a] = 0, then a; (z) # 0 and so -2 3; € Wi If|a| =1, say a = e; with j € Z;, then
a; () =0, a; (z) # 0 and we compute that

Oa; 0O 8(1] 0

- aj%ja_wi " Ow; O

X, X = X; X, — X, X; (53)

equals a; () ggj (z) -2 3., at . Since 3—% (z) # 0 by assumption, we have that 5>

W since a; (x) # 0 as noted above. Now if |a| = 2, say a = e; + e, with j, k € T,
then a; (x) = g%; () = gjk (x) =0, aj (z) # 0, ar (z) # 0 and we compute that

(X, [Xy, Xa]] = X [X, Xa] = [XG, Xu] X

0 Oa; 0 0 Oa, 0
~n{a () - odam (52 o
(ot St 0
J Oxj Ox; 31’z Oxj ) Oxy,
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da; da; 0%a; 0
( KOy 0z, T Y axkaxj) gz, (modVy)

equals ay (z) a; (z )6‘3—kggg— (x) % (modV;) at . Since 6‘3—5;—( ) # 0 by assump-
tion, we have that i € W since a; (z),ar () # 0 as noted above. Continuing

inductively in this way, we obtain that 8 € W; C W. Thus we have shown that for
1 € Iy, the directions e; are in W, or equlvalently that Vo C W.

Now we proceed to show that the direction e; lies in W for i € T3\ Zy. Again,
i € I3\ 2o implies that a; is a real—ana‘d}‘ftic function that is not identically zero
minimal length with o; = 0 for j ¢ Zo. As above, it follows by induction on the
length || of o that the direction e; is in the span of {X;} U{X;}, . and their
commutators up to order |a| at the point z. Thus for ¢ € 73, the directions e; are in
W, or V3 C W. Iterating this argument we eventually obtain that R” =V,, C W,
and so the condition in Definition 1 holds as required.

Conversely, suppose that { X };;1 satisfies Definition 1. With z fixed define

Ty={i:a;(x)#0},

Vi =span{e;:i €I;}.

on z + Vs, and thus we must have a; (x) # 0 for some multi-index « of

Then 7, # ¢, since otherwise a; () = 0 for all 1 < j < n, and it follows from (53)
that all commutators of {Xj}?zl of finite order vanish at x as well, contradicting
Definition 1. Now define

Ty ={i : a; is not identically 0 on (z + V1) NN for any neighbourhood N of z},
Vo =span{e; :i € Ir}.

We claim that Zo\Zy # ¢ unless Z; = {1,2,...,n}. If not, then Z; G {1,2,...,n}
and Zo\Z; = ¢. Thus there is a neighbourhood N of = such that all a; with i ¢ Z;
vanish identically on (z 4+ V1) N N. This motivates the following definitions. Let X
denote the Lie algebra generated by the vector fields { X } and define the linear
subspace

i—1°

n a )
V= T:;bjaTjeX:bjEOon (x+WV)NN forj¢T

Note that X; = ala € Yy for all 1 <i < n. Thus it is enough to show that ) is a

Lie algebra, since it then follows that X = V1, contradicting Definition 1 (note that

V1 does not span R™ at x since Z; is a proper subset). So let S = 23:1 Cjm— BI, , T =
J

> bz 5,; € Y1 and compute that

L,
(S, T _STfTS_;dg%

where
2 8[)( 86@ }
dyp = {c-— _p el
jZ::l J &vj J 81‘j
To show that [S,T] € ), it suffices to show that when ¢ ¢ Z; each product, cjg%
and bjg%;;, vanishes identically on (z + V1) NN. If j € Z;, then both ‘g#b;_ and gﬂ
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vanish identically on (z + V1) NN since ¢ ¢ Z; and S,T € ). On the other hand, if
J ¢ I, then both ¢; and b; vanish identically on (z + V1) " A. This completes the
proof that Zo\Z; # ¢ unless Z; = R™.

We now continue by defining inductively,

Zj11={i: a; is not identically 0 on (z + V;) NN for any neighbourhood N of z},
Vi1 =span{e; :i € Tj11}.

At each stage of the induction, it follows that Z;41\Z; # ¢ unless Z; = {1,2,...,n}
using 1 and the fact that for any neighbourhood N of z,

yj_{T_ZbgaiweX:bg_Oon (:L’+Vj)ﬂ./\/f0r€¢l'j}
=1

is a Lie algebra. Eventually, we reach V,,, = R" for some m € N, and this shows that
the equivalent formulation of Definition 10 given in Remark 4 holds.

Remark 6 One can easily check that the above proof establishes the stronger as-
sertions: If the vector fields X; = a; () 8%]-7 1 < j < n, are smooth and satisfy
Definition 10, and if a; (x) satisfies the reverse Hélder condition in each variable x;
with j € Loy 1\Z¢ and i € Iy, uniformly in the remaining variables, then the vector
fields {X;; };L:l satisfy Definition 1. This uses the fact that a smooth function f that
1s reverse Holder in each variable separately, and mot identically zero, is of finite

type, i.e. for every x there is a multi-index o such that %f (x) # 0. See

T 9aon

e.g. Guan and the first author [17]. Conversely, the proof asl given shows that if the
a; (x) are merely smooth and the vector fields X; = a; (x) %, 1 < j < n, satisfy
Definition 1, then they satisfy Definition 10. Note also that part of the construction
in the second half of the proof above provides a means of creating a flag of minimal
length for vector fields {X; }?:1 satisfying 10, even when the coefficients a; are not
real-analytic, but merely continuous. The argument also yields the uniqueness of the
minimal flag.

2.2 Homogeneous and prehomogeneous spaces

We now introduce the notions from the theory of homogeneous spaces that we will
need. Let d be a quasimetric on an open subset 2 of R™, by which we mean a finite
nonnegative function d on Q x Q for which there is a positive constant s so that

d(z,y)=0<=z =y (54)
d(z,y) <k (d(z,2) +d(y,2))

for all z,y,z in . A quasimetric is not in general symmetric, but see Remark 8
below. We define the ball centered at x with radius r by

B(z,r)={yeQ:d(z,y) <r}, 0<r<oo. (55)

If d (z,y) is upper semicontinuous in the second variable y, for each x, then the balls
B (x,r) are open for x € Q and r > 0. In general the balls satisfy the engulfing
property: there is a constant v > 1 such that

B(z,r)NB(y,r) # $ = B (y,r) C B (z,7r). (56)
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Indeed, following the development in Chapter 1 of Stein [42], if w € B (y,r) and
z € B(x,7)N B (y,r), then

d(z,w) <kld(z,y) + d(w,y)]
<k [k (d(z,2) +d(y,2) + k& (d(w,w) + d(y,w))]
<kK[k(r+7)+K0+7)] =3k,

which yields (56) with v = 3x2. We have as well the monotonicity and scale properties
Uo<r<sB (z,7) = B(x,s), fors>0, xz€Q, (57)

Nr>oB (z,7) = {z} and U,so B(x,r)=Q, z€Q. (58)

Conversely, given a collection of open subsets {B (z,r)} of Q) satisfying

z€N,0<r<oco
(56), (57) and (58), the function

d(z,y)=inf{r >0:y € B(z,7)} (59)

is a quasimetric on 2 that is upper semicontinuous in the second variable, and satisfies
both (54) and (55). This is essentially stated in [42] and [33], but for the sake of
completeness, we give here a statement and proof, as well as an extension to balls
that fail to satisfy the monotonicity condition (57).

Lemma 25 Suppose Q) is an open subset of R™, and {B (z, 7‘)}5E€Q,0<r<Oo s a family
of open subsets of Q satisfying (56), (57) and (58). Then the function d defined in
(59) is upper semicontinuous in the second variable and satisfies (54) and (55). If
however, the monotonicity condition (57) is relaxed to the weak monotonicity condi-
tion,

B(z,r) C B(x,s), for0<r<ecs, x€Q, (60)

for some 0 < ¢ < 1, then d in (59) still satisfies (54) and is upper semicontinuous in
the second variable, but (55) must be replaced with the equivalence condition

B(m,r)c{yeQ:d(x,y)<t}CB<x,£), 0<r<t<oo. (61)

Proof. First, d is defined and finite on 2xQ since UpsoB (z,7) = Q for all z € Q
by (58). The upper semicontinuity of d in the second variable follows from the
assumption that the balls B (z,r) are open.

If d(z,y) = 0, then y € Ny~oB(x,r) = {z} by (57) and (58), even by (60)
and (58), and so z = y. Conversely, if x = y, then d(z,y) = 0 by (59) and the
first part of (58) and this proves the first assertion in (54). Now fix z,y, 2 and
choose r > max {d(x,2),d(y,2z)}. Then B(z,r) N B (y,r) D {2} # ¢ implies that
y € B(y,r) C B(xz,yr) by (56). Thus d(z,y) < yr and taking the infimum over
r > max {d(x,z),d(y,z)} yields

d(x,y) < ymax{d(z,z),d(y,2)} <v(d(z,2) +d(y,2)),

which is the second assertion in (54) with x = .

The forward inclusion C in (55) holds since y € B(x,r) implies y € B(x,t)
for some t < r by the backward inclusion of (57), which yields d (z,y) < r. The
backward inclusion D in (55) follows since if d(z,y) < 7, then y € B (z,r) by the
forward inclusion in (57). With the weak monotonicity condition (60) in place of
(57),we obtain only the containments in (61). This completes the proof of Lemma
25.
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Definition 26 A pair (2, d) where Q is an open subset of R™ and d is a quasimetric
that is upper semicontinuous in the second variable, is a homogeneous space if the
balls B (x,r) defined in (55) satisfy a doubling condition: there is a positive constant
Caoup such that

|B (2,77)| < Caoub | B (x,7)| (62)

for all x € Q and r > 0, where v > 1 is the engulfing constant in (56).
We shall also need the notion of homogeneous space without the balls being open.

Definition 27 A pair (Q,d) where Q is an open subset of R™ and d (z,y) is a qua-
simetric that is Lebesgue measurable in the second variable y for each x, and whose
balls as defined in (55) satisfy (62), is a general homogeneous space.

Note that the doubling condition implies that the balls B (x,r) in either definition
above are nonempty, and in fact have positive measure, since for any fixed r > 0,

0<|9= sup |B (z,7y™r)| < sup Clou | B (z,7)]

by (58) and (57), even by (58) and (60), and therefore |B (x,r)] > 0. Thus ho-
mogeneous spaces (£2,d) on an open set ) are characterized by a pair (2, B) where
B ={B(x, T)}x6970<7,<oo is a family of nonempty open subsets of 2 satisfying (56),
(57), (58) and (62).

In proving Theorems 13 and 15 in section 4, we will need the following notion of
prehomogeneous space, weaker than that of homogeneous space, which requires only
weak monotonicity of the open sets B (z, 7).

Definition 28 A pair (2, B) where Q is an open subset of R™ and
B={B(xz,r)}

z€Q,0<r<oco
is a family of nonempty open subsets of 1, is a prehomogeneous space if (56), (58),
(62) and (60) hold.

We often refer to the open sets B (x,r) in a prehomogeneous space as preballs.

Remark 7 Lemma 25 shows that a prehomogeneous space (£, B) with

B={B(z,r)}

zEN,0<r<oo
is equivalent to the homogeneous space with quasimetric d given in (59). The quasi-

metric balls {B* (x,7)},cq.0<r<00o Where B* (z,7) ={y € Q:d(x,y) <1} satisfy

t
B(fvvr)CB*(rc,t)CB<:c,—), 0<r<t<oo.
C

We will refer to this quasimetric d as the quasimetric associated to the prehomoge-
neous space.

Remark 8 Setting z = x in (54) yields d(x,y) < kd(y,x), from which we obtain
that d is equivalent to the symmetric function

oy (2,) = 51 (2,) + 3, 2)]. (63)

The function dsym satisfies (54) with a larger constant, but in general fails to be
upper semicontinuous, even measurable, in the second variable (e.g. take d(z,y) =
0 (z) |z — y| where 1 <0 (x) <2 and 0 is not Lebesgue measurable).
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We now show that a homogenous space is always equivalent to a symmetric general
homogeneous space.

Lemma 29 Given a quasimetric d (x,y) that is upper semicontinuous in the second

variable, there is a symmetric quasimetric dy,,, (z,y) that is equivalent to d(z,y)

and is Borel measurable in each variable separately.
Proof. Define
d* (z,y) =lim inf d(z,y).

Then d* is lower semicontinuous in the first variable « for each y. Moreover, d* (z,y) =
lims o f§ () is a monotone increasing limit of functions f (y) = inf|,_,|<sd (2,y)
that are upper semicontinuous in the second variable y for each x. Thus d* is Borel
measurable in each variable separately, and so then is the symmetric function

B2y (22) = 5 [0 (29) + 0 (3,2)]

%

It only remains to prove the equivalence of d and d,,,, which in turn is implied by
the equivalence of d and d*. Clearly d* (z,y) = 0 if d (z,y) = 0. Fix z and y with
d(x,y) # 0. By the upper semicontinuity of d in the second variable, there is 69 > 0
such that

_ d(z,y)

D (z,6) C {z:d(x,z) <a_7}.

Then for § < 6 and |x — z| < §, we have d (z, z) < a and so
d(z,y) <kld(z,2) +d(y,2)]
<kla+rd(z,y)]
1
= §d<.’L‘,y) + :‘i2d<2, y)
implies d (r,y) < 2x%d (z,y). Conversely, for |z — 2| < 6,
d(z,y) <kld(z,z) +d(y, z)]
<kkd(z,2) + kd (2,y))]
< 5d(@,y) + R (@)

implies d (z,y) < (4 + k%) d (z,y). Altogether, we have shown that

1 K
N < < [ — 2 —
2K2d(:ﬂ,y)_d(z,y)_(2+/€)d(a:,y), for |z — 2| < 6 < éo,

which yields

1 K
— < fE) <=4k .
d(@0,y) < fy ) < (5 ++%) d(xy),  for 8 <8
Now let 6 — 0 to obtain
1

— * b2
sy <4 (y) < (5+#2) d@y),

which completes the proof.
We close this section by introducing the restriction of a prehomogeneous space

B = (Q, B) with B = {B (2,7)},c0.0<r<o0 to one of its preballs B (xo,70), by simply
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intersecting the balls B (z,r) with B (xo,ro) itself, for © € B (z9,70), to obtain the
family

By = {Bo (z, r)}meB(Iomo)kaoo , where By (x,7) = B (z,7) N\ B (x0,79).  (64)

Lemma 30 Let B = (Q,B) with B = {B(2,7)},c0.0<r<00 b€ a prehomogeneous
space on §, and let xg € Q and 0 < ro < co. Then the pair Bg = (B (xo,70),Bo),
where By is given by (64), is a prehomogeneous space on B (9, 7¢) provided that there
is C1 > 0 such that

1
|B (z,7)| < C1|B(x,r) N B (zo,70)]| , f0r0<r§§r0,x63(xo,ro). (65)

We refer to By as the restriction of B to its preball B (xg, 7).

Proof. The properties (56), (58) and (60) are immediate for By = (B (zo,70) , Bo)-
To show the doubling property (62) for By, let ¢ be as in (60) and choose m > 1 so
large that y!=™ < 1¢%. Then (56) and (60) for B, together with (65), yield (62) for
By as follows. Let z € B (x9,7¢) and 0 < ry < co. By (64) and m + 1 applications of
doubling (62) for the preballs balls B (z,t) of B, we have

Bo )] < 1B 29| < Ci3 1B (27

1
B ( , 57_107) ‘ .

-1

and using 7y~"r < ¢ (377 er) in (60) gives

Cious |B (2.77")| < Cigiy

Thus in the case 0 < r < y¢~'rg, we can apply (65) using 2y~ ter < 4rg to obtain

m+1
Cdoub

1
B (x, 5")/167'> ’ < C;Z:;Cl

1
B <:v, §vlcr> N B (xg,70)

Combining estimates yields

|Bo (w,77)| < Cty O

1
B (x, 5")/ICT'> N B (xo, 7o)

< CPErCy|B (2,7) N B (20, 10)]
=Ch Cy|By (x,7)|

(66)

—1

for 0 < r < yc¢~1rg, upon using another application of (60) with %”y cr < cr. On

the other hand, for y¢~!79 < r < oo we have
| Bo (z,77)| < |B (w0, 70)| = |B (z,7) N B (z0,70)], (67)

since by the engulfing property (56), together with (60) and vyry < cr, we have
B (z9,7r0) C B(x,vr9) C B(x,r). Combining (66) and (67) yields (62) for the sets
in (64), and this completes the proof of Lemma 30.

There is an analogous result for the restriction of a homogeneous space B = (Q, B)

with B = {B (2,7)},cq.0<r<oo t0 0ne of its balls B (z9,70), 2o € 2 and 0 < ry < oo,
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2.2.1 Local and extendible spaces

In our construction of the noninterference balls A (x,r) in (38), and also in the con-
struction of the flag balls B (x,r) in (88) below (actually preballs in our terminology
since monotonicity may fail for flag balls), we only define the balls for x € Q and
0<r<édist(x,00) for some § > 0. Recall that dist (x, Q) denotes the Euclidean
distance from x to 02 as in the Convention in subsection 1.1 of the introduction.
Nevertheless, in order to take advantage of the machinery in the subsection above,
we need to define the balls for all 0 < r < oo, while retaining all pertinent properties
in the extension. To accomplish this effectively, we first introduce the concept of a
6-local prehomogeneous space, and the definition of an extendible 6-local prehomo-
geneous space. Then we show that every d-local prehomogeneous space is locally
extendible to a prehomogeneous space. The proof of this result is rather technical,
and is not needed until subsection 4.5 on reducing the proofs of our extensions of
Hormander’s theorem.

Definition 31 A pair (2, B) where Q2 is an open subset of R™ and

B={B(z, T)}zeﬂ,0<r<5 dist(z,08)

is a family of nonempty open subsets of Q2 for some 6 > 0, is a 6-local prehomogeneous
space if the following 6-local analogues of (56), (58), (60) and (62) hold:

B(z,r)NB(y,r)#¢= B(y,r) C B(z,7r), zy€, (68)
0<r<édist(y,00),0 <yr <6 dist(x,00);

No<r<s dist(a:,BQ)B (:C,’f‘) = {CE}, T e Q; (69)

B(x,r) C B(z,s), xz€Q, for0<r<cs<s<?ddist(z,00); (70)

|B (x,y7)| < Caouws | B (x,7)|, x€Q,0<~r <6dist(x,00). (71)

It is convenient to refer to the open sets B (z,r) with € Q and 0 < r <
6 dist (x,00Q) as 6-local preballs. We also define a §-local homogeneous space in the
analogous way using in place of the mononicity condition (57), the é-local mononicity
condition,

Uo<r<sB (z,7) = B (z,s), x€,0<s<§dist(x,00). (72)

All of the results in this subsubsection have obvious variants for a é-local homoge-
neous space, but to save notation, we will not explicitly point them out. In order to
help clarify matters, we will use B to denote a é-local prehomogeneous space and H
to denote a prehomogeneous space for the remainder of this subsubsection.

We observe that a ¢-local prehomogeneous space B = (2, B) with

B=A{B(x,7)},c00cr<s dist(z,00)

on Q induces a §p-local prehomogeneous space By = (o, By) with

By = {Bo (, T)}zeQU7O<T<50 dist(x,090)

on )y for any open subset €y of 2 and any positive §g by restricting = and r, i.e.

By (z,7) = B(z,7), € Q,0<r <y dist(x,00),
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provided the following two conditions hold:

8o dist (x,0Q0) <6 dist (x,0Q)  for x € Qy, (73)
B(z,r) CQp, foraxeQy,0<r<bydist(x,00)

In addition, a prehomogeneous space H = (€, B) on 2 induces a é-local prehomo-
geneous space on () for any 0 < § < oo simply by restricting . Unfortunately, not
all 6-local prehomogeneous spaces arise in this useful fashion, i.e. not all 6-local
prehomogeneous spaces B = (€2, B) with B = {B (2,7)},cq.0<,<s dgist(x,00): can have
preballs defined for x € Q and r > ¢ dist (x,00) as well in such a way that the
resulting collection of open sets {B (z,r)} forms a prehomogeneous space
on €.

z€N,0<r<oco

Definition 32 A §-local prehomogeneous space B = (2, B) with

B ={B(x,7)},c0,0<r<sdist(z.00)
on Q) is said to be extendible if there is a prehomogeneous space H* = (Q, B*) with

B* ={B* (x,r)}

z€N,0<r<oco

on Q such that
B* (z,r) =B (z,r), 2z€Q,0<r<6dist(z,00).

Our main result in this subsubsection is that a 6-local prehomogeneous space on

Q is "locally” extendible, in a sense to be made precise below, provided our standing
assumption

B(z,r) C D(x,Ceycr), 0<r<édist(z,00), (74)

is in force, 6 satisfies
1
< Cabmin {390 - 1}, (75)
where v is as in (68), and the following "relative proportion” condition holds:

|B(z,r)| < C1|B(x,r) N B(y,s)|, forye Q,z € B(y,s),0<2r <s<6dist(y,00).

(76)
Note that if § satisfies (75), then the é-local preball B (x,r) is defined in (76) since
0 <r < 6dist(x,00) then holds automatically. Indeed,

§ dist (x,00) > 8 dist (y,0Q) — 8|z —y| > 5 — §Cues > ;

since § < Cg,Li, and so r < £ < § dist (x,09).

euc 2

Proposition 33 Let B = (Q,B) with B = {B (2,7)},cq0<r<s dist(z,00) be @ 6-local
prehomogeneous space on Q satisfying (74), (75) and (76). Then for every xg € €,
there is an open subset Qo C  and a positive number 8¢ satisfying (73) such that
the dg-local prehomogeneous space By induced on Qg by B is extendible.

We will use Lemma 30, as well as the following definition and lemma, in the proof
of Proposition 33.
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Definition 34 Let B = (Q,B) with B = {B (2,7)},c0.0<r<s dist(x,00) b€ o 6-local
prehomogeneous space on Q satisfying (74) and (75). Given xo € Q and a number

ro such that
0 < v%rg < 8 dist (zg,09), (77)

we define a localized collection

B* (zo,70) = {B* (33, T)}Q:EB(J;O,TO),O<T<OO
of open subsets of B (xg,r0) by

x,r) N B (xg,r0) if x € B(xg,70), 0 <r <1

* (
b (I T) { (l’ ) Zf r€e B (l’()/l‘o) , T Z YTo (78)
) in

Note that B* (z,r (78) of Definition 34 is well-defined. To see this, we first
claim that if x € B (zg,r9) and 0 < r < Arg, then 0 < r < ¢ dist (x,00) so
that B (z,r) is defined. Indeed, B (zg,79) C D (0, Ceucro) by (74), and so if z €
B (z0,70), then |x — 29| < Ceycro. Thus by (75) and (77),

8 dist (x,00) > & dist (xq,00Q) — & |x — 20| > 7?10 — 6Ceucro > Y70, (79)

since § < C,L~ (v — 1), which proves our claim. Of equal importance is the fact that
B (xg,70) C B (x,7yr9) if x € B (x9,70), which follows from (68) since x € B (zg,r9)N
B (z,70), and where the conditions required by (68) follow from 0 < v%ry < § and
(79). Thus for r = vrg, the two definitions in (78) coincide, and this completes the
proof that B* (x,r) in (78) is well-defined.

Lemma 35 Let Q) be an open subset of R™, § > 0 satisfy (75) and let B = (Q, B) with
B=1{B ($7T)}meﬂ,o<r<5 dist(z,09) be a 6-local prehomogeneous space on ) satisfying
(74) and (76). Fix xo € Q and ro satisfying (77). Let Q* = B (xo,70) and Qo =
B (wo,cy"'ro) where ¢ is as in (70). Then H* = (Q*,B* (z,10)), with B* as in
Definition 34, is a prehomogeneous space on 2%,

Qo = B* (xo, c'y_lro) ,
and we have
B* (z,r) = B(x,r), forax € Qy,0<7r<cy ro, (80)
and also the analogue of (65) for H* and its preball Qo = B* (xo, c*y_lro):

|B* (z,r)] < C |B* (x,r)N B* (3:0, c7_1r0)| , (81)

1
for x € B* (330,07_17“0) ,0<r< 507_17“0.

Proof. We first show that H* is a prehomogeneous space on 2*. It is not hard to ver-
ify properties (56), (58), and (60) for the family B* (xo,70) = {B* (2,7)},c0- 0<r<oo
on O* = B(xg,79). For example, to verify the engulfing property (56), suppose
z,y € Q = B(xo,70), 0 < r < 0o and B*(z,r) N B*(y,r) # ¢. In the case

0 <r <rp, we have
yr < rg < 6 dist (x,00)

by (79), and so from (68), we obtain B (y,r) C B (x,vr), and hence also B* (y,r) C
B* (x,vr). On the other hand, if r > rg, then B* (z,7r) = B (x0,79) by (78) and
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B* (yz,r) C B*(x,~yr) is trivial. Property (58) is immediate and (60) follows from
(70) if s < yrg, and is trivial if s > yrg, since then B* (z,s) = B (xg,79) by (78).

We now prove the doubling property (62) for the family B* (zg,ro) using the
arguments in the proof of Lemma 30 of the previous subsection. First choose m > 1
so large that y!~™ < min {%, c}. Then for 0 < r < 7y, we have from m applications
of (71) using (79),

|B* (2,y7)| < B (a,77)| < Clfous | B (2.7 7"r)| (82)
<CRC1|B (2,9 ™r) N B (x0,70)]
and followed by an application of (70) using v!~™r < cr, the above is at most
Cgtl)ubcl |B (er) nB (.’L'(),T())‘ = Cg(l)ubcl |‘B>‘< (xvr)‘ .

On the other hand, if r > ry, we note that B* (x,vr) = B (zo,7r0) = B* (z,yr0) by
(78). Thus from the case r = ¢ of (82), we obtain

|B* (z,77)| = |B* (z,9r0)| < ClityC1 | B (,7"~™710) N B (0, 70)| -

We now consider the cases g < r < yrg and r > vrq separately. In the former case,
we use (70) with v}=™rg < cr to obtain

|B (z,7"""ro) N B (20,70)| < |B (x,7) N B (x0,70)| = |B* (x,7)|,
while in the latter case, (78) yields
’B (x,vlfmro) NB (a:o,ro)} < |B(xg,70)| = |B* (z,7)].

This completes the proof of (62) for the family B* (xg, 7o), and thus establishes that

H* is a prehomogeneous space on §2*.
Since y > 1, (70) yields Qo = B (20, ¢y~ rg) C B (x0,70) and so Qo = B* (g, ¢y~ ry).
Now we claim that if x € Qy = B (azo,c'yflro) and 0 < r < ey~ 'rg, then

B* (x,r) = B (z,7) N B (xg,70) = B (z,7).

Indeed,
r€eB (330, cv_lro) CcB (xo,’y_lro) (83)

by (70), and so B (a:,’y_lro) NnB (xo,’y_lro) is not empty since it contains . Thus
(68) implies that
B (2,77 "'ro) C B (20,70), (84)

provided the two conditions required by (68) hold. The two conditions required by
(68) for this application are

0 <y trg < §dist(x,00) and 0 < ry < § dist (xg, 09) .

Now the second of these follows immediately from the hypothesis 0 < ~7%ry <
6 dist (xg,09), and the first follows from (79). This proves (84), and hence by
(70) with 7 < ¢y~ 17, we obtain

B(x,r)CB (m,’yflro) C B (zg,r0)

as required.
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To see that B* (zg,70) and Qg satisfy (81), take y = ¢ and s = ¢y~ lrg in (76)
and use (80) together with the fact that

s=cy trg < y%ro < 8 dist (x9,09).

This completes the proof of Lemma 35.

Proof. (of Proposition 33) Given zp € Q and a number r¢ satisfying (77), let
Qp and Q* be as in Lemma 35, so that H* = (Q*, B* (x9,79)) is a prehomoge-
neous space on 2*. By Lemma 30, the restriction of H* to the preball Qy =
B (xo,cy trg) = B* (z9,¢y7'10) is a prehomogeneous space Hjy = (Q0,85) on Qo
where Bj = {B§ (%,7) } e, 0<r<00o a0
Bj (z,7) = B* (x,r) N B (0,7 '1r0), 2 € 0,0 <7< 0.

Note that hypothesis (65) of Lemma 30 holds for H* and its preball Q¢ by (81) of
Lemma 35. We now claim that if

-1
. 1 v g
6o = min {C’euc, diam () } , (85)

then (73) holds, and H is an extension of By, the §p-local prehomogeneous space in-
duced on Qg by B. Indeed, By = (Q, Bo) where By = {By (z,7)}
and

2€QY,0<r<bo dist(x,000)

By (z,r)=B(x,r), x€Qy=DB (:1:0, ny*lro) ,0 <1 < 6o dist(x,00).

We claim that (73) holds. Indeed, if z € Qg and r satisfies 0 < r < 8¢ dist (z, I),

we have
dist (x,00)

. <
0 <7 < b dist (x,00) < diam ()

N S

which when combined with (79) yields

1

0<r<cy 'rg<~rg<6dist(z,00).

This establishes the first assertion in (73). Moreover, we also have B* (z,r) = B (z,r)
by (80), and then from (74) that

B* (z,7) = B(x,7) C D (x,Ceycr) C Qo,

since Coyerr < Coycdo dist (x,000) < dist (x,0€), which is the second assertion in
(73). Thus the induced space By is defined and

B} (x,r) = B* (x,r) N Qo = B (x,7)

for z € Qp and 0 < r < &g dist (v,0€). This shows that H is an extension of By,
and completes the proof of Proposition 33.
2.2.2 Construction of the flag balls

We have already defined the family A of "noninterference balls” A (z,7) used in the
statement and proof of Theorem 15, and given in (38) as

Ax,r) =[] (@ = 45 (x,r) 25+ A (2,7))

j=1
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where Aj (z,r) = [ aj (x1 +t,@2,...,x,) dlt is defined when the segment joining x
and z + (r,0,...,0) lies in 2. We will now construct the ”flag” balls B (z,r) used in
the proof of Theorem 13.

We assume the vector fields {Xj};”:1 = {6%1,@2 (2) 0%2, ey Gy () %} are con-
tinuous in €, and that a; (x) is Lipschitz continuous in s, ..., z, uniformly in z,
and reverse Holder of infinite order in each variable x; with i # j, uniformly in the
remaining variables. We begin with some heuristics. Our goal is to use the flag
condition to construct a family of open rectangles

B(z,r) = H (xj — Bj(x,r),z; + Bj (z,7))

for z € Q, 0 < r < 6 dist (x,00), that are related to the vector fields {X; }?:1 in the
sense that there are positive constants ¢, C' such that

cBj(z,r) < sup raj(z) <OCBj(x,r), x€Q,0<r<06dist(x,00), (86)

z€B(x,r)
for 1 < j < n. Note that (86) says that the j** side length Bj (z,r) of the rectangle
B (x,r) is comparable to r times the supremum of a; over the rectangle B (z,r).
If the a; were essentially constant, this would be the maximum distance a subunit
curve could travel in the j** direction for time r, and the rectangle B (z,7) would
be equivalent to the Fefferman-Phong ball K (z,r). For us, the importance of (86)
is that it provides a key link in establishing that the rectangles B (z,r) lead to a
prehomogeneous space, as in Definition 28 above. The greedy algorithm we employ
below actually achieves the following stronger form of (86): there are positive con-
stants ¢, C' such that for every x € Q, 0 < r < ¢ dist (z,09), there is a permutation
{41,792, -, Jn} of {1,2,...,n} with j; = 1 satisfying
cBj, (z,r) < sup raj, (z) (87)
zj,=xj,,£>% and |z]'e —zj, |§B]-£ (z,r),0<i
< sup raj (2) < OBj, (x,7),
z€B(z,r) |
x €, 0<r<édist(x,00) and 1 < i < n. See Remark 24 in subsection 5.2 for a
proof of (87). Since we are assuming that the a; are reverse Holder in x; uniformly
in x3, ..., T,, it follows that
sup ra;(z) is essentially sup A;(z,7),
z€B(x,r) z€B(x,r)

and this motivates the use of A; to implement our greedy algorithm, which we now
describe.

We claim there is a sufficiently small 6 > 0, depending only on the dimension n

and Cpayx in (37), in order that the following definitions make sense. Fix € Q and
0 <r<ddist(x,00). By (39), we have

Aj(x,r) = / aj (x1 +t,29,...,2y) dt,
0

1 < j < n, so that A; (z,7) = r. Now we inductively define a rearrangement
{j2,--,Jn} of {2,...,n} and nonnegative numbers Bj, (z,r),..., B;, (z,r) as follows:
First define

Ab (CE, T) = 221;2(” Aj (CE, T) )

B (l‘,’l“) :Aj2 (z,7).
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Then for j # jo set
<I>? (x,r) = maX{Aj (z,7) t 20 — @] < xyypy (0) Bi(2,7),1 <0 < n} )

and define
(1)2

_ 2
s (T,7) = max @7 (z,7),

Bj, (z,r)= @?3 (z,7).

Assuming Bj, (z,7), ..., Bj, (z,r) have already been defined, then for j ¢ {js,..., jm},
set

O (x,r) = max {Aj (z,7) |20 — m] < xyy,

g jm}(i)Bi(x,r),lgign},

goeny

and define
" (zr,r)= max D7 (x,r),
s (@7 i#{j2sim} (@)
By, ., (x,1)= @?}nﬂ (z,7).

This inductively defines Bj, (z,7), ..., Bj, (z,r).

Note : If we assume that the vector fields {X; }?:1 satisfy the flag condition 10,
then we have the important property that B;_(z,7) > 0 for 2 < m < n and
r>0.

We now define open rectangles

B(z,r) = (x1 —r,z1+71) % H (xj — Bj (z,7),z; + B (z,71)), (88)

=2

for x € Q, 0 < r < § dist(xz,00), which we refer to as ”flag balls”. Note again
that if 6 is sufficiently small depending on Cyhax in (37), then the rectangles B (x,r)
are well-defined and contained in Q for x € Q, 0 < r < § dist (x,09). Finally, we
emphasize that the permutation {jo, ..., jn} of {2,...,n} used to define the flag ball
B (z,r) depends on both x and r, and is analogous in spirit to the choice of N-tuple
used to compute a corresponding quasimetric in Chapter 1, section 4 of [33].

2.3 Comparability with the subunit balls

Let X; = 8%1’ X; = a; (x) %, 2 < j < n, be a diagonal collection of continuous
J
vector fields. We consider in this subsection the relationship of vector fields to families

of sets,
B={B(z,r):2€Q,0<r<oco},

that are not necessarily balls arising from a quasimetric, and such that the sets
B (z,r) are not necessarily contained in . Such families include the ones with balls
B (z,r) and A (z,7) used in the proofs of Theorems 13 and 15, which turn out to be
6-local prehomogeneous and homogeneous spaces, as well as the subunit balls

K={K(z,r):2€Q,0<r <o}

with corresponding metric 6 (z,y), constructed from the vector fields {Xj}?zl by

setting Q (x,€) = 27, (X (2) - ¢)? in Definition 3. The family of balls K is generally
not a homogeneous space on §2.
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Given a family of sets B = {B (x,r) : 2 € 2,0 < r < 00, }, we define a family B
of larger closed rectangles by

Bj(z,r)= sup |z —xj|, 1<j<n, (89)
z€B(z,r)

B(.I,T):H[.Tj _Bj ($,T),$]‘ +Bj ($7T)]7
j=1

B:{E(x,r):x69,0<r<oo},

so that B (z,7) C B (z,r). The number Bj (x,r) is half the j'* "side length” of the
smallest closed rectangular box B (,7) centered at x and containing B (z, r).

Given two families of sets B and F defined for x € €, we say that B is Q-locally
contained in F, written B C F (when 2 is understood from the context), if there are
positive constants C, 6 such that

B(z,r) C F(x,Cr), z€Q,0<Cr<édist(z,00),

where B (x,r) € Band F (x,Cr) € F. We say that B and F are Q-locally equivalent,
and write B = F, if both B C F and F C B.

It turns out that the inclusion B C K is implied by the existence of the following
weak subrepresentation inequality relative to the vector fields {X; }?:1, for Lipschitz
functions f and a general homogeneous space B on : for each y € 2, 0 < r <

6 dist (y, 0Q), there is a constant C), , such that

f@=Cpl<C [ Tuf @)

—————dz, x€DB(y,r), 90
ocon Bz ()] wr), (0

where V, = (%,aga%z, ...,an%>, and d is the quasimetric for the family B of
d-balls B (x,s) with center x and radius s. Note that the integration on the right-
hand side is taken over an enlarged ball B (y, Cyr), Cy > 1. For the reverse inclusion
K C B, we assume the a; are Lipschitz continuous in s, ..., z,, and reverse Holder of
infinite order in x1, uniformly in the other variables, and we also assume the following
condition limiting the size of the vector fields X; = aj% on the sets in the family
B (which has no special structure now),

sup A (z,r) <C'Bj(x,7), B(zx,r)eB,xze0<r<édist(x,00), (91)
zeg(w,r)

for 1 < j < n, where B; (z,r) is half the jth side length of the smallest rectangular
box B (z,r) containing B (z,r), and Aj(z,7) = [) aj (x1 + t,22,...,x,) dt. Here the
inclusion obtained is actually K C B. Note that the noninterference condition 14
implies that the noninterference balls A (z, r) satisfy the size limiting condition (91).
We will see later in Lemma 66 that the flag balls B (z, r) also satisfy the size limiting
condition (91) under some natural hypotheses.

Proposition 36 Suppose X; = %, X; = aj(x) %, 2 < j < n, where the a; are
continuous in Q, and let KC be the family of subunit balls associated to the quadratic
form Q (z,&) = Z?Zl (X, (z) - €)? as in Definition 8. If the functions a; are Lipschitz
continuous in T, ..., Ty uniformly in xy, and reverse Hélder of infinite order in x
uniformly in xs, ..., Ty, and if B is a family of sets satisfying the size limiting condition
(91), then KK C B. Conversely, if B is the family of balls in a general homogeneous
space on §, and satisfies the weak subrepresentation inequality (90), then B C K.
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Remark 9 In Proposition 36, one can weaken the subrepresentation inequality (90)
even further by adding to the right-hand side the average

Cri/ IVaf (2)]dz. (92)
|B (ychT)| B(y,Cor)

While this generally results in a strictly weaker condition, the average (92) is in fact
already dominated by the right-hand side of (90) if in addition to doubling, the balls
are reverse doubling of order one:

B (z,r)] < cg IB(x,t)], z€Q,0<r<8dist(z,00). (93)

The flag balls, noninterference balls, and subunit balls all satisfy (93) since they are
weakly monotone (60) and have diameters comparable to their radii.

Proof. (of Proposition 36) We first demonstrate that K C B if (91) holds along with
the other hypotheses on a;. Fix x € Q and 0 < r < ¢ dist (z,0) with 6§ sufficiently
small. We will show that K (x,r) C B (x,Cor) for Cy a sufficiently large constant
independent of z and r > 0. Reorder variables so that B; 1 (z,Cor) < Bj (x, Cor)
for 2 < j < n. Now a Lipschitz curve () = (7, (t));;l is subunit with respect

10 .0
0as(z)*---0

to the matrix |, . . if |’y$ ()] < —=a; (v (t)) for a.e. t, and only if
00 cap (2)?

|’y} (t)] < aj (v (t)) for a.e. t. Thus we have
Kj(z,r)=sup{|v; (t) —a;| : 0 <t <7,y (1) is subunit, v (0) =z}  (94)
<sup {/ |’y$ (s)|ds : v (s) is subunit, v (0) = :1:}
0
<sup {/ a; (v (s))ds : v (s) is subunit, v (0) = JJ} .
0

Since a; is Lipschitz in zg,..., 2, and reverse Holder of infinite order in 1, « is
subunit with 4 (0) = z, and X1 52— so that Ky (x,7) =7, we have for 2 < j <n,

/Or a; (v (s))dsg/(: 105 (71 () 7o () s oes 1o (8)) = @5 (71 (5) s s ooy )| dis
+/07“ a; (v, (8),22,...,xp) ds

<ZT sup

i=2 zEKwT

8aj
o0x;

(2)

K;(x,r)+r max a;(z1,%2,....,Tp)
|z1—21|<r

<C7‘ZK xr)+C’/ a; (x1 +t, T2, ..., Ty) dt.

=2

See Remark 5 for the interpretation of sup,  x (@) . In the final inequality above,

&1
we have used that the reverse Holder condition implies the doubling condition. It
thus follows upon taking the supremum over v and summing in j that

n n

iKJ (x,r <C'7"ZZK x,T) ZAJ(JJ,T)
Jj=2 j=2

Jj=2 =2
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n

:Cr(n—l)ZKi (a:,r)—l—C’ZAj (z,7).

i=2 j=2
Now a; is reverse Holder of infinite order in z1 and so A; (x,r) is reverse doubling

inr: Aj(z,r) < C(%)DAj (x,t), 0 < r <t < oco. Thus for r small enough and
Cy large enough, by absorbing the first term on the right above, and then applying
reverse doubling, we have

n n 1
;Iﬂ(x ; (x,r Sn——l)C’/jZQA (z,Cor)

where C” is the constant appearing in (91). Thus using (91) with Cyr in place of r,
we obtain

(x,r SZ (x,r SmZA (z,Cor) < nflsz(x7COT)SBQ(x7COT)'
j=2

Recall that we reordered variables so that Bjiq (x, Cor) < B; (z,Cyr) for 2 < j < n.

We now proceed by induction. So assume that K; (z,7) < B; (x,Cor) for 2 <i <
¢ — 1. Then since a; is Lipschitz in xy, ..., z, and reverse Holder of infinite order in
1, we have for j > £ and -+ as above,

/T a; (’7 (8)> ds S /T |a‘j (’71 (8> y V2 (3) sy Y (8>) — ay (’71 (3) yeey Yo—1 (8) y Loy 7‘Tn)| ds
0 0
+/0 aj (71 (8) 5o Vo1 (8) 2, 7$n) ds

n

- (2)

D Ki(z,r) 4+ raj (71 (50) s Y01 (50) s Tty ooy )

ng sup
=0 zef((wr)

<C7‘ZK x,r +C/ aj (214 t,72 (50) s -y Vo1 (S0) , T, -y ) dE,
=0

for some sg € [0, r], where we have used that vy, (so) € [z1 — 7,21 + r]. However, since
[v; (s0) — x| < K; (x,r) < B; (x,Cor) for 2 < i < £—1, the reverse doubling property
of Aj ((w1,72 (50) Vo1 (S0) , @e, .o ) ,7) and (91) show that for £ < j < n,

C/Or a;j (w1 + 1,72 (50) s s Vo1 (S0) s ey ooy ) i
= CA; (21,7 (50) s s Vo1 (50) s Tty oy Tn) o)
< 5o A7 (21,72 (50) s Yo (50) 72, 0) , Cor)
< 5B (2, Cor)

for Cy sufficiently large. Thus
T n 1
/ a; (v (s))ds < CT’ZKZ' (x,r)+ %Bj (z,Cor),
0 i=0

and it follows upon taking the supremum over 4 and summing in j, that

n

ZK T, T <C’7“ZZK, x,r) %iBﬂ (x,Cor).
j=0

Jj=L i=¢L
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For r sufficiently small, we thus obtain that

and this completes the proof by induction.
Combining the above inequalities yields

K (z,r)=[oy —roy+0] x [l — K (@,7) 25 + K; (2,7)]
j=2
Cloy —ray+ 7] x [ ey — By (2, Cor) ,z; + B; (x, Cor)]

j=2
C B(z,Cyr),

provided Bj (z, Cor) > r, which follows from (91) with Cj sufficiently large.
Conversely, we show that B C K if B is a general homogeneous space on )
satisfying (90) and the a; are continuous in Q. First suppose that a; > ¢ > 0 for
2 < j < n,and some € > 0. If § (x,y) denotes the subunit distance function, and if
we fix y € Q, 0 < r < 6 dist (y,00), and set f(x) = (x,y), then (4) shows that f
is Lipschitz continuous since
[z — 2|

[f (@) = f(2)] < 6(x,2) < ;

3

where the final inequality follows upon considering the subunit curve

t) = —t(z—2), 0t ——m,
YO =at oG, o<
joining x to z. From the weaker version of (90), with (92) added to the right-hand
side, we obtain

6(2,y) — Cyul < C Vaf (2)] o H82) g, (95)

B(y,Cr) |B($,d($,2))|
for z € B (y,r).
We now claim that

Vof ()| <v/n  ae.x, for f(z)=25(z,y). (96)

This was proved in [12] and [11] with a larger constant and in the sense of distri-
butions. Here we give an alternative simpler proof. Indeed, for 1 < j < n and
B < 1, the curve v, (t) = x + Bta; (v)e; is subunit for ¢ sufficiently small since
v (t) = Ba; (v) e; and [Ba; (v)| < a; (z + Bta; (z)e;) for small ¢ by the continuity
of a;. Thus ¢ (xz,x + Bta;j (x)e;) < [t| for ¢ small, and since ¢ is a metric,

f(z) = [ (x + Bla; () ;)

o |y
90, 0) 5 )] = iy t
< Jimsup 5($,w+ﬁtmj () e;) <1,
t—0

[V

for 5 <1and 1< j <n. Thus |V,f(z)| = (Z;-l_l ‘aj (z) a%% (m)r)_ < /m.
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It now follows from (95) and the inequality

d(z,2) ,
——————dz<(C'r, x€B(yr), (97)
~/B(y,Cr) |B(£L‘7d(.’L‘7Z))‘
that
0 (z,y) = Cyr| <Cr (98)

for x € B (y,r). To see (97), we note that B (y,Cr) C B (x,7Cr) by the engulfing
property of the balls, and so we compute

d(z,2) ; d(z,z) »
/B@,m) Bwd( )" </B<x,m> B@d@ )"
d(z,z)

- __&z) g,
jgo /B(w72_j'yCT)\B(w72_j_1'yCr) |B (.’L‘, d (.I, Z))‘

e 2=i~nC . .
<> = )l | B (2,2777Cr) \ B (2,277 19Cr)|

= |B (x,277=1yCr
<7C222 Ir=C'r
§=0

by the doubling property ’B (:c, 2‘%/6’7‘)’ <C }B (3:, 2_1_17Cr)|. Continuing with
(98), we thus obtain

6(.T,y) = 5($,y) _6(yay) < |5(.’E,y) - Cy,’r‘

for x € B(y,r), and so B(y,r) C K (y,Ct) for 0 < r < t with a constant C
independent of 0 < € < 1.

It remains to prove the general case. Given aj, define a5 =a; + ¢ for 0 <e < 1.
Then (90) remains valid uniformly in 0 < ¢ < 1 for aj in place of a;, since neither
the balls B nor the quasimetric d vary with . If we denote the corresponding
subunit balls by K¢ = {K®(y,r) :y € 2,0 <r <1}, then we have proven above
that B C K¢, i.e. B(y,r) C K¢ (y,Cr), uniformly in € > 0. We now show that

No<e<1 K (y,7) C Nocec1 K (yv Vnr + 5) .

To prove this, let © € Np<e<1 K° (y,7). Then for every 0 < e < 1, there is a Lipschitz
curve ¥° (t) = (75 (t));;l satisfying (note that we may stop the curve ¢ as soon as
it hits x)

+ |(S (yvy) - Cy,r| <Cr

Since the a; are bounded, the family {v°(¢)}, .., is equicontinuous, and there
is a continuous curve « (¢) and a sequence {&;};~, with lim; .. &; = 0, such that
lim; oo 4% () = - (¢) uniformly for ¢ € [0,7]. It follows easily that ~ (¢) is Lipschitz
and satisfies



where the third line follows by considering a fixed difference quotient and letting
1 — 00. Indeed,

vj(t+h)vj(t)‘
h

Vit 4+ h) =5 (@)
h
<lim inf {a; (v* (t + c;h)) + &5}

=a; (y(t+ch))

for some 0 < ¢ < 1 upon taking a further subsequence such that ¢; — ¢, and
using the uniform convergence of 4 to v along with the continuity of a;. Now
let h — 0 and use the continuity of a; again to obtain |7} (t)| < a; (v (t)). Thus
6(z,y) < ryn <ryn+eforall e >0, and we're done. Observe that the sharper
containment

= lim
1—00

No<e<1 K€ (y,7) C Nocec1 K (y,7 + )

2 . .
, as is done in

2
can be obtained by considering (Z?Zl v (t) £j> in place of h; (t)
the proof of Lemma 50 below.

Remark 10 The proof of Proposition 36 actually yields a bit more. To describe
this, we introduce the family of rectangles K* = {K* (z,r),x € Q,0 <r <1y}, not
necessarily arising from a homogeneous space, that are related to the subunit balls
K ={K (z,7)} as follows. Define

K (z,r) = sup {/07’ a; (v (s))ds : v (s) is subunit, v (0) = ZE} ;
K* (z,1) = H [ — KJ (z,7),2; + K} (z,7)],
j=1

forx e Q, 0<r<6dist(x,00), so that by (94) we have
K (z,r) C K (x,r) C K* (z,7), €Q,0<r<§dist(zx,00).

The first half of the proof of Proposition 36 shows that if the size condition (91) holds,
along with the other hypotheses on a;, then K* C B.

Remark 11 Proposition 36 admits a more general extension to continuous quadratic
forms Q. Let IC be related to Q as in Definition 3.

1. Then B C K if B is a general homogeneous space of balls B (xz,r) with quasi-
metric d (z,y), and Q (x,€) is a continuous nonnegative semidefinite quadratic
form satisfying the weak subrepresentation property that for each y € Q, 0 <
r < 6 dist (y,08), there is a constant C,,, such that

f@-Cul<e [ IV Gl g

— = —dz, xz€B(yr),
B(y,Cor) x,d(x,z))| ( )

for all f Lipschitz on B (y,r).

2. Conversely, let Q(x,&) = £'Q(x)& = szzl qij (v) §;€; with qu1 (v) = 1 and
set Aj (z,r) = for gjj (X1 +t, 29, ..., xp)dt, 1 < j < n. If the diagonal entries
gj; are Lipschitz continuous in x, and reverse Hélder of infinite order in x;
for i # j uniformly in the remaining variables, and if B is a family of sets
satisfying the size limiting condition (91), then IC C B.
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The first assertion in the remark is proved as in Proposition 36, but using eigen-
vectors and eigenvalues of @ () as in the proof of Proposition 51. As for the second
assertion, the proof in Proposition 36 shows that /Cdmg C B where Kdiag denotes the
subunit balls corresponding to the diagonal form Qgjag (,&) = > =1 (x )5 Now

Kc /Edmg follows from the inequality Q (z,£) < nQagiag (z,§):

n

€Qe=Y" (5e) Q(&e5) < _Z

i,j=1

{(Ge) Q(gie) + (€05) Q (¢15) } = 1€ Quiag

l\DlH

2.3.1 Examples

We begin this subsubsection with a pathological example that graphically illustrates
the breakdown of Sobolev and Poincaré inequalities for the subunit balls when con-
tinuity of the vector fields is violated.

Example 37 Let n =2 and set a1 =1 and az (v1,72) = Xg (1), where Q denotes
the rational numbers. Then the flag balls degenerate to horizontal line segments, the
divergence form operator L = 8%1‘118%1 + %@% = % fails spectacularly to be
subelliptic, and yet the subunit balls are equivalent to Fuclidean balls. Indeed, the
curves

t— (CEl +t,$2)

are subunit for all x € R x R, and the curves
t— (r1,22 + 1)

are subunit for oll x € Q x R. Any two points x and y can thus be joined by a
subunit curve of length |x1 — y1| + |x2 — ya|, by proceeding horizontally from (x1,x2)
o0 (q,x2), where q is rational and lies between x1 and yy, then vertically from (q,x2)
o0 (q,y2), and finally horizontally from (q,y2) to (y1,y2)-

The difficulty in the above example is that the vertical subunit curves cannot be
perturbed in the horizontal direction, since as fails to be continuous anywhere. This
precludes the possibility of a subrepresentation inequality for f () with absolutely
continuous kernel.

The following example of analytic vector fields in R? satisfies the flag condition
with m = 2 and #Z; = 1, but the rectangular boxes A (z,r) fail to satisfy the
engulfing property, and hence fail to satisfy Definition 14 as well.

Example 38 Let

With y = (0,y2,0), 0 < yo < 1, we have
A2 (yvr) :/ az (tvaaO) dt:’f‘s,
0

A3 (y7 ’I") = / as (tv Y2, O) dt = Tg + ygr
0

49



Then the rectangular boxes A ((0,0,0),r) and A ((0, r3, 0) ,7“2) are given by

A((Ovoﬂo) 7T) = [_Ta T] X [—7’3,7“3} X [—r97r9} ,

A ((077“3,0) 77‘2) = [—r2,r2] X [7“3 — TG,T3 + 7“6] X [—r8 — 7‘18,7“8 + 7“18} ,

and neither is contained in a fixed multiple of the other, uniformly in 0 < r < 1,
despite having nonempty intersection. On the other hand, one easily computes that
for 0 < yo < r, the flag balls B ((0,y2,0),r), which do satisfy the engulfing property,
are comparable to the rectangular bozes

[—T, r] X [yz — 7"3, Y2 + 7‘3] X [—y%r — r7,y§r + r7] .

3 Proof of the general subellipticity theorem

The purpose of this section is to prove Theorem 6 by the Moser iteration method.
We begin by establishing in subsection 3.1 a reverse Sobolev inequality of Cacciop-
poli type for weak (sub, super) solutions u to (22). Building on an idea of Taylor
[44], our approach is to compute the equation satisfied by u®, 3 € R, and then esti-
mate its energy. Then in subsection 3.2 we will use our homogeneous space structure
with doubling (13), the Sobolev inequality (15), and the ”accumulating sequence of
Lipschitz cutoff functions” condition (20) to iterate the reverse Sobolev inequality
against (15) to obtain local boundedness of weak solutions. In subsection 3.3 we in-
voke the Poincaré inequality (17) and the John-Nirenberg theorem on homogeneous
spaces to obtain a strong Harnack inequality for nonnegative weak solutions. Finally,
following Moser, who followed De Giorgi, we iterate the Harnack inequality in sub-
section 3.4, and use the containment condition (11), to obtain Holder continuity of
weak solutions to (22).

Proof. (of Theorem 6) Let L = V'B (z) V where B (z) satisfies (27), and consider
the linear operator
L=L+HR+S'G+F

where R = {Ri}ivzl and S = {Si}fil are collections of vector fields subunit with
respect to B (x), and F, G = {Gi}fvzl and H = {Hl}f\;l are measurable functions.
We must show that there is

a=a(K,&ep,q csym; Csym, Ng) >0
such that every weak solution u of the equation
Lu=f+Tg (99)
in Q satisfies

lllconaey < € (K22 @ Coymns Cogms Nas N Nl 2y ) (100)

for all compact subsets K of 2, inhomogeneous data f and g = {gi}i]\il satisfying
(24) and operator coefficients F', G = {Gi}f\;l and H = {Hl}fil satisfying (23) for
some ¢ > Q = max {Q*, 20"}, and collections of subunit vector fields R = {Ri}fip
S = {Si}ijil and T = {TZ}ZI\;1 Here ¢ is as in (11), p > max{20’,4} is as in (20), o
is as in (15) and Q* is as in (9). Recall the definition of a classical weak (sub, super)
solution:

50



solution
Definition 39 A function u € W12 (Q) is a weak | subsolution | of
supersolution

Lu+HRu+S'Gu+ Fu=f+Tg (101)

n Q if

_/<VU)/ BVw-i—/(HRu)w—i—/uGSw—i—/Fuw

/fw+/gTw, (102)

INIV

for all nonnegative w € W, ().

In the case of a weak solution, we may equivalently test (102) over all w €
VVOI’2 (Q). Here the juxtaposition of vectors in HR, GS and gT means Zf;l H;R;,
Zf\il G;S; and vazl 9:T; respectively. Note that the integrals in (102) converge
absolutely since u € W2 (Q), w € I/Vol’2 (), together with the Sobolev inequality
(15), imply that

u€ L% () ,w e L* (), (103)
and so by Holder’s inequality,
uww € L7 (),

while our assumptions on the coefficients and data imply

F feLl’ (Q), (104)
G,Hgel* (0,

which by Hoélder’s inequality yields
Gu,Hw € L* (). (105)
Throughout this proof, we often use the notation

(U, W) =U'BW,
Ul =(U,U)2,

where the underlying matrix is always assumed to be B as in the operator L under
question. Note by (27) that ||U|> ~ Q (z,U) = [Ullg where |- is given in (14).

Remark 12 For the notion of weak solution we are using here, namely that of a
solution u € W2 (Q) with test functions w € WOI’2 (Q), we can significantly relax the
conditions on the data in order to make sense of (102). In fact, the usual Sobolev

_2n_
embedding theorem in Euclidean space shows that u,w € Wh2(Q) C L2 (Q) for

loc

n > 3, and so we need only assume f, F € ngoc () and g,G,He L] () forg=n
(and q > 2 in the case n = 2). Note that since the balls B (x,r) in our homogeneous

space are by hypothesis contained in the Euclidean balls D (x, %), we have

car™ = |D (2, 2)] 2 |B (2,7)] = e
C
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for any q¢ > Q, and it follows that @ > n. In the appendiz, we will consider other
notions of weak solution to (99), in particular that of u € Wé’z (Q) with test functions

in (Wé’Q)O (Q). Here Wé’Q (Q) denotes the completion of Lipy () under the norm

2 2 %
W || 151,2 = w|” + ||Vw }
oy = { [ (10 + 170l)

The integrals in (102) also make sense in this setting by the argument given above
using (15), (23) and (24). However, the gradients of elements in Wé’2 are no longer
functions, but rather certain Cauchy sequences. Further details are in subsection 6.7
of the appendiz.

3.1 )W-weak solutions and admissible compositions

We will employ an equality (see (117) below) which shows that certain nonlinear
operations on (sub, super) solutions to an equation yield (sub, super) solutions to a
related equation, but with a weaker notion of (sub, super) solution than the classical
one in Definition 39. We begin by introducing this weaker notion of weak (sub, super)
solution. We emphasize that this weaker definition, and the variant that follows, is
used only in the course of implementing Moser iteration in this proof, and does not
appear in statements of any theorems or propositions.

Definition 40 Let W be a subset of the nonnegative elements in VVOL2 (). We say
solution
that a function u € W2 (Q) is a W-weak | subsolution of the divergence form
supersolution
equation (101) if the the integrals in (102) are absolutely convergent and the indicated
(in)equality holds for all w € W.

We also need a corresponding notion of W-weak sense for more general equations
(inequalities) of the form

7, (106)

=

X

)
AV I

where F is a function, G = (G1,...,Gn) and H = (Hi,..., Hy) are collections of
functions, and 7’ = (7/,...,7;) is a collection of transposed subunit vector fields
(with respect to the matrix B (z)). The precise properties imposed on these functions
and vector fields will be described in Definition 41 below. The relation (106) includes
equations such as (116) below. Indeed, as we will see, F can include expressions of
the form A" (u) (Tu) g + h” (u) |Vul/?, while Z;\Ll H;7/G; can include expressions
of the form TV (1 (u)g) — S’ (W' (u) uG) with H; = 1, as well as A’ (u) Lu. For the
latter, let N =n, H; = h' (u), T; = % and G; = [B(z) Vul;, the §" component

of the vector B (x) Vu. The classical meaning attached to the relation (106) in the

weak sense is that
N
> [ Twng | =) [wr (107)
=i/e Q

holds for all nonnegative w € VVO1 2 (Q), provided the functions F,G,H and vector
fields 7 in (106) result in absolutely convergent integrals in (107). We generalize this
as follows.

INIV I
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Definition 41 Let W be a subset of the nonnegative elements in Wol’2 (). Then
we say that (106) holds in the W-weak sense if the integrals in (107) are absolutely
convergent and the indicated (in)equality holds for all w € W.

Note that Definition 41 generalizes Definition 40 in the sense that u € W2 (Q) is
solution
aW-weak | subsolution | of the divergence form equation (101) if and only if (101)
supersolution

holds in the W-weak sense. The point of introducing the notion of W-weak sense
for the more general equations (inequalities) (106), is that the equations satisfied by
nonlinear functions of solutions u to (101), such as (111) below, are no longer of the
standard divergence form given in (101).

Now let u € W12 (Q). We will compose u with nonlinear functions h of the
following ”admissible” form.

Definition 42 Let I be an interval and h € C* (I)NC3,, (I) be positive and monotone
(i.e. either nondecreasing on I or nonincreasing on I), where ng (I) is the space of
piecewise twice continuously differentiable functions on I. The function h is said to
be admissible on I if there is a positive constant C' such that

[0 (@), |h" )], th" ()| <C, tel. (108)

Moreover, given u € W2 (Q), we say that h is admissible for u if h is admissible on
some interval I containing the range of u.

We emphasize that the constant C' in (108) is qualitative only, and does not
appear in any estimates for solutions to equations. If A is admissible on I, then in
particular h satisfies

0<h(t)<C1+t]), (109)
[h () R (£)] < C (I" (8)| + [th" (t)]) < ',

for t € I. If h is admissible for w, it follows that @ (z) = h(u(z)) lies in W12 (Q)
since € is bounded (see e.g. Lemma 7.5 in [14]).

In the sequel we shall use three different subsets W of the nonnegative elements
in WO1 2 (©). These are conveniently summarized in Remark 14 below, and we define
the first of these now. We claim that if h is admissible for v and

Mu;h] = {w eW,?(Q):w>0and & (u)w e Wy (Q)}, (110)

then
Lu = K (u) Lu+ h" (w) |Vul]® (111)

holds in the M [u; h]-weak sense. According to Definition 41, this means that

—/[Vw]’ BV = —/[v (wh' (u))]’BVu+/wh“ (w) |[Vul?, (112)

and where the integrals on the right are absolutely convergent, for all w € M [u; k).
First note that all three integrals in (112) are absolutely convergent since Vu € L? (Q2)
and w, wh' (u) € W,'* (Q), which implies wh” (u) Vu € L? (Q): the product rule (see
e.g. (7.18) in [14]) yields

wh” (u) Vu =V (wh' (u)) — (Vw) b (u) € L* (). (113)
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The integral equality (112) follows from the product rule and chain rule upon noting
the absolute convergence of the integrals involved:

/ [V (wh' (u))] BVu= / B (u) [Vw) BVu + / w[V (k' (u))] BVu
= / [Vw)' BVh (u) + / wh' (u) [Vu) BVu

:/[vw}’BvaJr/wh” (u) [Vu*

We will also need the two equalities (recall that juxtaposition of vectors implies
the dot product)

b (u) T'g=T" (h' (u) g) + 1" (u) (Tu) g (114)
B (u)S'Gu=S" (k' (u) Gu) + h" (u) (Su) Gu

in the usual weak sense for G,g € L™ (Q): if we write U = T and h = g for the
first equality, and U = S and h = Gu for the second, then the weak sense has the
meaning

/w (0 (u) U'h) = / Uwh' (u) - h
:/h’(u)Uw~h+/wh”(u)Uu~h
_ / wU' (I (u) h) + / wh' () (Uu) - h,

for all nonnegative w € W, % (). Note that the two integrals on the right-hand side
of the middle line are absolutely convergent in both cases. Indeed, in the case n > 3,
U= Tandh =g, then w e W22 (Q) ¢ L25) (@) and g € 12(3) (Q) implies
wg € L?(Q). Thus the second integral [wh” (u) Tu - g is absolutely convergent
since A" (u) is bounded and Tu € L?(Q2). If U =S and h = Gu, then wG € L? (Q2)
as above, and the second integral f wh” (u) Su - Gu is absolutely convergent since
uh' (u) is bounded and Su € L? (). The first integral is also absolutely convergent
in both cases. Similar comments apply when n = 2 using that G,g € LY for some
q > 2.

We are now ready to compute the equation satisfied by a nonlinear function of
a weak solution to (99). Let u € W12 (Q), h be admissible for u and set @ = h (u).
Then from (111), we have in the M [u; h]-weak sense,

L+ HRG = /' (u) (Lu + HRw) + h" (u) | Vul|”. (115)

Now assume in addition that u is a weak solution of (99) or (101) in . Combining
the above equalities (111), (114) and (115), we obtain that
Lu+ HRu (116)
=1 (u)(f +T'g — 8'Gu— Fu) + 1" (u) | Vul?
= (u) f+ T (' (u) 8) + " (u) (Tu) g + " (u) | V[
—S" (W (u) uG) — h" (u) (Su) Gu — uh’ (u) F

in the M [u; h]-weak sense with M [u; h] as in (110). Indeed, the integral form of
(116) follows using first (102) with w replaced by wh’ (u) € W,* () if ' > 0,
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otherwise use —wh’ (u), and then (112) to obtain

- /wh (u) f — /T(wh’ () g +/wh’ (u) HRu+/S (wh’ (1)) Gu +/wh’ (u) Fu
= [ 1V twh () B
= [1vul' BV [ )T,

and finally applying (114) (which justifies the product rule) to the second and fourth
integrals on the left. Thus if we define the operator

L=L+HR+SG+F

where

and let _
f=r@f g=h(ue,
then in the sense of Definition 40, w = h (u) is a M [u; h]-weak solution of the equation
Li=f+Tg+h" (u)||Vul>+@ (117)
in 2, where
® = 1" (u) {(Tu) g — (Su) Gu},
and M [u; h] is as in (110). We remind the reader that for w € M [u; h] the integral
Jw® = [wh” (u) {(Tu) g — (Su) Gu} is absolutely convergent since
[wh"” (u) (Tw)|, [wh” (u) (Su)| < VN [wh ()| |Vul| < C wh” (u) Vul
which is in L? (Q) by (113), and since g and Gu are in L? (2) by (104) and (105).
Remark 13 Suppose that uw € W2 (Q) and h is admissible for u. If u is a weak
subsolution . , > ,
<supersolution) of (101) in Q and b/ (u) (§> 0, then the term h' (u) (Lu + HRu)
in (115) satisfies
R (u) (Lu + HRu) > ' (u) (f + T'g — S'Gu — Fu)
in the M [u; h]-weak sense, and so u is a M [u; h]-weak subsolution of (117) in €,
where M [u; h] is as in (110). Similarly, if u is a weak ( subsolution ) of (101)

supersolution
< ~
in £ and A’ (u) <;> 0, then w is a M [u; h]-weak supersolution of (117) in Q. Note

that the case of a weak solution of (101) is included here since h' has only one sign.

: . e luti
In the above, we have shown in particular that if u is a weak subsolution )

supersolution
of (101), h is admissible for v and A’ (u) > 0, then uw = h(u) is a M [u; h]-weak
subsolution
<supersolution
evident from the first equality in (116), where it is required that w € M [u; h] satisfy

of (117). The subset M [u;h] is maximal for this purpose as is

/ {wh’ (u) (Lu + HRu)} = / (wh' () (f + T'g — §'Gu — Fu)} .
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However, in applying Moser iteration to u, we will see below that we do not need

the full force of the conclusion that @ is a M [u; h]-weak ( SUbSOIHtl(.)n > of (117),
supersolution

but only that @ is a & [u]-weak ( subsolutl(?n ) of (117) where the subset & [u] of
supersolution
"energy test functions” associated to a nonnegative u is given by
S = {¢2u pe OO (Q)} . (118)

To see that & [@] is a subset of M [u; k], we must show ¥*% € M [u; h] for ) € C* ()
and U = h (u), i.e.

V?h (u) 2 h (u) B (u) € W32 (), if h is admissible for u and ¢ € Cy'' ().
(119)
We've already observed after (109) that 12 (u) € Wy '? (€2), and thus we have

VPh(u) ' (u) € L? ()
since h' (u) is bounded. Moreover,
|V (4R (u) B ()| < [200h (u) B (u) Ve |+ 02 (u w‘+|¢ u) B (u) Vu| € L2 (Q)

by (108) and (109). This completes the demonstration that & [u] C M [u; k] if h is
admissible for u and @ = h (u).
3.1.1 Energy sub and super solutions

Now let u € W12 (Q) and @ = h (u), where h is admissible for u, and suppose that

subsolutu?n ) of (117) in €2, which we sometimes refer
supersolution

to loosely by saying that u is an energy (sub or super) solution of (117) in Q. Let
¥ € CP' (Q). Then from the integral form of (117) we obtain

[ (vt veth) + [ v [vul? (120)

( ) /fw Z/gz 3 (VPR (u)) +le/(HiRih(u))¢2h(u)
—Z/h(u) G.S: (2 (u) +/ﬁh (u) b (1)
- [ @ {(Twg - (Su) Gu}.

The left side of (120) equals

u is a positive &€ [u]-weak (

/ O () (Va, Vi) +2 / Wh () B () (Va, Vi) (121)
4 / 2h () B (u) |V
_ / T () [Vl + 2 / (6T (), h (u) V)

where
T () = I () + h () B (1) = (%h(t)Q) .
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The first term 7 = [ 4°T (u) V|| on the right-hand side of (121) will turn out to
be the main term in (120) in our specific calculations below. Indeed, for the functions
h(t) that we consider, either I'(£) > 0 everywhere (i.e. h(t)* is strictly convex),
or I' (t) < 0 everywhere (i.e. h(t)? is strictly concave), and in either case, all of the
remaining terms in (120) and (121) have absolute value dominated by the sum of a
small multiple of |7, a small mutiple of [*h/ (u)? |Vu||?, and a large multiple of
integrals involving no derivatives of u. In preparation for proving this, we establish
the following inequalities.

For 0 < € < 1 (this ¢ is not related to the € in the containment condition (11)),
we can estimate the last term on the right side above by

‘/‘th )vwﬂ  [@Vh@, oV @)+ [ @ Vo k@ TY)
= [ @ I9ulP 4 [ hw? Ve,

The three terms involving a sum Zil on the right side of (120) can be estimated
by dominating

] [ar, (wh(u))] = \2 [ @ @)+ v @2 @

[r? @er+ [ g

+e/¢h' (Tiu) +5—1/¢h'
< [n@? vl + [ v @?e?
AN 2 2 —1 277 2 2
+e/¢ W (w)? |Vl + ¢ /¢ B ()
since (Tyu)® < |Vul* and (Tjy)? < ||V follow from the hypothesis that T} is
subunit; similarly,
’/h(u) G:S; (¥*h (u))
2 2 297 2 22
< [n@? vl + [ v e

te / G ()2 [V + & / G () u2G2,
'/ HR h

<€/w B (w)? || Vul? +€71/1/1
since R; is subunit.

We now consider the final term on the right-hand side of (120). Here we use
|hh"| < T + |h/\2 to obtain

by

since S; is subunit; and finally

\ [nn @ (Twg - (8w Gu}

< g/sz |h (u) B (u)] {|TU|2 + \Su|2}
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et [ n” @] {lef + G}
<aNe [0 (I0 @]+ i @) [Val®
et [ n” @] {Jef + IGPv?)

Now let u € W12 (Q) and @ = h (u) where h is admissible for u, and assume that
u satisfies at least one of the following;:

i. T'(t) >0 on I and @ is a & [u]-weak subsolution of (117) in 2,
ii. I'(t) <0on I and w is a & [u]-weak supersolution of (117) in €.

Then for 0 < € < 1, we obtain by combining the above estimates that
/qﬁ (1= 2Ne) [T ()] = (BN + 1) e’ (@)?] T (122)
<(2N+¢&7) /h(u)2 [Vy]* + &7 /wzh(u)QHQ
+/w2h(U)|h' (u)] \f|+/¢2h(U)\h’ (u)] [uF|
+/w2 {ee)w @+ ) r” @)} (g +167 2).

3.1.2 Energy solutions with h a power function

Although there will be technical difficulties to be overcome, we wish to apply inequal-
ity (122) with h = hg for 8 € R\ {0, 5}, where hg (t) = t°, ¢t > 0, to a positive weak
solution u of (99) or (101), and in addition, to certain positive weak subsolutions and
supersolutions. Noting the important property that

_ 1
:25 lh,ﬁ(t)z{>0 for ﬁ<07§>2

L) 8 <0 for 0<p

b

1
2

subsolution )

we want to apply (122) with h = hg when u is a positive weak (supersolution

1
of (101) and (g z i) Moreover, in the proof of our local boundedness result,
2
Proposition 44 below, we will need to exploit the more general fact that if b’ (u) > 0,
then @ is a & [u]-weak subsolution of (117) for a A [u]-weak subsolution u of (101) in
Q, where the subset A [u] of ”admissible test functions” associated to u is given by

Al) = {0?h () (u) v € CJ (@), his admissible for w and B >0}, (123)

The notion of A[u]-weak subsolution is more general than weak subsolution since
Alu] € Wy (Q) by (119). We need the following lemma.

Lemma 43 Suppose u is a A [u]-weak subsolution of (101) in 2, h is admissible for
w and ' (u) > 0. Then uw= h(u) is a positive £ [u]-weak subsolution of (117) in Q.

Proof. (of Lemma 43) Just as in Remark 13, we see by examining the first equality
in (116) that @ = h (u) is a & [u]-weak subsolution of (117) in  provided

/ {wh' (u) (Lu + HRu)} > / (wh' () (f + T'g — §'Gu — Fu)}
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for all w € €[], i.e. w=1b*h (u) for b € C* (Q). This inequality however, follows
from the assumption that w is a A [u]-weak subsolution of (101) in €. This completes
the proof of Lemma, 43.

Remark 14 In order to describe appropriate notions of W-weak solution and VV-
weak sense of equations, we have introduced in (110), (118) and (128) three subsets W
of the nonmegative elements of Wy'> () that are associated to a function u € Wb (Q)
(and in the first case to an admissible h as well):

M [u; h] = {w eW,2(Q):w>0 and I’ (u)w € Wy (Q)},
£ u) = {wu 1p e OO (Q)} :
Alu] = {th (u) h' (u) : ¢ € CIM(Q), h is admissible for u and h' > 0} :

We summarize here the basic properties of these subsets and their relation to standard
Moser iteration. If u is a weak solution to (101), then M [u;h] is the maximal subset
W such that u = h (u) is a W-weak solution to (117). The set of energy test functions
& [u] is the minimal subset W such that the Caccioppoli inequality (122) holds for V-
weak solutions u = h (u) to (117) when uw € W12 (Q) and h is admissible for u. The
set of admissible test functions Alu] is the minimal subset W such that W-weak
solutions u to (101) enjoy the property that w = h(u) is a & [u]-weak solution to
(117) for all h that are admissible for w. In standard versions of Moser iteration,
one uses test functions w = Y>h (u) h' (u) from the class Alu] directly in equation
(101), with special choices of h. For example, h(t) = t? yields w = ¢*u?’~! and

h(t) = y/2log 2 yields w = * (u +m) .

However, as mentioned above, there are difficulties to be overcome in applying
inequality (122) with h = hg. The difficulties are related to the fact that hg is not
in general admissible for positive u in W12, We now assume in addition that u (z)
is bounded below by a positive constant m. Then for § < 1, h% is bounded and
Lipschitz on [m, oc), the range of u. In order to deal with the fact that hj; fails to
be bounded and Lipschitz on [m, co0) when § > 1, we use the technique of truncating
derivatives of the power function ¢’ (e.g. as in Theorem 8.15 of [14]). For 3 > 1 and
M >0, let

hiy ar (£) = 8, 0<t<M
.M MP 4+ 3MP=1(t — M), t > M ’

and for convenience in notation, let hgar (t) = hg (t) for 8 <1 and M > 0. Then
the functions hg ps are admissible on the intervals [m, oo) for all 3 € R, M > 0 and
m > 0.

Motivated by the above concerns, we record that for u € W12 (Q) and u =
hg.u (w),

(a) When 3> 1 and u is a positive A [u]-weak subsolution of (101), we have
that I' > 0 and that u is a & [u]-weak subsolution of (117) by Lemma 43,
since hj 5, > 0. Thus assumption i above holds.

(b) When 0 < 3 < % and u is a positive weak supersolution of (101), we have
that I' < 0 and that @ is a & [u]-weak supersolution of (117) by Remark
13, since h'ﬁ u > 0. Thus assumption ii above holds.

(c) When § < 0 and u is a positive weak supersolution of (101), we have that
I' > 0 and that u is a & [u]-weak subsolution of (117) by Remark 13, since
5. < 0. Thus assumption i above holds.
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We summarize our assumptions on u, bounded below by a positive constant, and
G, not equal to 0 or %, as follows - one or more of the following three conditions
holds:

u is a positive weak solution of (101) in
u is a positive A [u] -weak subsolution of (101) in Q and 8 > 3 . (124)
u is a positive weak supersolution of (101) in © and 8 < %

We could generalize the third assumption in (124) by requiring merely that u be a
positive A~ [u]-weak supersolution of (101) in Q and 3 < %, where

A" [u] = {w2h (W) I (u) : ¢ € C(Q), h is admissible for u and A’ < 0} ,
but will refrain from doing so since we will not need it. We also compute that

T (u) = hi (u)® + hgar (w) hig ap (W) = ng ar (w) hig ar (u)®,
where
(t) = Bl o<t<Morp<1
Me,M ) = 1, t>M and (3> 1
Then by the above discussion, (122) holds with h = hg as when u satisfies (124) since

R (t), " (t) and th” (t) are all bounded and since the signs of I and hj; ,, are in
accordance with (a), (b) and (c) above, so that either (i) or (ii) holds. Now let

{5}

and choose € so that (1 —2Ne)ug — (5N +1)e = %M,e- For 3 # 1, we have pg >0
> 0, and we compute that the left-hand side of (122) satisfies

— laTc)
and € = yoxraraNy;

[0 [0 2ne)r @l = 6N + Dt ] [val®
= [0 (1= 2N6) g ()] = (BN + 1) ] iy ()7 |Vl
> /wz [(1— 2Ve) y — (B + 1) ] Wy p ()7 ||Vl
=t [ VHaar (P [Vl
Thus (122) yields
ghs [ 03Hyar 7 [Vl (125)
<0 (1e57) [ haar @ {19017 + o )
+ [ 0*ha () B ()] 11+ ul P
+0 (14 115" /zp Woar ()% + [hg,ar () W ar ()]} (Ief” + 0GP .

Now let M — oo in (125) to obtain that (125) holds with hg in place of hg ar. To see

2
this, we note that for § > 1, each of the functions 73 ,/, , (hfg M) and
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‘hg, M (u) hg M (u)’ increases as M increases to 0o, and so the monotone convergence

theorem applies.
Altogether then, since f@/)Qh’ﬁ (w)? || Vul|* = [® ||Vu5||2, we have

[ v (126)

<0 (1e?) [ {I90)? + o )

25" 181 [ (1 + ulP)
40 (32+18) (1+25%) [ 0202 (1gf + 2 GP).

whenever 1) € 0871 (), B € R with 8 #0,2 5» and u is bounded below by a positive
constant and satisfies (124). Note that we are not assuming that the right side of
(126) is finite at this point.

3.1.3 Inhomogeneous equations

In order to handle the terms involving f and g on the right side of (126), as well as
allowing u to be merely nonnegative, we will want to apply inequality (126) (with
weak solution
appropriate restrictions on ) to a positive | A [u]-weak subsolution | @ =wu+m(r)
weak supersolution
of the equation

Lu=f+m(r)F+Tg+Sm(r)G (127)
in Q, where L =L+ HR + S'G + F and
m(r) = mgy (r) =" || flls +"llgll, , (128)

and n > 0 satisfies ¢ (1 — 1) > Q. The result of this application will be the following
variant of (126):

[ v (120)
<c(1+w?) [ {Ivul? +o* 1)
oy |ﬂ|/w2 2071 (|f 4 m (r) F| +7|F)

40 (32 +18) (1+25%) [ 032 (1gf +1m (1) G +7 GP)

In the case m (r) = 0, we use m > 0 and then let m — 0 at the end of the argument,
thus ensuring that at all times, u is bounded below by a positive constant. Now if u
satisfies

u is a nonnegative weak solution of (101) in €
u is a nonnegative weak subsolution of (101) in Q and 8 > 1
u is a nonnegative weak supersolution of (101) in  and 3 < 1

)

then it is easy to see that

7 is a positive weak solution of (127) in Q
7 is a positive weak subsolution of (127) in  and 3 > 1
W is a positive weak supersolution of (127) in Q and 8 < 3
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However, if u merely satisfies (124), then a problem arises with the middle assumption
there, namely that if u is a positive A [u]-weak subsolution of (101) in €, it does not
necessarily follow that @ is a positive A [u]-weak subsolution of (127) in Q. The
difficulty is that the collection of test functions changes from A [u] to A [u]. Thus for
m > 0, we consider the equation

L(u+m)=f+mF+Tg+SmG, (130)
and will now assume that u satisfies one of the following four assumptions with
5#0,5:

u is a nonnegative weak solution of (101) in
u is a nonnegative weak subsolution of (101) in Q and 8 > 3
u+m is a positive A [u 4+ m]-weak subsolution of (130) in  for all m >0, and 8 > §
u is a nonnegative weak supersolution of (101) in Q and 8 < 3

(131)
We note that the second assumption in (131) implies the third since if u is a nonneg-
ative weak subsolution of (101), then u 4+ m is a positive weak subsolution of (130),
and then u 4+ m is a positive A [u + m]-weak subsolution of (130) since A [u + m] C
W,y (Q) by (119). We are including the second assumption in (131) explicitly so as
to emphasize the third, which is used only in the proof of Proposition 44. Note that
if the third condition in (131) holds, then the choice m = m (r) shows that @ is a

A [a]-weak subsolution of (127), and hence that (129) holds as desired.
Using ! <m ()", we obtain from (129) that for 8 # 0, 1

L
[ ew
<c(1+?) [ {Ivol? +o* 1)
w25 181 [ 2@ {m @)™ |f +m () Fl+ 171}
+0 (@ +190) (1+05%) [ o {m) e +16I
where for the last line we have used
u=? (18 4+ m () 1GF +GF) < [m () g +2(GP.
Using Holder’s inequality with exponents 4 and (%)/, we thus have

[ 1w (132

< [wo 1wl + copm ([ @)
+0 {m )l + (0 el,) b (f ) ) B

<o {IF1y el ( [ @)

<0y [ 1wuiP + s (4 ([ i) o
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where the constant Cg is dominated by CY () for the following positive function Y
of 8 that blows up at 0, % and oo,

T(8) = <I6I+ Wl |> (133)

and where C depends on ¢, ||F||_g, |G, and [[H]|,, but is independent of u, r, B,
HfH% and | gl|,, and where 7 is positive and independent of u, r, 3, F', G, H, f, g

and ¢, but may vary from line to line. Note again that we are not assuming the right
side of (132) to be finite.

3.2 Weak reverse Holder inequalities and Moser iteration

We now invoke the homogeneous space structure given by the quasimetric d in the
hypotheses of Theorem 6. Let u be a nonnegative weak solution of (101), or more
generally satisfy (131), so that W is positive (see the discussion surrounding (128)).
To implement Moser iteration, we fix a d-ball B = B(y,r) withy € Q, 0 <r <
6 dist (y,08), and consider the sequence of Lipschitz functions ¢; given in (20),
along with the sets E; = supp 1;. Note that since B (y,cr) C E; C B(y,r), we
have |E;| = |B| by doubling. Fix 8 # 0, 5. If we substitute ¥, for 4 in (132), divide
through by |Ej|, and then take square roots, we obtain

(i [y 156
<ot [ e}

1

O (B) (1+77) | 5] 2(8)

1

N - N
SCT(ﬁ)‘%{ﬁ Ejﬂm} +cnm%{ﬁ/( ?EQﬁ)V} ’

P\’ ay
p=(5) =) (135)
Indeed, for ¢ > ¢ (1 —n) > @, (10) implies both [Ej;| > | B (y,cr)| > cq1—n) (cr)q(lfn)
and |E;| > ¢4 (cr)?, and so

with

1

1
3 1 1

_ Y _ _1 -1 —4¢ — -
(]_—i—?“ 77) |Ej|2(2) :(1+T 77) ‘EJ| « <c 1Cq‘1r 1+CT7 1C (1— 77) 1.

Moreover,
[l < (o [Ive } Ry e (C VA
A U VAR S Tl A 30)
’ 1 TR .
5] Jr, ’

upon using Holder’s inequality with exponents £ and (g)/, followed by an application
of (20) and (27).

) N
< Csymc
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We now use the Sobolev inequality (15) to obtain that for some o > 1 and any
w e WhH2(B),

(o Lo} <o L8 ot} ol [} oo

1 2 2 2 1 2 2 2 %
SCT{@/B%’ IVl } +C{§|/B(¢.i+7"2||v¢j’| )l } )

for j > 1. For 3 < 1, @’ € W2 (B) (recall that @ is bounded below by a positive
constant) and thus (137) holds with w = @”. For 8 > 1, we have (137) for w =
hs v (@), and the monotone convergence theorem then yields (137) for w = u” upon
letting M — oo. Using |E;| =~ |B| and combining (134) and (137) with w = @° we

obtain
()
cor{ s [ pvw)
o [ (e Ivel?) w)

1

.

<0 (9) 5" {E% Euﬁ} ce@@+ ) {g [y}

L 2020
+Cr{Ej|/Ej Ve, } ,

and hence using (136) again on the final term,

1 L
2

(T [} <oro {ﬁ A W} (139)

.

LO(T(B)+1) {é / (zpjaﬁ)”}

for j > 1, where the constant C depends on ¢sym, Csym, P, ¢, ||FH%, |G|, and [|H]|,
but is independent of u, r, 3, ||f\|% and |[gl|,- Recall now that max {x,v} < o by
hypothesis, and thus in particular, with

max {y, v} < p <o, (139)

we have .

{|E7‘1+1 /(%ﬂﬁ)%}% SCX@E {% E.#ﬁp} ' o

In the case v < p, the second term on the right of (138) is majorized by the
first term on the right by Holder’s inequality. We now interrupt the main line of our
development of Moser iteration to point out how to majorize the second term by the
first when p < v and Holder’s inequality is unavailable. This will only be needed
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in the case § > % and we will appeal to the Lebesgue space interpolation inequality
(see e.g. (7.10) of Chapter 7 of [14])

S

e

(
(+-

)

Ve, r<s<te>o0,  (141)

@ |>—-
sl»—l

1
[l Lsqn) < €llwllpeqary + (E)

valid for any positive measure dJ, in order to estimate the final integral in (138). We
have v < o by hypothesis and we now assume p < v and 3 > % Let r =2u, s = 2v,
t=20 and w = w]ﬂﬁ in (141). Then (141) with d\ = ﬁXEj () dz and (138) yield

lm [ } {ﬁ/wﬁ)}_%? {|E/ }
/ #W}% +eC(T (5)+1){é/(¢]ﬂﬂ)”}ﬁ

L
|E;

1
2
{ _2[3“ } '

Now choose ¢ so that eC' (T (8) + 1) . Provided the integral [ (¢, uﬁ) is finite,
we can absorb the second term on the rlght into the left-hand side and obtain

1 Rz 1 %
{?ﬂ/(wﬂﬁf } Sc(p,q,o,ﬁ,jN){Fj'/E@W} : (142)

(where C (p,q,0,3,5") depends also on IF]lg, |G, and [[H]| ). To prove (142), we
have assumed 8 > 3, fE]_ 2PV is finite, u satisfies (131) and that B (y,cr) C E; C

B (y,r) as above.
Now we return to the main line of our development of Moser iteration. For the
moment, fix p satisfying (139) and let § = % so that 6 > 1. Fix v # 0 and real and

‘\‘l"
QIH ~I~

<eCY (B) N

/—/H

|>—A

Q|>—t tl»—t

L
u

=

let u; = w? Using Ujp1 = u;'-, ;= lon Ej; and applying (140) with w’r = uj,

. i-1
ie. 3= 79p 'Y" , yields

1 _ 0
1 18 1\ N 1 18

—_ U <C7T 7 — W . 143

{Ej+1| Ej+1| i+l } - ( p )0 B Ej‘ 4 (1)

Since (140) requires (131), we assume for the above that one of the following holds:

u is a nonnegative weak solution of (101) in Q and v # 0, 555=
u+m is a positive A [u 4+ m]-weak subsolution of (130) in  for all m > 0, and v > 4+
u is a nonnegative weak supersolution of (101) in Q and v < 5p=,7 # 0

2071

(144)
Recall from the discussion following (131) that the second assumption there implies
the third. Set

—L —L

1 g1 207 —1 1 ) 2071

N, = o [l T
! {|Ej| 5, Bl Jp,
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for 7 > 1, so that if we raise (143) to the power -, we obtain

97

N1 <

j—1 07
or( il ) ijf} N; provided (144) holds. (145)
p

In order to iterate (145) for j > 1, we must have that (144) holds for all 7 > 1
for some choice of p satisfying (139). It turns out that with an appropriate choice of
p it is enough to assume that one of the following holds:

u is a nonnegative weak solution of (101) in Q and v # 0
u 4 m is a positive A [u + m]-weak subsolution of (130) in 2 for all m > 0, and ~
u is a nonnegative weak supersolution of (101) in Q and v < 0
(146)
Indeed, we claim that if (146) holds, then with ¢ as in (20),

] 3
ess sup [T (x)]” <lim sup N; < Cp - my o, (147)
z€B(y,cr) j—o0 |B (y7 )‘ B(y,r)

where the constant Cy - depends as well on p, ¢, ||FH%, |G|, and [[H][,, but is
independent of u, B (y,r), ||f\|% and [|g|[, (7 is as in (133)). The first inequality in
(147) is standard and for the second, (145) yields

0] 1 ﬁ
e (2) ]

1
2

1 2
<Copr S [T
- {|B(y7’r)| B(y,r)
g1 1 -1\" ~No
19’ 75’ ) JN]

j—1

o

lim sup N; < H

J— j=1

with

yol
57

yo?
57

(z)

To ensure that Cy , - - is finite, we must avoid having 1%
as well as v # 0. In fact, given v # 0 and o > 1, we now choose p in (139) so that the

+

< 00.

oo In [C’(
Co,py,7 = €XD Z
j=1

=1foranyj=1,23,..,

i oo
distance of the number % from the geometric sequence {%} (which depends
j=1

continuously on p) is close to a maximum, thus obtaining

1 0|’
lim sup N, < Cy .~ ul*” .
j—o0 ! 7 { ‘B (ya )| B(y,r) | | }

This completes the proof that (147) holds whenever (146) holds.

Remark 15 The restriction v > %max {,v} in (146) when u + m is a positive

Alu + m]-weak subsolution for all m > 0 will prove problematic in Proposition 44,
our local boundedness result, since we will need to choose v = 1 in order to obtain
finiteness of the right-hand side. When q < 4 in (24) and (23) (which can only
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occur in dimensions 2 and 3 since ¢ > Q > n), then max{u,v} > v = (%)I > 2
and it is not true that v > %max {p,v} in case v = 1. It is here that we will use
(142) (a consequence of the interpolation inequality) for j = 1 in concert with the
Sobolev inequality (15) to obtain the case v = 1 of (147). See the end of the proof
of Proposition 44 for this argument. The corresponding problem arises when p < 4
in (20), but cannot be handled by the interpolation inequality. This accounts for the
hypothesis p > 4 in Proposition 44 below.

We can now obtain the local boundedness properties of weak sub and super-
solutions to (101) under natural hypotheses. Note that there exist weak subsolu-
tions of Laplace’s equation in the unit disk that fail to be bounded below, such

as u(x,y) = —log (—log \/ 22 +y2). For any function u, we use the notations
uy = max {u,0} and u_ = max {—u, 0}.

Proposition 44 Suppose that u is a weak solution to (99) in Q, and that both (23)
and (24) hold, as well as (15), (17) and (20) with p > 4. Then w is locally bounded
in Q, i.e. for every compact set K C Q,

el < Chc (1 0l 20y ) -
More precisely, there is a positive constant ¢y depending on the constant in (20), such
that if y € Q, 0 < r < 6 dist (y,0Q) for sufficiently small §, then

1

1

2
Ul poo(Bucrn < CR | 57— |+ flle + 7" I8l p 148
[ull oo (By.e1m)) <|B(y,7“) Blyr) > 1f1lg lell, (148)

with a constant C that is independent of ||f\|% and ||g||,- Of course C' depends

upon the constants in (20) and (15). More generally, if u is a weak subsolution
(supersolution) to (99) in Q under the above conditions, then u is locally bounded
above (below) and (148) holds with u replaced on both sides by uy (u_ ).

Proof. Suppose first that u is a weak subsolution to (99), which is the same as (101),
in Q. Let m(r) = r2" Hf||% + 77| gll, as in (128) (if m (r) = 0, replace m (r) with

m > 0 and let m — 0 at the end of the argument), and set h (t) = \/m (r)* 4 2 for
t >0 and h(t) =m(r) for t <0. Then h is admissible on R (we remind the reader
that the constant C' in (108) is only qualitative, and doesn’t appear in any estimates
for u) and A" > 0, so that by Remark 13, u = h(u) is a positive M [u; h]-weak
subsolution of (117) in £, where M [u; h] is as in (110), i.e.

Mlu; h] = {w e W2 (Q):w>0and b (u)we W? (Q)}

Since the vector fields T and S are subunit and A" > 0, we have the inequality

W' (w) [Vul* + @
= 1" () {IVul* + (Tw) g - (Su) Gu}

1 1
>0 (@) {9l e (Ta)” = 2 g - = (50" - 212}

> ~Col' (u) {lef” + 1GI* u?}

67



in the M [u;h]-weak sense. Thus w(x) = h(u(zx)) is a (positive) M [u; h]-weak
subsolution of the equation

Li+HRu+S' (éa) +Fi=f+TE, (149)
where

F= h?u) I (u) F + Co hizz) B (u) |G,

G-= h?u)h’ (u) G,

F=H (u) [~ Coh (w) g,

g=h(u)g

Now we have

<1,

u? " /
oK (u)’ <L (wl <1,

and it follows that

F| <IFly+ollc]?.

M)

€], <tet,.

We would like to apply inequality (147) to the (positive) M [u; h]-weak subsolution
@ = h(u) of (149), but this requires the middle case of (146), i.e. that &+ m is a
positive A [u + m]-weak subsolution of

fll <Uflls + Com ()~ gl

2
Igll, < lgll, -

L(t@+m)+HR (i +m)+S (C‘. (ﬂ+m)> +F(@+m) = <?+m1§> +T'g+S'mG

(150)
in Q for all m > 0, and v > %max {w,v}. Since @+ m is already a subsolution of
(150) in the M [u; h]-weak sense, it is enough to establish that A [u + m] C M [u; h]
for all m > 0, i.e. by (123), that

B (u) Y*hy (T4 m) b (T +m) € Wy? (Q)

whenever ¢ € CJ'' (Q), m > 0, hy is admissible for % + m where & = h (u), and h (t)
is as above. Now fix m > 0 and set

hg(t):hl(t+m),
hs (1) = ha (h(t)) = ha o h(t) .

Then hf = (h4 o h) b’ implies that

W' () Y2 hy (@+m) by (@-+m) = 1 (u) $*ha (@) by (@) = $*hs (u) b ()
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and thus by (119) applied to hs3, matters are reduced to proving that hg is admissible
on R. Clearly hg € C' (R) N C},, (R) is positive and monotone, and hi = (hy o h) b
is bounded. To establish the remaining inequalities in (108) for hs, we compute

3= (5 o h) (W) + (hy o h) B,
Clearly, hY is bounded and

thy (t) =thy (h () (I ())* + thh (h (£)) B (2)

= () () O e @) 0.

, 2
By (108), both terms in braces are bounded, as is hb (h(¢)). Finally, % is

bounded for the special choice of h(t) made above. This completes the proof that

(147), with v > 1 max{u,v}, does indeed hold for & = h(u) when u is a weak
subsolution of (99) in €.

We obtain from (147) with v > 1 max {4, v} applied to @ and equation (149) that

— CL 1 —2 %
e aier < 7] < Cinr —/ U as
” +||L (B(y,cr)) Lo (B(y,er)) R |B (y, ’I“)| Bly.r) ( )

where % = @ + 7 (r) and
T

We wish to show that (151) holds with v = 1, possibly with a bigger constant and
an enlarged ball on the right side. In case p > v, this is true with no change on the
right side since the requirement that v > %max {p, v} is satisfied for v = 1 due to

our hypothesis that p > 4, which implies that max {u, v} = p = (%)/ < 2. If on the

other hand v > pu, we recall the case j = 1 of (142), but with u there replaced by &
and r there replaced by £ so that

m(r) =r2

+r Il

2

B(y,r) C {uy =1} C supp vy, = E1 € By, %)

and if G > %,

{W’iﬂ’)l /B(w) ZW}E =C {ﬁ/ (wlﬁﬁ)%} V (152)

1
_ 2u
<CC(p,q. 0.5, 1){ ! ffﬁ“}

Nl,_.

|E1| JE,
1
1 28 | "
SC/C(paqvo—7ﬁ71){7r/ u2gp‘} )
1B (:2)| Jo(y.1)
3\ 2v —
provided [ (@l)lﬂﬁ) < 00, but where now u = @+ m (£). Choose § = m}ﬁ
which is a legitimate choice for 3 since max?ﬂ o7 > 1. Then 28v = Qmu =27

since we now have v > u. We next claim that
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o [fu<1,
o f(¢1u )2y<oo.

To obtain these two inequalities, we first observe that p > 4 implies p = (g)l <2,
and since max {u, v} = v, we may choose v such that

V<V
2 = w
Note that since ¢ > 20’, we have v < o and then
v o
y<=<-<o.
B
Thus fp = 2% <1 and

1

{/ (%55)2”}2% < {/B(‘y,%)ﬁ%}E <0

by the Sobolev inequality (15) with w = ¢, where b € Co'' (Q) and ¢ = 1 on
B (y,%). This establishes that (152) holds with 28v = 2y and 26u < 2, and hence
that

2

1 =2 % / 1 —2
{|B(y, )\ By U } SCC(paQ,U,ﬁ,l){—}B(y’%)}/B(y’%)u} . (153)

From (153) and the inequality m (£) < Cm(r) we obtain that (151) holds with
v = 1, possibly with a bigger constant and the enlarged ball B (y, %) on the right
side. Using the inequality

1,

2

_ 2
<ym @) 4@+ fllg +Cm )7 (7 e, + 7 el

<lup[+(C+2)m(r),

u=a+r |\ fll 4+ gl

we finally obtain that

1
||u+||L°° B(y,cr S CC‘;vT { / |U+‘ } —|—m(7") )
(B(y.er)) B(5,0)]

when u is a weak subsolution to (101). If u is a weak supersolution to Lu = f+ T'g,
then we consider the subsolution —u to Lu = —f — T'g. This completes the proof
of the local estimate on balls in Proposition 44.

3.3 The strong Harnack inequality

Let u be a nonnegative weak solution to (99). Then the first part of (146) holds if
v # 0, and thus (147) holds if v # 0. For v > 0, we multiply the following two
inequalities from (147),

1
ess sup u(r) < CFy, / "
z€B(y,cr) { |B y,r | (y,r)
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and

ess  sup E(x)71<C% {;/ E_Z"*}Q7
w€B(y,cr) 0T B ()] By ’
to obtain
(z)
(z)
1
|B (y, )| /By

€SS SUP, ¢ B(y, cr)
essinf, e p(y,er)

u
u

(154)

i b ()]}

Note that the right side of (154) is finite since @ is bounded below by construction,
and bounded above by Proposition 44. To obtain the ”standard strong form” (172) of
Harnack’s inequality from (154), it only remains to show that the right side of (154)
is bounded independent of the ball B (y,r) C 2 for some vy > 0, i.e. that whenever u
is a nonnegative weak solution of (99) in €, then the weight @ ()" is an Ay weight
for some v > 0. By an extension of the John-Nirenberg inequality to homogeneous
spaces in Stromberg and Torchinsky [43], which we recall in the short subsubsection
below, this will follow if we can show that v (z) = log@ () € BMO relative to the
homogeneous space with quasimetric d (z,y), i.e. if

2
1 / 1
—_ V— = v S Ca
EI e ( B Jotn )

for all balls B (y,r) C 2. Using the Poincaré inequality (17), it then suffices by (27),
which relates the norms |[|-[|5 and [|||, to show that

(@)

1 1
Y ¥
S CU,’Y,TCJ,—%T {

/ IVol? < C'r2 | B (y, Cor) (155)
B(y’COT)

for all balls B (y,Cor) C €. It will then follow that |[v|5,,0 < vCC’. How-
ever, we must localize these standard results to balls B (y,r) with y € , 0 < r <
6 dist (y,00), since we are only able to obtain (155) for such §-local balls. See the
appendix for a short discussion of an alternate method due to E. Bombieri for proving
Harnack’s inequality.

3.3.1 The John-Nirenberg inequality in a homogeneous space

Our purpose here is to recall the classical distribution inequality of F. John and L.
Nirenberg [23] in the setting of homogeneous spaces, and obtain as a consequence
that exponentials of BMO functions with small norm are Ay weights. Moreover, we
must obtain this in the local sense for é-local balls B (y,r), i.e. those with y € Q and
0 < r <6 dist(y,00). Suppose Q is an open subset of R” and (Q2,d (z,y),du) is a
symmetric general homogeneous space. Specifically, this means that d is a symmetric
quasimetric,

d(x,y):0<:>x:y,
d(z,y)=d(y,x),
d(z,y) <r(d(z,2) +d(z,9)),

x,y,z € Q, and the balls B (z,r) = {y € Q:d(z,y) <r} are p-measurable and
satisfy a doubling condition relative to the measure du,
|B (x,2r)], < Caous |B (z,7)|,, -
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For a locally integrable function f on Q, we say that f € BMO = BMO (Q,d, ) if
1
o 1= aldu<c. (156)
1B, /5

for all balls B, where fg = ﬁ fB fdu is the p-average of f on B. The infimum
n

of all constants C' satisfying (156) is the BMO "norm” of f, denoted || f|| z1r0- We
also consider the é-local space 6-BMO = 6-BMO (2,d, u) for 6 > 0 with the same
definition as above, but with the balls B = B (z, ) restricted to be -local, i.e.z € Q,
0 < r < édist(x,00). For a locally integrable nonnegative function w on {2, we say
that w € A2 = A2 (Q, d, /.L) if

(o o) (g ) e o

for all balls B. The infimum of all constants C satisfying (157) is the Ay "norm” of
w, denoted |[w] ,,. Similarly, we consider ¢-Aa = 6-Az (Q,d, 1) with é-local balls in
the above definition.

Lemma 45 Given 6 > 0, there are positive constants g, C1 and co such that

{z € Bo: |f (2) — f5| > a}l, < Cre Toswo |Byl, (158)
foralla >0, f € 6-BMO and 6¢p-local balls By.

In the global case 6 = 6y = oo, this lemma is a special case of Theorem 2 in
chapter IIT of Stromberg and Torchinsky [43]. The lemma can also be proved in this
case by adapting the original argument of John and Nirenberg [23], as executed in
sections 3.6 and 3.7 of chapter IV of Stein [42], to the grid of "dyadic cubes” in a
homogeneous space as constructed in Christ [4], or the authors’ [41]. For the reader’s
convenience, we give this latter proof in the local setting following the corollary on
Ay weights.

Corollary 46 Given 6 > 0, there are positive constants 69, C1 and co such that

aillifl
1o/, 2, < (14 S e )" whemener 17l paso < e

The corollary is easily obtained from the lemma by integrating (158) to obtain

1 / |£= | L /OO
e oldp = e“|{z € By : |f — fB,| > a}|, da
|Bol,, /B, Bol, /- ’ :

|Bol,,

§1+O{/ (55 ) da = 1 4 0y M lsBro
0 C2 — Hf“&BMo

for o-local balls By whenever || f||s. 5a70 < ¢2, and then computing

1 of 1 o
<|Bo| / d") <|Bou A d“)
fBO) 1 e( fBO)
(o ) (i o)
elf=f50] ol f—f5,]
(iBol b d“)( a d“)

clnfano >
~[flls-mro

IA

IN

1+
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Proof. (of Lemma 45) We begin by recalling the grid of ”dyadic cubes” in a homo-
geneous space. There is a constant A > 1 such that for every m € Z, there are points
z% € Q and Borel sets Q%, 1 < j < ng, k > m (where ny € NU {oc}) depending on
m, such that

B (J:?,/\k> C Q;?' CcB (a:?,)\kﬂ) forl<j<ng,k>m

Q =u;Q%, fork>m . (159)
QINQLk=¢ fork>m,i#i
EitheerCQforQ?ﬂQf:(b for1<j<ngl<i<n,m<k</{

We denote by D,,, the collection of the ”dyadic cubes” Q;“ for £ > m. For a construc-
tion of such a collection D in the case m = —oo, see M. Christ [4]. A construction of
the collection D,, for m € Z appears in the authors’ paper [41]. We say that a dyadic

cube Q’;‘ is 0-local if the ball B (x’;”', )\kﬂ) is 6-local, i.e. 0 < \FH < 6 dist (a:’;, 89)7

and we write 6-D,, for the collection of é-local dyadic cubes Qf for k > m.
Fix m € Z. We begin by establishing the dyadic distribution inequality: there
exist C1,co > 0 independent of m such that

{z € Qo : 1f™ (x) — fau| > a}l, < Cre” TTo'smio |Qul, (160)

for all & > 0, dyadic cubes Qg € 6-D,,, and f € 6-BMO with || f|s. 50 = 1. The
function f™ is the expectation of f on the dyadic decomposition ) = {Q;-"}j:

7@ = Y fapxap (1) = 3 (ﬁ /Q

J

i fdu> Xqn (x). (161)

J

Let M lf denote the dyadic maximal operator

zeQ |Q

where it is understood that the supremum is taken over all dyadic cubes @ € 6-D,,.
Now if Qf € 6-Dyy, then by (159),

- iﬁ Joy (7= ) o

1
Myh(x) = sup—‘/ |h] dp,
wJQ

Fp(ayaneny ~ fau

S,
ST f—fB( B AR djs.
koK B(ak AbH1 i
B (a4 X)| et
We then have for @ = Q? € 6-Dyy,
ar .
|f = foldu (162)

QL Jo© ¢

< ﬁ/@) ‘f_fB(z;?,)\k"'l) dp + ‘fB(m;v,AkH) —fQ)

S A
REICEDIRECESS

m

26, / ;
B (a5 )| S

m

= S (e ey | dHt

IN

- fB(Z?,)\kJrl) dp < 2Co,
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since | flls. garo = 1, and where Cp is a doubling constant such that |B (z,7A)], <
Co |B (z,1)|,-

Fix a dyadic cube Qo € 6-D,, and let h = (f — fq,) Xq,- From (162) we obtain
that for Q D Qo,

1 / 1
- Ihdué—/ 1 — Jouldy < 2Co.
al, Jo M= gt o, 1 el "

Now for oo > 0, let
Qa:{xGQ:Mﬁh(x)>a},

and note that for a > 2C), the inequality above, plus the dyadic structure, yields
Qo C Qp. Let C, be the collection of dyadic cubes @ € 6-D,, such that the average
of |h| over Q exceeds a. Note that the cubes in C, are proper subcubes of Qy. Then
let {Qa,;}; be the collection of maximal dyadic cubes in Co. Then we have

(a) for each o > 2Cy, the Q,,; are pairwise disjoint,
(b) for each o > 200, Uan,j = Q(y - QQ,

(c) If2Cy < o < B, and i, j are given, then either Q3 ; C Qa,i or Q,;NQa,i =
.

To see part (c), note that if the cubes intersect, then one is contained in the other
by the dyadic structure, and so Q3,; O Qa,; properly would violate maximality. Now
denote the distribution function of M2 h (x) by

AMa) =[Qa|, = {zeq: Mjh(x) > O‘H#'
Let C4 be a doubling constant for the dyadic cubes:
Q| < |B(zF1 \2)| <y |B (2% \F)| <C , 163
o], <l (4 ) scalp ()] <cmy, o

whenever ) = Q;‘”' OB (x;‘”', )\k) and Qv = Qf“ CcB (xf“, )\kH) with @ C Qv We
claim that with v = v (@) = 1 + 2€2€1 and a > 20,

1 .
|Qya N Qav”u < 3 |Q°‘7-7|u ,  forallj. (164)
To see this, note first that if é;J is the dyadic predecessor of @ ;, then Cj:j C Qo
and ]
‘hQNa], < T/N |h| dp < o,
’ Q

a,j

Qa,j
o
by the maximality of the dyadic cubes Q. ;. Now let g = Xow, (h — hQT”-)' Take

v >1and z € Q0 N Qq,;. By properties (b) and (c) above, there is, for some i, a
dyadic cube Q4 ; containing x with Qya,; C Qa,; such that

1 1
va< o [ hldusm— [
|Q’ya,i|u Qya,i |Q’ya,i|u Q

Thus we have

1
Igldu+‘h~,‘ < —/ 9| dp+c.
Qo |Q’ya,i‘u Qa,i

Yo,

Mpg(x)>ya—a=(y=1)a, forzeQanQay
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Now we use the nested property of dyadic cubes in a crucial way. Since C};/] C Qo,
we have for x € Q, ;,

9() =h(@) ~hg, = (F(0) ~ fay) = (F ~ Ja)ge, = T (@)~ fgz

and thus the weak type inequality for the dyadic maximal operator M ﬁ (which has
constant 1) yields

1
90 N Qusl, (M9 > 0= D}, < == [ lolan

7-1)
_ 1 _
B (’Y—l)a/sz ’fﬁfQ:j —1)QQCO‘Q<W
1
a20001 ‘Qo"jlu’

(v -
(v—=1)

for a > 2Cy by (162) and (163). This establishes (164) with = (@) = 1 4 2%,
Now sum (164) in j to obtain

dp <

“w

IA

A +4CoCh) = A7 () @) = [Dyal, < 5100l = 5A (@), (165)

for all o« > 2Cy. We now obtain that with ¢y = 4180%,

|{x € Qo: M/fh(x) > a}|u < (e 2 |Q0|u

for all v > 2Cy by iterating (165) and using [Qacy|, < |Qol,. For o < 2Co, we

simply use {z € Qo : M2 h(z) > a} C Qo, and increase C’ to e2C0e2 if necessary, to
obtain that

{2 € Qo : MS [(f — fa0) Xqu] (2) > a}|, < T |Qul,
for all @ > 0. Next we observe that

M;f [(f_fQo)XQD} ZM;f [(fm_fQo)XQo] > ‘fm_fQ0|XQO

by the dyadic structure (159), and this proves (160).

We can now obtain (158) as follows. There is a positive constant C with the
following property: Given a ball By = B (xg,r) and m € Z with A" < r, let k > m
be determined by A< < A*L Then there exist dyadic cubes {Q?}jeF in D,
such that

By C UjeFQ§ C BS =B (xO,C’r) .

A packing argument shows that #F < C. Indeed, the engulfing and doubling prop-
erties of the balls show there are positive constants C’, C” such that

|B;|, = |B (20,Cr), < ‘B (x;?,c"xf) ‘M <c

k Kk ! k
B(eh )| < el
for j € F', and adding these inequalities we obtain

#F) B3|, < '@k, < C1Bgl,. -

JEF
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Now choose 6y > 0 sufficiently small that the ball B (z,Cr) is é-local whenever
x € Q and the ball B (x,r) is dp-local. Then if By = B (xq,r) is dp-local, and F is
any subset of By with |E|, > ¢|Bg|,, we have

1
T2 [E(f—fBg;)dM
o

C
S—*/ |f = fBs
Bl Js:

since || f|ls. g0 = 1 and Bj is é-local. It follows with £ = By, Qf that

|fB: — fE| =

dpu < C

’fBO —for| <20, jeF (166)

Thus for a > 4C, (166) shows that ’fm (x) — fQ§
and so by (160),

> & whenever |f™ (z) — fB,| > a,

o€ Bo: | (@) = f,| > o}, < 3 [{w € @F + 7 (@) — s | > 5| a67)
JEF

<D Clem=E Q]

JeEF
< 0116—52204 ‘B0|ua

and hence also for all a > 0 upon increasing C” to e 40 if necessary.

We have that f™ (z) — f (x) for p-almost every = in By by a standard general-
ization of the corollary concerning differentiation of integrals on page 13 of [42]. In
establishing this generalization, we use the fact that our standing assumption (74),
which is equivalent to the hypothesis d (x,y) > ¢ |z — y| of Theorem 6 with ¢ = C_, L,
shows that the Euclidean diameters of the balls B (x,r) shrink to 0 as » — 0. Thus
the Euclidean diameters of the dyadic cubes @} also shrink to 0 as m — —oo, and
this yields that lim,, |Q—1m| /. Qr9=9 (z) if g is continuous at x, where it is un-
derstood that x € Q}". The maximal theorem on page 13 of [42] then completes the
proof that lim,,,_~ f™ = f p-a.e. using a familiar argument.

We thus obtain from Fatou’s lemma, upon letting m — —oo in (167), that

[{z € Bo:|f (x) = fol > a},, =/ X{aeBor| ()=, [>a}
S/limmgliooX{I€B0:|fm(z)ff30|>a}d,u’
=lim inf |[{z € Bo:|f" (@) - fr| > a},
< Cue—%a |BO‘H ,

for all & > 0. This proves (158) for || f||s. gpso = 1, and the general case follows upon

replacing f and « with and

a
1715 5aro 15 5ar0
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3.3.2 Logarithmic energy inequality for positive solutions

Here we will obtain (155) for a é-local ball B (y, Cor)with v = log @ for a nonnegative
solution u to (99), in fact for u a nonnegative supersolution to (99). To see this, let
y and 7 be as above, i.e. y € Q and 0 < Cyr < § dist (y,0), and let

H (t) = log , fort>0,

t+m(r)
with m (r) = 72" ||fH% +7r7|gll, and 0 < < 1 - % as above, so that v (z) =
log@ (z) = —H (u(z)). As usual, if m (r) = 0, we replace it with m > 0 and later let
m — 0. We shall not use equation (116) for v here. Instead, we use equation (99) for u

along with the standard choice of testing function w = —¢*H’ (u) = ¢* (u +m (r)) "
(see however Remark 14, where this choice arises as w = ¥*h (u) b/ (u) in the class

Alu] with h () = 4/2log %) Note the equalities

H)=—(t+m(r) ", (168)
H ()= (t+m ()2,
H () =H" (1),

for 0 < t < oo. Let ¢ = 1, be as in (20). With w = —*H’ (u) in (102), we obtain
[ @ v (169)
<2 [ @ Vuve) - [v @5+ [ w)uF
-2 / YH' (u) gTy — / V*H" (u) gTu + 2 / YH' (u) uGSy
+ / Y*H" (u) uGSu + / V*H (u) HRu.

Applying Cauchy’s inequality to the first integral on the right side of (169), we have
forany 0 < e <1,

1
2 [t @ ve v <2 [ @ Ivel + 5 [ 190l?
<& [ WP IVall + 052 B ()l

since Holder’s inequality, p > 2, (20) and (27) yield

2 1 »
)| —=——— VP
[Vl <15 >|{|B(y,r)|/3(y’r) I }

< C’symc(;g""_2 |B (ya T‘)| .

Applying Cauchy’s inequality to the fifth integral on the right side of (169), we have

‘ / U*H" (u) gTu

<2 [wr @ Tl + 5 [0 ) gl

1 _ _2
SC€2/¢2H” (w) IIWI|2+CE—2m(7‘) *lgl2 1B (y, )|~

7



<0 [ (W) [Vul® + OB ()]
1
scﬁ/ﬂ%ﬂwnwmﬁ+c§fﬂ3wﬂu

by (168), since the vector fields T are subunit, and since ¢ (1 —n) > @ implies
|B (y,7)| > crd®= by (10). Now H” (u)u? is bounded by (168), and so we estimate
the seventh integral on the right side of (169) similarly by

‘/11)27‘[" (u) uGSu

<2 [oH @saf + 5 [vH )G

<ce [V H' ) |Vulf + O IGI 1B ()]~

<ce [ (W) |Vul® + O 1G], 72 B (7).

since the vector fields S are subunit, and since ¢ > @ implies |B (y,7)| > cr? by (10).

The second, third, fourth and sixth integrals on the right side of (169) are similarly
estimated by

[ s <cllyme B @

<Cr 2B (y,r)|' s
<Cr 2By,

and
_2 _
‘/w?u’ <u>uF‘ <CIIFllg B .07 <CIFlgr?1B )],

using that H’ (u) v is bounded by (168), and also both

’2/ YH' () gT@/}] <Cgll, ITe],m (r) " 1B (y,r)] 4

11
<Cr|| Ty, (B (y, )|

<O B,
and
\2/%' (u)uGsw\ <C|Gl, IS¢, 1B (. r)" 43
<clal, B,
since

1
1T, + I8¢l < CIIVYI, < CV/CoymCy| B (y,r)|7 77"
by (20) and (27). Finally, the eighth term on the right side of (169) satisfies

[ wmra <e [o wr Rl [0 ae

1 _
< [P ) IVl + O B2 B (7).
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Combining these estimates yields
1
/sz [(1 — C2)H" (u) — 2H (u)ﬂ IVul < €52 |B (3.1 (170)

Now H” = (H')? by (168), and so
[(1 — C)H (u) — M (u)ﬂ IVa|? = [(1 —C2—2)H (u)ﬂ [Va)?
=(1-Ce? - &) ||Vu|*.

Thus with € > 0 small enough, we obtain
[l < o2 B ). am)

and from (171) and the doubling assumption on the balls B (y,r), we obtain (155)
whenever u is a nonnegative supersolution of (99) and v = —H (u) with H as above.
Note that the constants C' in (170) and C” in (171) depend on HFH%, |G|, and [[H]|,,
but not on ||f||_% or |gll,-

Inequalities (154) and (155), together with Corollary 46, prove the following
strong Harnack inequality.

Theorem 47 Suppose that u is a nonnegative weak solution to (99) in B (y,r) with
y€Q,0<r<édist(y,dN) for sufficiently small &6 > 0, that (24), (23), (15) and
(17) hold for some q > Q = max {Q*, 20"}, as well as (20) for some p > max {20”,4}.
Then u satisfies the strong Harnack inequality

ess  sup (u(x) +mgy (1) < Craress  inf  (u(z) +mg, (1)), (172)

x€B(y,car) x€B(y,car)

where Mg, (T) = 72 ”fH% + Hg||q7 Q(l - 77) > () = max {Q*72al}7 and the con-
stants ca and Crgar depend on HF||_%, |G, and ||H]|,, but are independent of u,
B(y,r), fllg and |gll,-

3.4 Holder continuity of solutions

We can now deduce Holder continuity from the Harnack inequality (172) in the usual
way. Let u € W2 (Q) be a weak solution of (99) in Q. Then wu is locally bounded in
Q by Proposition 44.
Fix y € Q and 0 < p < 1 such that B (y,Cp) is é-local. For 0 < r < p, define the
oscillation
w(r)=ess sup wu(x)—ess inf wu(zx).
z€B(y,r) z€B(y,r)

We may assume w (1) > 0 since otherwise there is nothing to prove. Clearly we have
w(r) <2C% (1 + ||uHL2(Q)) < 00, and by adding the constant

1
M =—=1ess sup u-+ess inf u
2 B(y,r) B(y,r)

to u we may assume

1
ess sup (u(z)+M)=—ess inf (u(x)+M)=-w(r).
z€B(y,r) z€B(y,r) 2
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Then uy =14

—"'—“w (M) andu_ =1— J’—ifw (Af) satisfy (ug does not have the usual meaning
2
here)

@)

EuiZﬂ:%wf(r)j:T’< g( ))+F< lM

L sG (
Phad (7”))

they are both nonnegative in B (y,

SUPB(y,cor) U— = 1 since uq +u

1
Phed
7), and either ess supp(,. c,r) U+

(r)
>
= 2. Suppose the former holds. Then
sup (uq +m(r)) >ess sup uy > 1,
B(y,car)

B(y,car)
and the Harnack inequality (172) shows that

or ess
€ss

uy (2)+m(r)>e>0
for a.e. © € B (y, car), where ¢ = C’H}lr,

w0 = >+F< %f(r))

{

q
2

Sl o 0o )l}
{ +r2"|\FH !
7 {m

1
2

3 ()% M|+ 771Gl |30 () + 1]}
)+ Fly N (1) + 17 |G, N ()]

N0 = x|, .

is nondecreasing in r, and 0 < ¢ < 1 depends on ||F| 4, ||G||
independent of ||f\|% and ||g]|

and

, and [HJ , but is
Note that we have used the inequalities

1
‘§W(T)+M‘—

ess inf w| < N(r),
B(yr)
1
‘—w(r) —M’z ess sup u| < N (r)
2 B(y,r)
Thus with

o (r)=m () + N (@) (P |Flly +17|G],)
we have o nondecreasing and

¢ <uy () +m(r) <

5w (10 -

- -2
for a.e. x € B (y, car), and it follows that

W (car) < (1-%) M +o(r), 0<r<p
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The same estimate holds if instead of having ess sup B(
SUpp(y,r) U— = 1.

We now apply Lemma 8.23 of [14] which we record verbatim here for the reader’s
convenience.

) Ut > 1, we have ess

Lemma 48 Let w be a nondecreasing function on an interval (0, Ry | satisfying, for
all R < Ry, the inequality

w(TR) <~yw(R) + o (R)

where o is also nondecreasing and 0 < vy, 7 < 1. Then, for any u € (0,1) and R < Ry,

e w(R) <C ((R%)aw (Ro) + 0 (R#Rg—”))

where C = C (y) and o = a (7,7, ) are positive constants.

From the lemma we obtain that for any u € (0,1),

w(r)<C { <f) w(p)+o (Tupl—u)} 7
p
where an examination of the proof of Lemma 8.23 in [14] reveals that

logy
a=(1=# 7

1
=(p—1)logs <1 - —c> > 0.
) 2

n
Using o (s) < (%) o(p) for 0 < s < p <1, with s = r#p'=# we thus obtain

sz (L) v+ (5) ew} o<r<p<,

for a positive constant C’ depending on ¢ (and so also on HF||%, |G|, and [[H]|,),
but not on ||f||%, lgll, or [lul[,2. Now choose u € (0,1) so that

1
a:(,u—l)logé <1—§c> < np

to obtain
w(r)SC’(w(p)qLa(p))(%) , 0<r<p<l, (174)

where C depends on c, ||F||%, |G|, and |[H||,. After possible redefinition on a set

of measure zero, u is Holder continuous of order « on B (y, p) with respect to the

quasimetric d, and we then obtain for any compact set K C Q that ||u| o (k) <0
quasi
where C,

uasi (1) is as in (28). If we now invoke the containment condition (11), so
that d (z,y) < C'|r — y|°, we obtain that u is Holder continuous of order e« in the
usual Euclidean sense, i.e. ||ullqea(x) < 00 where C¢ (K) is as in (8).

This completes the proof of Theorem 6.
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Remark 16 The Holder exponent o in (174) satisfies the estimate

_%__F
@ n

?

1 1 1
Y

which is independent of u, B (y,r), ||f\|% and [g|l,-
In the next theorem, we record the precise constants in estimate (174) using
w(p) +(p) SN () +m(r)+ N (1) (| Fllg +7|G,)
and the bound for N (r) given in (148).

Theorem 49 Suppose that u is a weak solution to (99) in B (y, -c%) with y € Q,

0 < p < bdist(y,00) for sufficiently small 8, where ¢ is as in (148), and that (24),
(28), (15) and (17) hold for some ¢ > Q = max {Q*, 20"}, as well as (20) for some
p > max {20’,4}. Then u satisfies the following Hélder estimate:

1

Ju (@) — u(2') (175)

2
1
=¢ ’B (y= %)‘ /B(yvz”?) v

W (n(2)) 0 () (S5)

for x,2' € B(y,p) where a and C depend on ¢ = Cpl , ||F||%, IGll, and |[H],,
but are independent of u, B (y,p), Hf”-g and |\gll,- If in addition the containment
condition (11) holds, then we can replace d (x,z") with C|z — '|°.

See Remarks 22 and 26 for an explicit estimate of the quasimetric d (z,y) in the
special cases of noninterference and flag balls respectively.

4 Reduction of the proofs of the rough diagonal extensions of
Hormander’s theorem

In the first subsection here, we complete the proof of Theorem 7, our rough ana-
logue of the Fefferman-Phong subellipticity theorem, by establishing the existence
of accumulating sequences of Lipschitz cutoff functions as in (20), for the subunit
balls K (y,r). Then in the next three subsections, we develop the tools necessary
for obtaining Theorem 9, and more generally Theorem 61, our general extension of
Hormander’s theorem to rough diagonal vector fields. We will collect a variety of
conditions, each inherited by locally equivalent families of balls, together in a basic
axiom postulating the existence of a prehomogeneous space, with properties appro-
priate for use in the hypotheses of Theorems 6 and 7. In the proof of Theorem 61, we
show that the axiom holds for a particular prehomogeneous space, and thus obtain
that it also holds for a locally equivalent symmetric general homogeneous space for
which we have established Sobolev and Poincaré inequalities. The three subsections
discuss respectively general consequences of the basic axiom, Sobolev and Poincaré
inequalities, and finally the proportional subrepresentation inequality, the main con-
dition in the basic axiom. Theorems 9 and 61 then reduce the proofs of Theorems 13
and 15 to demonstrating that for § > 0 sufficiently small, the flag and noninterference
balls form a é-local prehomogeneous space B and a 6-local homogeneous space A re-
spectively, that are adapted to the vector fields, as well as satisfying reverse doubling
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and size-limiting properties respectively. The strategy is to use these conditions to
first obtain the local equivalence of the spaces B and A with the subunit balls &,
and then to apply Theorem 61. At the end of the section, we turn to proving the
sharp technical results, Theorems 18 and 19, again assuming adaptablility of balls
to vector fields, but this time establishing directly the ”accumulating sequence of
Lipschitz cutoff functions” condition (20), as the associated spaces B and A need no
longer be locally equivalent to the space K of subunit balls.

4.1 Accumulating sequences of Lipschitz cutoff functions in
annuli

Here we establish the existence of accumulating sequences of Lipschitz cutoff func-
tions as in (20), for the subunit balls K (y,r) provided Q (z,&) is continuous in x
and the containment condition (19) holds. First we record the simple facts that if
the quadratic form Q (z, €) is continuous, then the subunit metric é in Definition 3 is
an increasing pointwise limit of the Lipschitz continuous metrics §° associated to the
forms Q (x,&) + €2 |¢ \2, and that the gradients of the metrics 6° satisfy a pointwise
bound in the norm ||-||o, uniformly in € > 0.

Lemma 50 Suppose that the quadratic form Q (x,€) is continuous for x € Q, and let

6 (z,y) denote the subunit metric in Q associated to Q as in Definition 3. For e > 0,
set QF (x,6) = Q(x,8) + €2 |¢|* and let & (x,y) be the corresponding subunit metric.
Then for € > 0, 6° is Lipschitz continuous with norm %, and 6° (z,y) increases to
6(xz,y) as € — 0 for all z,y € Q, so that § is lower semicontinuous (and possibly

infinite). Moreover, 8% satisfies
uniformly in € > 0, where ||||g is as in (14).

Remark 17 This inequality was obtained with ¢ = 0 in a distributional sense in
[12] and [11] with a larger constant under the additional hypotheses that Q (x,§) =
Z;V:l (X, (z)-€)* is a sum of squares of Lipschitz continuous vector fields X;, and
that 6 is bounded above on 2 x Q. More precisely, under these conditions they showed
that

19| <c [le@l. eep@. (17
where f(x) = 6 (z,y) fory fized, and D () is the space of infinitely differentiable
functions with compact support in Q. This also follows from (176) by first noting

that if fo = 6% (-,y) for fized y € Q and € > 0, then f. increases monotonically to
f, which is mnow assumed bounded. Thus if X; = Y1 aij (v) 32, then |X;f-| <

Ox;’

IV fellg < v/n by (176), and so by Lebesgue’s dominated convergence theorem,
[ 1 60)| = fim [ 1. G| =1 [ (63) ]
Slimgg%/l(Xéfs)sO|

o ol KT
<11m612f0/|(Xjfs)<P|+Z;/’ o, fs(p‘

Il e

Ba-j
[

ox

< 1imeigf0 | X5 fell o / || + Z_;
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aaij
8.%‘1'

§<ﬂ+i

i ||f|oo) e,

is interpreted as in Remark 5. Lemma 50 also yields the following

8 ..
where H S
z;

distributional inequality for general quadratic forms Q(x,€) = £Q (x) ¢ (different
from (177) in the case Q is a sum of squares of Lipschitz vector fields)

< / VA p@)dz, @eD(Q),  (178)

under the additional hypotheses that Q (x,£) is Lipschitz continuous in x and 6 is
bounded above. Here D (Q) is the space of vector functions ¢ = (pq,..., 0, ) with
v; € D(Q), 1 <i<n. Indeed, fixy and set fo = 6 (-,y) for e > 0 as above. Then
V'Qep is integrable and so by Lebesque’s dominated convergence theorem,

[ 1(vae)| = i [ 1. (vae)| = |1im, [ (71 Q|
<timinf [V Q(V1VETe
<vn / Ve'Qp

' [10)(V'ae) @) s

by (176).
Proof. (of Lemma 50) Since 6° is a symmetric metric, we have

5 () 8 o) < & (2) < 222

where the final inequality follows upon considering the following curve joining x to
z, that is subunit with respect to Q°¢:

t(z—xz), 0<t<

=2+ ——
v (t) S P 5

Thus 6° is Lipschitz continuous with norm £. Next note that §°! (z,y) < 6°* (z,y) <
6 (z,y) for 0 < g9 < g7 follows from Q + &1 = Q + eo] = Q. Now suppose that
6% (z,y) < r for all € > 0, and choose, for each 0 < & < 1, a Lipschitz curve ~¢ (t)
satisfying (note that we may stop the curve 4° as soon as it hits z)

E(O
(

v Y,
v (r) ==,
Y (- €f <O (1), )+ el
Since Q (7,&) is bounded in x, the family {¥° (¢) - {},...; is equicontinuous in ¢, and
there is a continuous curve « (¢) and a sequence {e;};-; with lim; .. &; = 0, such
that lim; o 4% (¢) = 4 (¢) uniformly on [0,7]. It now follows that 4 () is Lipschitz

and satisfies

N ~— ~—
[



where the third line follows by considering a fixed difference quotient and letting
1 — oo as follows:

Y(E+h) - E=—v()-¢
h

2
= lim

17— 00

2

V) E =7 (1)
h

<hmz£1f’ ) (t-l—cih)f}

2

<lim inf {Q (Y (t + c;h) , €) + &2 |5|2}

11— 00

:Q(7(t+0h)75)

upon taking a further subsequence such that ¢; — ¢, and using the uniform conver-
gence of ¥%i to v, along with the continuity of Q (z,&) in x. Now let h — 0 and use
the continuity of Q (z,¢) in « once more to obtain |y (¢) - &> < Q (v (£),£). Thus
6 (z,y) <r and this proves that § (z,y) = lim._¢ 6° (z,y), and we're done.

We now give an elementary proof of (176). Fix y € Q and set f. (z) = 6° (z,y).
Then f. is Lipschitz continuous by what has already been proved. Now fix z € 2 and
€ > 0 and let {)\?};:1 and {v; }?:1 be the eigenvalues and eigenvectors respectively
for the matrix Q¢ () = Q (x) + €21 corresponding to the form Q¢ (x,¢). Then for
1 <j<nand B <1, the curve v, (t) = &+ BtA;v; is subunit with respect to Q° for
t sufficiently small since

(V) (1) €)* = (BAv; - €)°
<BY N (vi 6 = EQ° (2)¢
<EQ (a4 BNV E = EQ7 (v; (1) €

for small ¢ by the continuity of @ (). Thus 6° (z,z + StAjv;) < |t| for t small, and
since 6° is a metric,

o iy, Lo (@) = fo (m+ BEAV5)
|/8)\]V] Vfa (.’L‘)|— }E% t
< Jimsup ) (m,x—:ﬁt/\jej) <1,
t—0

for 6 < 1and 1 < j <n. Passing to the limit § — 1, we obtain

IV fe (x ”QE = (ZP\ vi-Vfe (x |2> <,

proving (176) since [-[| o < [|[| o

Proposition 51 The "accumulating sequence of Lipschitz cutoff functions” condi-
tion (20) holds in Q with p = oo for the subunit balls K (x,1), provided the quadratic
form Q (x,&)is continuous for x € Q and the containment condition (19) holds.

Proof. To see this, in (20) we take p = oo, ¢ = 5, N = 2 and set ; (z) =
©3; (6% (,y)) where 6° (,y) is the subunit metric associated to the form Q° (x €)

Q(z,6) + €2 |¢f? for e > 0, and ¢; will be chosen in a moment. Here we define ¢, (t)
for j > 1 to vanish for ¢ > r;, to equal 1 for ¢t < r;4; and to be linear on the interval
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[rj+1,75], where rj — rj41 = 55, with r; = 7. From the chain rule and (176) we
obtain ,
- 5(35)
IV¥5llg < 1Vesll o V26" (@ 9)llg < V.
Now we’ve already shown that lim._, 6° (z,y) = 6 (z,y) on 2. Since the convergence
is monotone and § is continuous by assumption, 6° (-,y) — 6 (-,y) uniformly on
compact subsets of 2 (see e.g. Theorem 7.13 in [37]).

We now claim that for 0 < s <t < ¢ dist (z,99), the annulus K (x,t) \ K (x,s)
has positive Euclidean thickness, in fact with C' and € as in (11),

@ =

dist (K (z,s), K (z,t)°) = inf lw — 2| > Ut

> 0.
weK (x,s),z¢ K (x,t) C

To see this, take w € K (z,s) and z ¢ K (x,t) so that § (z,w) < s and 6 (z, z) > ¢.
Since 6 is a metric, we have 6 (w, z) >t — s. But then by (19),

(t—s)*
D(w, c )CK(wﬂt—s),

1 1
and so z ¢ D <w, %) yields |w — z| > % as required.
So by taking e; > 0 small enough, the Lipschitz function x — ¢, (6% (x,y)) will
have its derivative supported in the annulus K (y,7;-1) \ K (y,7;+2) for j > 1. Since
these annuli are pairwise disjoint and contained in K (y,r)\ K (y, %)for j € 3N (since

Py 5;2 < 3), the sequence of functions {1 };’;1, with ¥, (7) = ¢3; (6% (,y)), is

now easily seen to satisfy (20) with p = oo, ¢ = % and N = 2. This completes the
proof of the proposition.

4.2 The axiom

Let X be a collection of continuous vector fields X; = a; (x) a%jv 1<j<mn,onQ

with a; (z) = 1 and set A; (x,7) = fOT a; (x1 +t,z2,...,2,) dt, 1 < j < n, provided
the segment joining z and x + (1,0, ...,0) lies in Q. In this subsection we introduce
our basic axiom regarding X, and derive some general consequences from it.

Axiom 1 There is a prehomogeneous space on 2 of open subsets B = {B (2,7)},c0. 0<r<oo
as in Definition 28 (i.e. (56), (58), (60) and (62) hold), satisfying the convex hull
equivalence (12),

coB(z,r) C B(z,Cr), z€Q,0<r<?ddist(z,00), (179)
and the doubling condition

)E(w,Qr)‘ SC‘E(.’I?,T)’7 x €, 0<r<bdist(x,00), (180)

where B (x,r) = H;;l [x; — Bj (z,r),x; + Bj (x,r)] is the smallest closed rectangle
containing B (x,r) as defined in (89). Moreover, the prehomogeneous space of open
sets B is related to the collection of vector fields X by the following two properties:

1. The side-limiting inequality (note that Ay (x,r) =1):

c'< Biz,r) <C, z€Q, 0<r<ddist(z,00). (181)
T
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2. The proportional subrepresentation inequality: for every 0 < 8 < 1, there is a
positive constant Cg such that for all y € Q and 0 < r < édist (y, 09),

1 @)] < C / Vaf ()| K (2, 2) d. (182)

B(y,Cr)

whenever f is Lipschitz continuous, x € B (y,r) and |Z (f) N B (y,7)| > 3|B (y,
where Z (f) denotes the zero set of f. Here, K (x,2) is given by

d(z,z)

K@ 2) = B d@

(183)
where
d(z,y)=inf{r >0:y € B(z,7)}. (184)

Note that (184) defines the quasimetric associated to the prehomogeneous space
as in Remark 7.

Remark 18 If B= {B(z,r)}

on Q, then the doubling condition (180) on the rectangles B (x,r) implies doubling
for their half sidelengths Bj (x,r):

reQ.0<r<oo S @ prehomogeneous space of open subsets

Bj(z,2r) < CBj(z,7), x€Q,0<r<édist(z,00).

for 1 < j < n. Indeed, using only weak monotonicity (60) and doubling (180), we
have with 0 < ¢ < 1 the constant in (60),

2—n
B; (:E, c_lr) =

B (z, c_lr)) C’27" |B (:c,r)‘
<
[Liz; Bi(x,cmtr) = [l Bi(z,r)

Let us show that the properties (56), (58), (60), (62), (179), (180), (181) and (182)
of Axiom 1 persist for Q-locally equivalent families of sets { B* (,7)} . 0<r<oor POS-
sibly with a smaller positive constant §p. Recall from subsection 2.3 that the families
of sets {B (,7)} ,cq.0<rco0o ad {B* (2,7)} are Q-locally equivalent if there
are positive constants C' and 6 such that

=C'Bj (x,7).

z€N,0<r<oco

B(z,r) C B* (z,Cr) and B* (z,7) C B(z,Cr), x€8,0<Cr <§dist(z,00).

(185)
It is this flexibility of the properties in Axiom 1 that makes the axiom useful in
dealing with the prehomogeneous space of flag balls in section 5. Now it is obvious
that (56), (60), (58), (62), (179) and (180) are inherited by an Q-locally equivalent
family of sets. From Remark 18, the side limiting inequality (181) is also inherited.
Next we turn to the proportional subrepresentation inequality. We note that in the
presence of the engulfing and doubling properties, (56) and (62), d (z,y) in (184) may
be replaced by any equivalent function d (x,y), since then

d(z, 2) N d(z,2)
|B (z,d(z,2))] ‘B(%J(x’zm.

Lemma 52 Let B = {B(2,7)},c0 0<rco0 and B* = {B* (2,7)},cq.0<r<00 e fami-
lies of sets satisfying the engulfing and doubling properties, (56) and (62), and suppose
that they are Q-locally equivalent in the sense that (185) holds. If the proportional
subrepresentation inequality (182) holds for B = {B (z,r)} then it holds
for B*.

z€Q,0<r<oco’
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Proof. If (185) holds, then the corresponding kernels K and K* are equivalent.
Suppose we are given B* (y,r) with 0 < Cr < 6 dist (x,00). Let x € B*(y,r)
and let f Lipschitz satisfy |Z (f) N B* (y,r)| > 8" |B*(y,7)|, 0 < 8 < 1. By the
equivalence of sets (185), B (y,Cr) D B*(y,r). Then we have x € B (y,Cr) and
|Z(f)NB(y,Cr)| > BB (y,Cr)| for some 0 < 3 < 1. By (182) for the sets B, and
(185) again, we obtain

F@ISC [ VK ds

B(y,CCr)
<ca;, [ Vaf (2) K (2, 2) dz,
B*(y,CC2r)

which is (182) for the sets B*.

Remark 7 and Lemma 29, together with the above discussion, now immediately
yield the following lemma which will prove useful in connection with the flag balls,
as they enjoy only the weak monotonicity property (60).

Lemma 53 Suppose that {B (2,7)},cq 0<r<o00 8 @ prehomogeneous space on €2 sat-
isfying Aziom 1. Let {B* (2,7)},cq 0<rco0 D€ the general homogeneous space with
symmetric quasimetric d3,,, (z,y) as in Lemma 29, arising from the quasimetric
d(z,y) in Remark 7. Then the properties (56), (58), (60), (62), (179), (180), (181)
and (182) of Aziom 1 are satisfied with the balls B* (x,r) in place of the sets B (z,r).

Moreover, for some positive constant C, we have
B(x,Cilr) C B*(z,r) C B(z,Cr), 0<r<oo.

In preparation for proving Sobolev and Poincaré inequalities in the next sub-
section, we show that for a general homogeneous space, the proportional subrep-
resentation inequality (182) implies the standard subrepresentation inequality for
Lipschitz continuous f: there are positive constants 6, C, Cy such that for all y € Q
and 0 < r < 8 dist (y,00),

17 (2) — fam| <C / Vaf (2)| K (2, 2) dz (186)

B(y,Cor)
Cr
AR Twomwey Vaf (2)] dz,
1B (y, Cor)| JB(y.com)

for x € B (y,7), where fp,,) = m fB(y ") f is the average value of f on B (y, ),
and the fractional integral kernel K is given by (183). The sharper version of (186)
with Cy = 1 is often available in special cases; see for example Remark 21 in section
4.4.1. Moreover, it is sometimes possible to drop the second term on the right side
of (186); see for example the discussion about reverse doubling of order 1 in Remark
9 of section 2.3.

Lemma 54 If the proportional subrepresentation inequality (182) holds with 3 =
1 for a general homogeneous space B = {B(z,r)} then the standard

€Q,0<r<oc0’
subrepresentation inequality (186) holds.

Proof. Fix y € Q and 0 < r < ¢ dist (y,09), and let w be the median value of f on
B (y,r). Set

) —w,for f(x) >w
rw={{0 Rz
w— f(x),for f(z) <w
f(x)_{O ()forf(x32w’
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for x € B (y, Cor), so that f(z) — fy (@) = f— (z). Then
(x

|f (@) = o \s| ) =l [ — vl
<|f+ @) +[f- (2)]
1
+|B(y,7")| B(y,r) |f+ (w>|
1

Since | Z (f+) N B (y,7)| > % |B (y,7)| we can apply (182) to each of fi and f_ with
B =3, and use |V, fi| < |V, f| almost everywhere, to obtain

£ (2) — Foim| < c%/ IVuf (2)| K (2, 2) dz (187)
B(y,Cor)
1
—&—20;/ Vof (2 7/ K(w,z)dw pdz
F poon ¢ )'{B<y,r>| sy )
§2C;/ Vof (2 x, dz+20017 Vof (2)| dz,
2 (y,CoT)| ( >‘ ( ) |B(y700T | y,Cor)| ( >|

since (97) implies
1 r
K(w,z)dw < C——,
B S 2" =BG

This completes the proof of the lemma.

x € B(y,r),z € B(y,Cor).

For use in the next subsection, we also record the following two standard proper-
ties of homogeneous spaces.

Lemma 55 Suppose {B (2,7)},cq 0crcno 95 the family of balls in a homogeneous
space on §2.

(a) There are positive constants C' and D such that
r\D
|B (z,7)| < C (z) |B (y,t)|, whenever B(x,r) D B(y,t).
(b) If B(x,r)N B (y,t) # ¢ and r ~ t, then |B (z,7)| = |B (y,t)|.

4.3 The Sobolev and Poincaré inequalities

The following Poincaré inequality clearly implies both the Sobolev inequality (15)
and the Poincaré inequality (17) that are needed to invoke Theorem 6 or Theorem 7.

Proposition 56 Let {B (2,7)},cq 0<r<00 b€ the family of quasimetric balls in a
symmetric general homogeneous space on ) with quasimetric d, and suppose that
the standard subrepresentation inequality (186) holds. Then we have the Poincaré
inequality: there are positive constants C,Cy such that for sufficiently small § > 0
and ally € Q and 0 < r < § dist (y,00Q),

1 / . q 1 P
o [ A tmanl) <o (gt [ warr)
<|B<y,r>| . B““') (B<y,cor>| .

for all f Lipschitz on B (y,Cor), and 1 < p < g < oo where % == — % and D 1is the

doubling exponent in Lemma 55 (a).

1
p
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This result remains true for p = 1; see Remark 20 at the end of the proof.
Proof. There are several possible ways to proceed, and we have chosen to deduce
the Poincaré estimate from the results in [41] about integral operators of potential
type in a symmetric general homogeneous space. We recall the context. Let p(-, )
be a symmetric Lebesgue measurable quasimetric on an open subset 2 of R™, and
let B (x,r) denote the p-ball with center x and radius r. Suppose that Lebesgue
measure satisfies the doubling condition

|B(z,2r)| < C|B(z,r)|, 0<r< oo, (188)

with C independent of  and r. Thus the triple (€, p, dz) (where dz denotes Lebesgue
measure) is a general homogeneous space in the sense of Definition 27. Following [41],
we consider integral operators T : ¢ — T'¢g which have the form

Tg(x) = f ) K(x,2) dz, (189)

By

where By is a fixed ball (with respect to the given quasimetric p) and K (x,2) is a
nonnegative kernel. Given a kernel K and any p-quasimetric ball B with radius r (B),
let

¢ (B) =sup{K (z,2) 1w,z € B,p(x,2) = crr (B)}, (190)

where ¢ is a sufficiently small positive constant which depends only on the quasi-
metric constant of p (i.e., only on the analogue for p of the constant « in (54)). In
fact, if we denote the quasimetric constant of p by &, it is shown on p. 820 of [41]

that the choice 1

9kt
is possible. In this context, we will use the following special case of Theorem 3B of

[41] (by choosing the weights w and v there to have the constant values 1/|Bp| and
r(Bo)" /| Bo|, respectively).

C1 = (191)

Lemma 57 Suppose that 1 < p < q < oo, T is given by (189) for a fixed p-ball By,
@ is defined by (190), and K is the quasimetric constant of p. Let B§ denote the ball
with the same center as By and radius 13x°r (By). If there is a constant C so that

o (B)|B] (%) T < or(BY) (192)

for all p-balls B C Bj, then

1 1/q 1 1/p
(— Ty (@) dx) < Cwr (Bo) (— [ sy da:)
|Bol J 5, |Bol J 5,

with ¢y depending only on p,q,k and the constants in (188) and (192).

Remark 19 The results of [41] are derived with the extra assumption that annuli
B(z,R)\ B(z,7),0 <r < R, are not empty. In fact, this assumption is not needed
for Theorem 3B of [41], as can be seen by going through its proof and observing that
since empty annuli contribute nothing to T, the only balls B which actually arise
in the proof are ones for which ¢ (B) is well-defined, i.e., ones which give rise to
nonempty annuli.
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In order to apply Lemma 57 to (186), we fix a ball By = By (zg, ro) with 29 €
and
0 < 13x°r < ro < 6 dist (x9,09),

and rewrite (186) in the form

|f (I) - fB(y,r)‘ < cT (XB(y,CT) |vaf (Z)‘) (x) + CA? reB (y,T), (193)

for B (y,Cor) C By, where A = B fB(%Cm) |Vof (2)] de and the operator T
is given by (189) with
d(z,z)

|B (x,d(x,2))]"

(The doubling property of Lebesgue measure for quasimetric balls implies that K (z, z) ~
K(z,z), although we shall not use this fact.) We must now verify (192). To estimate
the functional ¢ (B) in (190), fix a ball B of radius r (B) with B C Bg, for By as in
Lemma 57, and let « and z lie in B with d (z, z) > c1r (B) with ¢; as in (190). Then

d(z,z) 2kr (B) r(B)
Bd@2)] = Bloar®) -8

by Lemma 55 (b) applied to the balls B and B (x,cyr (B)). Taking the supremum
over such x and z yields

K(x,2) =

K(z,z)=

(B) < "f).

We also have by Lemma 55 (a) that

b gy
(1) (128)P  ortm
|B| |B| r(B)
since p~! — ¢7! = D! and B C B by hypothesis. Taking the product of these
estimates leads to (192) in the form

o(B)|B] (gﬂ)” < O (By)

for all B C Bj.

Let B (y,r) be a ball with y € Q and 0 < r < § dist (y,02). Then if p > 1 and
p~1—q ! = D™, we obtain by combining (193) and Lemma 57 with By = B (y, Cor),
that

1

1 e\
<|B<y, A o 1 ) = 200 d"”)
Bol 7 [ 1 o\
SC<|15><y,r>|) (@ o T UV xm,) (@) d"””) oA

<C (%)% Cn 7 (Bo) <|'%0 /B |Vaof (x) d:r,)% +CA

1 D
<Cr| —5———5—— Vof ()P dz |
<|B<y,0r> sen ) )

since [Bo| = B (y, Cor)| < OB (y,)| and A < r (1 S com [Vad (@) de)
by Holder’s inequality. This completes the proof of Proposition 56.

B=
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Remark 20 Proposition 56 remains valid for p = 1. The argument in case p =1 is
based on a weak-type analogue of Lemma 57, i.e., it is based on an estimate like the
one in Lemma 57 but with the Lorentz norm ||Tg/|Bo|||pa.(B,) on the left, and it
also uses a truncation argument involving the differential operator V.. For details,
we refer for example to Theorem 2 of [10], from which the desired estimate follows
as a special case.

4.4 Adapted vector fields and prehomogeneous spaces

The purpose of this subsection is to formulate and prove a general subellipticity the-
orem for a collection X of diagonal Lipschitz continuous vector fields, Theorem 61
below, that obtains subellipticity for X when X is adapted to a prehomogeneous
space in a natural way - see Definition 58 below. The key to obtaining the propor-
tional subrepresentation inequality (182) of Axiom 1 from Definition 58 is the lemma
below that controls the difference of two proportional averages of a function f by
an appropriately normalized average of V,f. In order to state the lemma, we recall
some definitions.

Let a(z) = (1,a2 (x),...,a, (¥)), x = (x1,...,%,), where the a; are nonnegative
on ). We assume that the a; satisfy the doubling condition in z; uniformly in
To,...,Tn, i.e. that there is a constant Cy so that if I and J are one-dimensional

intervals with J C 51, then

/ai (21,29, ...,2pn)dx; < Cq /ai (1,22, ...,2n)dx;
J I

for each ¢ uniformly in zs,...,x,. We refer to the constant Cy as the doubling
constant of a. The blow-up factor 5 is present for technical convenience. We also
assume that a; (x1,x2,...,x,) is Lipschitz continuous in xa, ..., x, uniformly in z;
with Lipschitz constant C.:

la; (21,2, .., 2n) — a; (x1,2h,...,20)] < CLj_rr21axn’xj — .
Ty

Giveni=2,...,n,z € R" and t € (—o0,0), A; (z,t) is defined by

t
Ai (l’,t) :/ Q; ($1+5,$2,...,.’L‘n)d8,
0

provided the segment joining x and z + (¢,0, ...,0) lies in €. Note that A4; (x,t) has
the same sign as t.

The values A; (x,r) are related to integral curves of the vector fields in the linear
span of {3%1, a2%7 . ,ana%}. In order to guarantee the existence and unique-
ness of these integral curves, we assume that the a; are continuous in x as well as
Lipschitz continuous in s, ..., 2, (see e.g. Exercise 26 on page 171 and Exercise 28
on page 119 of [37]). In fact, for € Q, u = (ug,...,u,) € R*~! and ¢ in an open
interval containing 0, let «, (x,%) be the unique integral curve of the vector field
(1,uza9, ..., upay,) with v, (z,0) = . Thus «,, (z,t) satisfies

7; (:E,t) = (la U202 (7u (:E,t)) y oo UnGn (’7u (:C,t))) and Yu (iC, 0) =,

and so,
Yu (.I,t) = (3?1 +t5’yu2 (x7t)""’r)/un (.I,t)) where

t
'ym(x,t)::ti+ui/ai('yu(x,s)) ds, i=2,...,n.
0
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When u = 0, v, (z,t) is simply the segment (21 + ¢, z3,...,2,), and consequently

t
Ai(x,t):/ 0 (o (,8)) ds, i=2,....n.
0

In the next lemma, we will vary the initial points = of the curves «, (x,t) for special

fixed values of u to help estimate integral averages of functions. This technique, but
instead with x fixed and u varying, was first introduced by Franchi in [8].

Let B={B(x,r):x € Q,0 <r < oo} be a prehomogeneous space on {2 and let
B be the collection of smallest closed rectangles

H xy — By (x,7) ,x + By (z,7)]

containing B (x,r), as defined in (89). Let the a-gradient V,f of a function f be
denoted as usual by

Vol (0) = (0 (0. 02 (0) o ()00 () 5o (@)

Given a > 0 and F C B (z,7), we say F is an a-proportional subset of B (x,r) if

|F| > « ’E (, r)) The key assumption in our lemma is the following definition.

Definition 58 A collection of vector fields X = {X; (x )} _, on ), where X, = ail ,

Xs(x) = az (x )8?:2 v, Xp(2) = ap (2) 82 , is said to be adapted on  to a
prehomogeneous space B on Q0 (or vice versa, B is adapted on Q to X') if there is
6 > 0 such that

1. For all z € Q with 0 < r < 6 dist (z,00Q), we have

By (z,71)
r

ct< <C,

2. For every 0 < a < 1 there is a positive constant € such that for all balls
B(z,r) € B withx € Q and 0 < r < § dist (x,00), there is an a-proportional
subset Q of B (x,r) satisfying

Aj(z,r)>eBj(x,r), forzeQ,1<j<n.
The next lemma is basic.

Lemma 59 Assume that a; is nonnegative and continuous for x in 2, doubling in
x1 uniformly in xa,...,x, and Lipschitz continuous in xa, ..., T, uniformly in 1.
Let X, = 8(3; , Xo(x) = ag (x )822 e, Xp(2) = ap (z )W and suppose that the
collection of vector fields X = {X; (x )}nfl 1s adapted on Q to a prehomogeneous
space B on Q. Then for any Lipschitz continuous function f on B (y,r) with y € Q
and 0 < r < 6 dist (y,09), and any a-proportional subsets G and H of B (y,r) with
0 < a<1, we have
r

YR S <l [ meel

where the constant C' depends on C., Cr, 6 and « in Definition 58.
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Proof. We assume that y = 0 and 0 < r < 6 dist(0,090) are fixed, and let
B; (r) = B; (0,r). We rearrange variables so that

Bj(r)<Bj_i(r) for2<j<n. (194)

Fix o with 0 < a < 1. By condition 2 of Definition 58, there exists € > 0 depending
only on a, and a set Q C B (y,r) with |Q| > « ‘E (yﬂ‘)‘ such that

Aj(x,r):/ a; (z1+t,x0,...,x,) dt > eB; (r) if (z1,22,...,2,) € Q (195)
0

for j =1,2,...,n. By comparing each of the integral averages of f over G and over
H to the average of f over €2, we may suppose that H = ). Thus the estimate in
(195) holds if (x1,z2,...,z,) € H.

Given points P € B(0,r) and Q € H =, we denote
P:(plap2a"'7pn)a Q:(Q1aq2a"'7QTL)7
and define points { Py Zill by Pi = P,P,;1 = Q and

Pk::(q17q27"'7qk717pk7"'7p’n)7 k:27"'7n‘

Then

IF (P) = F @I <D 1 (Pe) = f (Peya)|
k=1
=|f(p1,p2:---,pn) — (@1, D25 Dn)]

n
+Z ‘f(qlan;~-~aqk717pk,-~->pn) - f(qlanv"'7qkapk+17"'7pn)| .
k=2

We will estimate each term |f (Px) — f (Pr+1)| separately. In the simple case k = 1,

we have
Bl (T)

F(P) = f(Py) s/

731(7‘)

— (¢ dt
8$1 ( y D2, 7pn) ’

since p1,q1 € [—By (1), By (1)].
Now let 2 < k < n and consider the two integral curves emanating from P, and

Py41 given by
70...0u.0...0 (P, t) =

t
(Q1 + tv Q2,5 qk—1,Pk + Uk / ag (’YO...OukO..‘O (Pklu 8)) dsapk?+17 v 7p’n) )
0

and
Y0...0u0...0 (Pk-‘rl’ t) =

t
(ql + tv Q255 Qk—1,qk + Uk / ag (’YO...OukO.‘.O (Pk?+17 8)) dsvpk+17 s 7p’n) .
0

We claim that

. T T c
mln{/ Ak ("/0..‘0%0...0 (kat)) dt,/ Ak (’70..‘0%0...0 (Pk+lat)) dt} > ZBk: (r)
0 0
(196)
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for 2 < k < n provided
2CLr|lug| <1 and 4Cpr(n—1) <e. (197)

To prove this, first note that since ay (x) is Lipschitz continuous in xa, ..., Ty,

/0 agk (’Yo...ouko...o (kat)) dt =

T t
/ ag (th +4,q2, - Qr—1,Dk + uk/ ak (Yo...0uz0..0 Pr8) ) ds, prs1, - - - 7Pn) dt
0 0

differs in absolute value from
T
/ a’k(Ql +taq2a"'an—lvpkvpk-‘rla"'apn)dt
0

by less than

T 1 T
TCL|uk|/ ag (70...Ouk0...0 (P, 5)) ds < 5/ ar (704..0uk0...0 (P, t)) dt
0 0

provided 2CLr|ug| < 1. Hence, if 2CLr|uk| < 1, then

T 1 T
/0 ap (’YO..,OukO..‘O (Pkut)) dt > 5/(; ak(ql +t7q27"'7qk717pk7pk+17"'7pn) dt.

(198)
Next, due to the sizes of the edgelengths of B(0, ) and the fact that ay, (z) is Lipschitz
continuous in xs, ..., £,, the integral

/OT ar(qr +t,q2, -+ Qk—1, Pk, Ph+1, - - -, Pn) dl
differs in absolute value from
/Or ar(qu +4,q2, -+ Qk—1, Qhs Gt 15 - - -, @) At = Ar(Q,7)
by at most
rCr (2Bg (r)+ ...+ 2B, (1)) < 2rCr(n—1)By (r) < =By (r)

due to the ordering (194) and the restrictions (197) on r. But Ay
(195) since Q € H = Q. Hence,

—~

Q,r) > eBy (r) by

r
5
/ ak((h + t7q27 <oy Qk—1,Pky P41 - - - 7pn) dt > §Bk (7’)
0

for such r,e. The desired estimate for the first term in (196) follows by combining
estimates. To estimate the second term, we replace Py by Pry1 and pg by g in the
argument above. This completes the proof of (196) for k =2,... n.

By doubling of a; in x7 there is a constant ¢ with 0 < ¢ < 1 such that

c~r r
/ ak(q1+taQQa--'7Qk71;pkapk+1v~'->pn)dt2C/ arp(q4t, G2, - - s Qu—1, Pks D41, - - - s D) dt
0 0
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where C' is as in condition 1 of Definition 58. Combining the last two inequalities
with C~1r < By (r) from condition 1 of Definition 58, we obtain

Ba(r) ce
/ ap(qr + 1,02, - Qo1 Pkr P41, - - - » D) dt > §Bk (7). (199)
0

Hence combining (198) and (199), along with a similar argument for P41 in place
of P, we obtain

. Bl(r) Bl(’l’) ce
min / ar (Yo...0ur0...0 (Prs 1)) dt,/ ar (Yo...0ur0...0 (Prt1: 1)) dt ¢ > 7 Br (r)
0 0

(200)
We now make a fized choice of u; > 0 which is independent of k, P,@ and the
sequence { Py}, namely let

Then, multiplying (200) by ux, we obtain
Bl(’l‘)
min uk/ ar ('Yo...Ouko...o (Pk,s)) ds, (201)
0

Bi(r)
Uk-/o ay ('Yo...ouko,,,o (Pry1, S)) ds
> ukchk (r) = 2By, (1)

provided (see (197)) 16CLr (n — 1) < ce, i.e., provided r is sufficiently small. Note
that the term 2By () on the right side of (201) is the sidelength of B(0,r) in the
direction of the xp-axis. Thus (201) expresses the fact that by the time ¢t = By (0,7),
both of the curves vq_ g,,0..0 (Pr,t) and ¥y gu,0..0 (Pet1,t) have escaped out the

"kt side” of B(0,7) due to growth in their £ coordinates.

The argument is now slightly different depending on which of py or g is smaller.
Suppose first that pr < qr. With ug chosen as above, (201) then implies that the
curves

7Y0...0u0...0 (Pr,t) and  7g (Pry1,t)

must intersect for a value ¢t = ¢, depending on P, with 0 < ¢, < By (r):

70...0uk0...0(Pk’tk) = WO(PkJrlﬂtk) = ((h +tk,Q2, -« - Qs P15 - - - 7pn)

This follows from the forms of the two curves since the term 2By (r) in (201) is the

kth sidelength of é(O,r). Recall that ug = % is positive and independent of k, Py
and Pyy1. In fact, the curves intersect for the value of ¢; with

tr
Pk + Uk/ ag (70.“Ouk0.,.0 (P, S)) ds = qp,.
0

Thus,
f (’Yo.“ono...o(katk)) = f (Yo(Prt1,tk))
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and therefore,

If (Pr) = f (Prg1)] < ’f (P) — f (’Yo...ono...o(Pkatk))’
+1f (Yo(Prt1,tk)) — f (Prot1)]
= |f (’Yo...()uko..‘()(PkaO)) - f (’YO..‘OukO...O(P]Wtk))}
+1f (Yo(Prt1:tk)) — f (Yo (Pr+1,0))]|

/Ok df(’Yo 0ug0..0 (P, t)) di

dt

+ /Ot’ af('Yo (Pry1,t)) dt',

which is dominated by

N
0

8.%1

tr
0

tr 8
+ [N e, <Pk+1,t>>’dt.

Assume for the moment that ¢ lies in the left half of B (0,7), i.e. ¢ € [-By (0,7),0].
Then by construction and the fact that G and H are subsets of the rectangle B 0,7),
the parts of both curves corresponding to ¢ values with 0 < ¢ < #; lie in the set
B (0,7). On the other hand, if ¢ lies in the right half of B (0,r), i.e. g1 € [0, By (0,7)],
then run the curve backward instead. Since (200) also holds with integration over
the interval [—Bj (0,7),0] instead of [0, By (0,7)], we conclude that the backward
curve then lies in the set E(O,r) as well. Hence, letting y = XB(0,r) denote the

(Yo.. .0uy0.. 0 (P, ))’dt

of
8_:1%(70“‘0“"'0”'0 (P, 1)) ak(’YO‘..OukO..‘O (P t))’ dt

characteristic function of B (0,7), we obtain for 2 < k < n,
|f (Px) = f (Pit1)| (202)
8 Bl(T)
§<1+E)/0 |V f('Yo 0ug0...0 (Prst )iX(’Yo 0uz0...0 (P ))d
Bl(T)
[ 19t (P )] x (0 (P 1) .

If on the other hand g, < pi, then the integral curves

Yo (Pg,t) and Y0...0u0...0 (Pr+1,1)

intersect for some t; with 0 < t; < By (0,7), namely for the value of ¢}, with

tr
K + uk/ ak (70...0uk0,..0 (PkJrlv 8)) ds = pg,
0

where wuy, is the same as before. Again, both curves lie in B (0,7) for 0 <t <t (by
running the curve forward if ¢ lies in the left half of B (0,r), and backward if ¢ lies
in the right half of B (0,7)), and as above we obtain

B (r)
£ (P — f (Pesa)| < / Vol (Yo (Pt)) X (0 (P ) dt (203)
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8 Bl(T)
+ (1 + E) /0 }Vaf ('Yo..AOuko...o (Pk+1:t))’ X ('704..0%0...0 (Pk+1at)) dt.

In any case, |f (Px) — f (Pr+1)| is bounded by the sum of four terms, two from
(202) and two from (203). Thus,

'IGI/f |%/Hf(z)d‘ |G|H|//|f (Q)]dQ dP
f(%;g)i G|H|//{/ (6 P.Q) dt}deP,

where for 2 < k <n,

By (t, P,Q)= ivaf (’70 .0u0.. 0 (Pist )| X(’)’o 0ux0...0 (Prs )) (204)
+Vaf (Yo (Pes1, )| X (Vo (Prt1,7))
+Vaf (vo (Pis )] X (7o (Pis 1))
+ |Vaf (Yo...0uz0..0 (Pk+17t))| X (Yo...0ur0...0 Prt1,1))

and for k =1,
Eqy (8, P,Q) = |Vaf (Yo (P1)] X (70 (P:1)) - (205)

Each of the corresponding four integral expressions in (204), as well as the correspond-
ing integral expression in (205), can be estimated similarly, and we shall consider only
the first one in (204) in detail.

For 2 < k < n, we have

B (r)
|G|1|H| /H/G {/0 ‘Vaf ('You.owco..‘o (Pk-,t))} (206)

X X (Yo...0ux0..0 (P, 1)) dt} dQ dP
1 /Bl(r) /Bn(r)
02 [T}, [2B; (n)]* /-5 ) —B,(r)
Bl("‘) Bn("‘) Bl
/ / / \Vof | xdtdg, ... dgdp,...dp:,

where we have used the notation

|vaf|X:

x(-+),

and x(...) denotes x evaluated at the same point as V, f. Note that this expression
is independent of p1,...,px—1 and qg, ..., q,. Recall that u; = C% is a fixed constant
independent of k. Performing the integration in gg,...,q, and p1,...,pr_1 shows
that (206) is at most

t
‘vaf <Q1 + ta q2,-.-,qk—1,Pk + Uk / ag (70...01“60.“0 (Pka 8)) dsapk-‘rlv .. 'pn)
0

z (1)~ B (r) By (r) Ba (1) o [
o Bkr---Bnr BergT"'Bk_lr/ / X
2200 T B; (r)? ~Bi(r) —Bo(r)
Bi(r) B —1(
/ / / IVaof | xdtdgp—i ... dgidpy, ...dp
Br_1(r)
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-1
dwy . ..dwydqy,

(207)

/Bl(T) / |V f ‘ 8(1{}1,...,10”)
- Oé2 Hl QB B(0,r) (t7QZa-~-an—17pk7~-~7pn)

where, for fixed ¢,
w=(wy,...,wn)

t
= <Q1 + ta q2,-.-,q9k—1,Pk + Uk/ ag (70...0uk0...0 (ka S)) dsvpk—l—h .. pn) .
0

We compute that
(w1, ..., wn)

8(t7qQ7 vy qQk—1,Pky - - - 7pn)

is a determinant whose k*" row is the vector Vwy,, whose diagonal entries other than
the one in the k*" row are 1, and whose remaining entries are all 0. Consequently,

A(wy, ..., wy 5} 9 ¢
0

8(t5q27"'7qk’—17pka'"apn) apk 8pk
(208)

for 2 <k <n.
We claim that for 2 < k < n, the function

t
Oy, (2,t) = Uk/ Qg (’YO...OukO.HO (z, 5)) ds
0

is Lipschitz continuous in 3, ..., &, with Lipschitz constant at most Cy, Jugt| (1 — Cr, |UJ;€L‘|)_1
We have from the fundamental theorem of calculus and the definition of integral curve
that

S
’YO...O’LL;CO.HO (.’I;, S) = (‘Tl + 8§, X2y ey The—1, LTk + uk/ ag (’YO...O’LL;CO.HO (-’I:, U)) d(T, xk+17 7:En)
0
= (xl + 8,22, ..y T—1, Tk + O ($7 8) y Th41, >$n) .
Thus if s > 0, = (21, 22, ..., x,) and 2’ = (21,2, ..., 2))), then since ay, is Lipschitz

continuous in xs, ..., £, we have

t
|Uk|/0 }ak ('You.owco...o (m, 3)) — ag ("/0...0%0...0 (it/a 5)) ’ ds

¢
< |uk|/ Cr max {|zs — 24|, ..., |xk,1 - x§671| |k (2, 8) — @ (2, 8)], }xk+1 — xﬁcﬂ} ey | T
0

t
< Jug] / Co{lz — /| + |®k (2, 5) — Dy (2, )|} ds
0
t s
< |Uk|/ CrL [37 - ff/| + |Uk|/ |ak (’70..‘0uk0...0 (3370)) — ag (’70..‘0uk0...0 (l"laU))’dU] ds
0 0

t
<ug| Crt [37 - ff/| + |Uk|/0 iak ('70...0%0...0 (m, U)) — Qi ('70...0%0...0 (33/7 ‘7))| da} .

Absorbing the second term on the right gives

lug| Crt - 2|
- 1—|uk\C’Lt

7

|Uk/o ‘ak (70...01“60.4.0 (3375)) (70 .0uy0.. ol s )}ds
(209)
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which proves the claim since |®y, (z,t) — @y (2',t)| is bounded by the expression on

the left side of (209). Tf [uxCpt| < 1/3, then T4£ISE < 1 and thus the function

&y, (z,t) has Lipschitz constant at most % in the variables s, ..., z,,. It then follows
from (208) that
G(wl,...,wn) >1
a(tv q2; .-+ qk—1,Pky- -+ 7pn) -2
The restriction |u,Crt| < 1/3 is satisfied by assuming that 24CCr < ce, since
0 <t < By (r) < Cr by Definition 58 and uy = 0—86. Similar arguments apply to the
other three terms in (204) and the single term in (205). For example, to treat the
last term in (204), we replace px by qr and Py by Pyy1 at the appropriate places
above and perform the integrations in qx41, ..., g, and p1,pe, ..., P, with remaining
integrations in ¢, g1, g2, - - -, @k, Pk+1, - - - , Pn- The other two terms in (204), along with
the term in (205), are simpler since uy, is replaced by 0 in them.
Using the estimate (210) on the right side of (207), and then integrating in ¢,
we obtain that (206) is at most

281 (7‘) /
—_— Vo f (w)| 2dwy ... dw
a? Hj:l 2Bj (7"> B(0,r) | ( )| !

Consequently, by combining estimates (recall that there are 4 terms in (204) and
that we must sum over k for k =1,2,. , we obtain

‘|G|/f |H|/f

(1 " ) i”rf%;)() /gm) Vaf ()] du

This completes the proof of the basic Lemma 59 since B; (r) & r by Definition 58.

(210)

4.4.1 The proportional subrepresentation inequality

We can now obtain the proportional subrepresentation inequality (182) from Lemma
59 if we assume in addition that the family B is Q-locally equivalent to the family 5
in the sense of subsection 2.3, i.e.

B(z,C7'r) C B(x,r) C B(z,Cr), x€Q,0<r<06dist(z,00). (211)
Note that we actually have B (x,r) C B (x,r) by definition of B (z, ).

Proposition 60 Assume that a; is nonnegative and continuous for x € ), doubling
m x uniformly n Ta,...,Ty and Lipschitz continuous in Ta,..., T, uniformly in
1. Let Xp = &1 , Xo (x ) = as () 322 v, X () = an (2) % and suppose that
the collection of vector fields X = {X, (z )} -

space B on ), and that B is Q-locally equivalent to the family B in (89). Then the
proportional subrepresentation inequality (182) of Axiom 1 holds.

s adapted on § to a prehomogeneous

Proof. Since the families B and B are Q-locally equivalent, there is K > 1 such that
B(x,r) C B(z,Kr), 0<r<06dist(z,00). (212)

Recall that the rectangles B (z,r) are given by

n

B(z,r) =1 (z,r) x H [z — By (z,7), 21 + By (z,7)],
k=2
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where I (z,r) is the interval

I (z,r) = [x1 — By (x,r),21 + By (z,7)].

n

From condition 1 of the assumption that the vector fields X = {X; (z)};_, are
adapted to B, we obtain for some a > 0,

a<W<$, 0<r <8 dist (x,00). (213)
We decrease « if necessary to achieve a < ¢ where ¢ is the constant in the weak
monotonicity condition (60).

We first prove (182) with C' =1 for = € B (y, R) in the special case x = y, and
we will further assume without loss of generality that + = y = 0 and 0 < R <
6 dist (0,09) is fixed. Let 7 € (0,1) to be fixed near the end of the proof. Let
Tm = TR for m = 1,2, ... and define the sequence of points y™ = (7,0, ...,0),
m > 1. Note that y™ tends to 0 = (0, ...,0) as m — oo. Let v be the constant in the
engulfing condition (56). Consider the sets, which we refer to as preballs,

By =By™a(l—7)tm), By =B({y", Ka'v(1—=7)Tm),

and their corresponding smallest closed containing rectangles

By =By a(l—7)7,),Bs =B (", Ka 'y (1 -7)7m),

for m > 1. We claim the following two properties hold with 7 <1 — %:

{Bm UBmi1 C B, m>1 (214)

zf:::M X5z < CXB’(O,C’TMR)’ M>1"
. 2 K2 2
WlthC:l—i—ln(%)/ln(l—ﬁ{—W) and ¢! = _aY_
NowB,, C B}, by weak monotonicity since @« < ¢ < 1 and K,y > 1 imply that
B, C B;,. To see that B,,11 C Bj,, we first note that by (213) with r replaced by
at(1—7)7m,

Tmt1 =TTm € [Tm — (L= T) Ts T + (L= 7) 7] C L (y™, 0t (1 —7) Tm)
and so y™ 1 € B (y™, a7t (1= 7) 7). From (212) we then obtain
y"eB (ym, Ka ' (1—-1) Tm) .
Thus the engulfing property (56) of the preballs yields
B (ym+1,Kofl (1-— T)Tm) CcB (ym,’yKofl (1- T)Tm) =B.
Using a < ¢ < 1 and the weak monotonicity property (60) we have

Buni1=By™ " a(l=1)Tme1) CB Y™ Ka™ ' (1=7) 7).

Combining these containments, we obtain B,,+1 C B}, and so B4+ C B\Ti, thus
proving the first assertion in (214).
For the remaining assertion in (214), we first claim that the intervals

{h(y" Ka 'y =1)7m) },
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have finite overlap N where N is the least integer greater than In (%) /In (1 — %)
Indeed, from (213) we have

Iy (ym+N, Ka™ 'y (1=7)Tmin)

C[rmsn — Ka 2y (1= 7) TongNs Tnan + Ko 2y (1= 7) Togn] -
Thus we will have
I (y"”N,Ka*lfy (1-7) Tm+N) NI (ym,KoFl’y (1-7) Tm) =09
for all m > 1 if
Tm+N+KOA_2’}/(].—T)Tm+N<Tm—KOé_2’7(].—T)Tm, m>1,
which in turn holds provided
N1+Ka?y(l-7))<l-Ka?y(1-71).
This latter inequality can be achieved by choosing 7 < 1 — % and then N so large
that AN
™ < (1_ 2K7) < 3

proving our claim about the intervals I7.
Second, we observe that

Tm =T"R € [-Kyr"R,Kyt"R) C I (0, Ka™ 'y7™R)

shows that y™ € B (O,Ka_lvaR). Thus by (212), y™ € B (O Kza_l'miR), and
then by engulfing, B (ym,KQQ_lfmi) C B (O,KQOF1 27 R) (note the square on
the last ). Hence

By = B (ym,Ka_17 (1—-7) Tm) CB (O,Ka_lvamR) , m>1,

and this completes the proof of (214). N
Now let f be Lipschitz continuous on B (0,C’R) and vanish on a subset Q of
B (0, R) satisfying |Q| > 3|B (0, R)|. By the continuity of f at 0 we have

1£(0)] = | 1im / e

m—00 ‘ B,"l

1 1
T ) dz| + Z / f(2) dz
’BM’ BM ‘Bm_;’_l’ Bm+1 ’B ‘ an

for all M > 1. Let M be the least positive integer such that K?a 142rM < 1, thus
ensuring that Bj, C B(0,R) for all m > M. It is easy to see that there is then

a positive constant ¢ such that BNM is a O-proportional subset of B (0, R). Indeed,
By C B3y by (214) and then B}, C B (0, R) by the choice of M as indicated above.

The proportional assertion follows from Bj; C Bp, (212) and the fact that the
"radius” of By is comparable to R, as M has been fixed. Also, there is a constant

IN
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¢ > 0 such that Q is a c¢G-proportional subset of B (0, R). Now apply Lemma 59 to

the preball B (0, R) with & = min {¢3,6} and G = By, H = ) to obtain

1 1 1
’BTM’/TBTWf(Z)dZ = W/)BA;ff(Z)dz_ﬁ/(zf(Z)dz

<o—B / Vaf (2)] dz.
‘B(O,R)‘ B(0.R)

It is again easy to see that there is a positive constant ¢ such that both E; and
By, +1 are §-proportional subsets of B, for all m > 1. Using (214) we can apply
Lemma 59 to the preball B}, with a = 6 and G = By,+1, H = By, to obtain

“Bl e dz—ﬁ/g,f(z) " gc”K“_l‘g‘”Tm/]? Vaf ()] dz,
m+1 m+1 mpeem "

for all m > 1. Adding these estimates yields

oo

Tm R
FOI<C [Nt I > oo () et O [ [Vaf ()] de
m=M ’B:n’ " ’B(O,R)’ B(0,R)
‘We now claim that
- Tm d<072) n
— X5 (2) <Cxp z2)———"——, 2z€B(0,R),
a7 O = e O m0.aw ) 0.5

where d (0,2z) = inf{r >0:2¢€ B(0,7r)}. Indeed, we will momentarily check using
engulfing and (212) that d(0,2) ~ 7, for z € /B&:, and that ‘N ~ ‘E(O,Tm)

*
m ’

m > 1. With this done, and since there are at most N rectangles B, that contain a
fixed point z, and since B}, C B (0, R) for m > M, we then have

> T, B ; d (0, 2)
W;M )ETm)XB:”( ) < Cxzom | ))§<0,d<0,z)))

as required.

So it remains to show d(0, z) ~ 7, for z € /B:ij:,

and ‘/BE‘ ~ ‘E(O,Tm> ,m > 1.
Now 7,, ~ B1(0,7,,) by condition 1 of Definition 58, and so there is a constant
C > 1 such that

y" = (7m0, 0) € B(0,07m) \ B <0, ém) .

By (212), we then have for a larger constant C’,

1
y"™ e B(0,C'r,,)\ B (O, 57'm> ,
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which establishes that d (0,y™) & 7, with constant of equivalence independent of

m > 1. Now take z € B},. Now we recall Remark 7 which shows that d is a
quasimetric. Then by what we just proved and (54), we have

Tm < Cd(0,4™) < Cr[d(0,2) +d(y™, 2)]
<Crld(0,2) +C(1—7)Tp].

If we now choose 1 — 7 sufficiently small, we can absorb the second term on the
right side to obtain that 7, < Cd(0,z). Conversely, we first recall from Remark
8 that setting z = x in (54) yields d(x,y) < kd(y,z). Together with d (y™,2) <
C (1 —7) 7y proved above, we thus have

d(0,2) <w[d(0,y™) +d(z,y™)]
<k[d(0,y™) + rd(y™, 2)]
<K[CTm +KkC (1 —7) Th]
< C/Tma

and this completes our first assertion that d (0, z) = 7, for z € /B:j:

Next let us show that ‘/é:*n/‘ ~ ‘B (O,Tm)) for m > 1. It is enough to show that

|B;,| = |B (0, 7,,)| because of doubling and (212). If £ € B (0,7,,), then d (0,&) < 7,
and so

d(y™, &) <r[d(y™,0)+d(&0)]
<K [d(0,y™) +d(0,8)]
§C7—ma

by what we have already shown. Since 7 is now fixed, it follows that & belongs to a
fixed enlargement B}* of B},. Thus B(0,7,,) C B}, and we obtain |B (0,7,,)| <
C'|Bz,| by doubling. The proof of the opposite inequality is similar.

This completes the proof of (182) with C' = 1 in the case x = y. From this,
together with the engulfing property of the preballs, it follows immediately that
(182) holds for arbitrary « € B (y, R) with a large blowup constant C, and the proof

of Proposition 60 is now complete.

Remark 21 Using the fact that the flag and noninterference balls are rectangles, it
is possible to show that in these cases, the proportional subresentation formula (182)
holds with the blowup constant C' = 1. The idea is to partition the rectangle into 2™
quadrants, and then, depending on which quadrant the point x lies in, to choose the
shooting parameters u so that the integral curves emanating from x always remain in
the rectangle. The details are left to the interested reader. See also [27] where geo-
desics are used to obtain the standard subrepresentation inequality (186) with blowup
constant Cy = 1 in certain special cases. We conjecture that in Proposition 60, we
can in similar fashion obtain the proportional subrepresentation inequality (182) with
blowup constant C =1 by taking the centers y™ of sufficiently small preballs B, in
the above argument to lie on an appropropriate integral curve through x.

We can now state and prove a general theorem on subellipticity of diagonal Lip-
schitz vector fields. Axiom 1 and Lemma 53 play a key role in the proof.

Theorem 61 Assume that a; is nonnegative and continuous for x € ), doubling in
x1 uniformly in xa, ..., x, and Lipschitz continuous in xa,...,T, uniformly in 1.
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Let X, = 8%1, Xo () = ag (2) 8%2, e Xp (2) = ay (2) % and suppose that the

collection of vector fields X = {X; (x)};lzl is adapted on Q to a prehomogeneous
space B = (Q,B) on Q, and B that is Q-locally equivalent to the family B as in (211).
Let D be a doubling exponent for the family B. Finally we either suppose that the
Yaccumulating sequence of Lipschitz cutoff functions” condition (20) holds for some

p > max {D,4}, or we suppose that B is Q-locally equivalent to the family of subunit
balls IC. Then X is LY-subelliptic in 2 for all ¢ > D.

Proof. Proposition 60 shows that the proportional subrepresentation inequality
(182) of Axiom 1 holds for the prehomogeneous space B. Conditions (179) and (180)
of Axiom 1 hold since B and B are Q-locally equivalent. Thus Axiom 1 holds for X
and the prehomogeneous space B. Lemma 53 then shows that the corresponding sym-
metric general homogeneous space B* = (2, B*) where B* = {B* (2,7)},c0 0<r<oos
also satisfies Axiom 1 relative to X. We will now verify the hypotheses of Theorem
6 applied to the general homogeneous space B* and the quadratic form Q (x,&) =

Z?Zl (aj (x)¢ j)2 arising from the collection of vector fields X under the assumption
that (20) holds for some p > max {D, 4}. The doubling condition (13) is obvious. The
convex hull equivalence (179) from Axiom 1 together with Remark 2 then shows that
the containment condition (11) holds. Proposition 56 and Lemma 54 show that the
Sobolev and Poincaré inequalities (15) and (17) hold. The ”accumulating sequence
of Lipschitz cutoff functions” condition (20) is obviously inherited by equivalent fam-
ilies, as is a doubling exponent, and Theorem 6 now applies to complete the proof of

Theorem 61 under the assumption that (20) holds for some p > max {D, 4} since
Q = max{Q*,20'} = max {Q*, D} = D.

We appeal instead to Theorem 7 in the case that B is Q-locally equivalent to K, since
then Axiom 1 holds for X and K, the pair (€2, K) is a symmetric general homogeneous
space, and the hypotheses of Theorem 7 are seen to hold just as above.

4.5 The reduction of the proofs

Using Theorem 61 and Proposition 36, we now reduce the proofs of Theorems 13
and 15 to proving that the flag and noninterference balls satisfy the size-limiting
condition (91) and form a é-local prehomogeneous space and a é-local homogeneous
space respectively that is adapted to the collection of vector fields X = {X };.l:l as in
Definition 58. As noted at the beginning of subsubsection 1.2.1 of the introduction,
we may assume, without loss of generality, that a; = 1 so that X; = 8%.

We begin with the proof of Theorem 13, assuming in addition that the flag balls
B satisfy (91) and form a é-local prehomogeneous space B = (£2, B) adapted to X.
Since the conclusion of Theorem 13 is local in nature, we may fix x¢ € 2 and restrict
attention to the §y-local prehomogeneous space By that is induced on 2y by B as in
Proposition 33. Since By is extendible, and continues to be adapted to X, we may
as well assume that B = (£, B) itself is a prehomogeneous space adapted to X.

By Proposition 36, the flag balls are Q-locally equivalent to the subunit balls
K (z,r). Indeed, condition (91) has been assumed and condition (90) of Proposition
36 holds with Cy . = fp(y,» by Lemma 54 and Proposition 60. The reverse Holder
and Lipschitz requirements on the vector fields in Proposition 36 follow from the hy-
potheses of Theorem 13. The flag balls are rectangles and so B is {2-locally equivalent
to B, and the remaining hypotheses of Theorem 61 are explicitly assumed in Theorem
13. Thus Theorem 61 applies to complete the proof of Theorem 13, assuming the flag
balls B satisfy (91) and form a é-local prehomogeneous space B = (€, B) adapted to
X.
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We turn now to the proof of Theorem 15, assuming in addition that the non-
interference balls A satisfy (91) and form a é-local homogeneous space A = (€, .A)
adapted to X. Again, Proposition 33 and Proposition 36 apply, and we conclude
that we may assume that A itself is a homogeneous space adapted to X', and that the
noninterference balls A (z,7) are Q-locally equivalent to the subunit balls K (x,r).
For this, recall that the hypotheses of Theorem 15 include the continuity of the ay,
as well as the reverse Holder condition in the z; variable, uniformly in the other vari-
ables. The noninterference balls are rectangles and so A is Q-locally equivalent to A,
and the remaining hypotheses of Theorem 61 are explicitly assumed in Theorem 15.
Thus Theorem 61 applies to complete the proof of Theorem 15, assuming the non-
interference balls A satisfy (91) and form a é-local homogeneous space A = (2, A)
adapted to X.

4.5.1 The sharper technical case

In this subsubsection, we prove the sharper sufficient conditions for subellipticity of
vector fields in Theorems 18 and 19 under the additional assumption that the flag
and noninterference balls form a 6-local prehomogeneous and homogeneous space
respectively adapted to X'. We suppose as well that the noninterference balls A satisfy
the size-limiting condition (91), and that the flag balls B satisfy the reverse doubling
property (215). As above, Proposition 33 shows that we may assume that the flag and
noninterference balls form a prehomogeneous and homogeneous space respectively.
We will not demonstrate the equivalence of our family of balls with the subunit balls
and in fact, if the coeflicients a; fail to be reverse Holder of infinite order in the z;
variable, then the noninterference balls A are not equivalent with the subunit balls
KC by Proposition 77. This requires that we establish the ”accumulating sequence
of Lipschitz cutoff functions” condition (20) directly for the flag and noninterference
balls, assuming that the a; satisfy a reverse Holder condition of order p < co in the
x; variable. We first consider the noninterference balls A.

Proposition 62 Let 1 < p < co. The "accumulating sequence of Lipschitz cutoff
functions” condition (20) holds for the §-local homogneous space A of noninterfer-
ence balls A (x,r), provided both the nondegeneracy condition (40) and size-limiting
condition (91) with B = A hold, and provided the a; are reverse Holder of order p in
x1, uniformly in o, ...T,, and Lipschitz continuous in xa, ...xy, uniformly in x;.

Proof. Fix a ball A(y,r) with y € Q, 0 < r < 6 dist(y,09), and let A, (t) =
Aj (y,t). Note that Aj; (t) is strictly incresasing as a function of t. Given § < s <

t <r, define
(A () — g —
v = [Te (B4 4).
j=1 A7 (t) A.] (8)

where

0,£<0

p(f)=1§0<¢E<1

1,1<¢

We compute by the chain rule and the support conditions on ¢ that

- 1
Vot () < Y a (@) X{w€A(y.n):,(0) <oy ~15 <45 (0} 2 () = A (3)
j=1 J J

and thus by Minkowski’s inequality that

(g f177)
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1

n 1 P P
a; (z) <—) Ay
Z{M W) v ary:as o) <les—ys1<A; 0} Aj (1) = Aj (s)

Jj=1

Fix 2’ € [Ty (yi — Ai (y,7) ,ys + A; (y, 7)) for the moment. Since a; = 1, and a; is
reverse Holder of order p in the first variable x1, we have for j > 2,

1 yi+r % C yi+r C
(-/ aj (v1,2")" dl‘l) < —/ aj (w1,2")dry < —A; ((y1,2"),7) < —A4; (y.7),
y rJy r r

2r Sy —r L

Q

by the size-limiting condition (91) with B = A. Thus for j > 2,
1
P

1
a; (z)? dx
{A(yv )| {z€A(y,r):A;(s)<|zj—y; | <A; (1)} ! }

. / (5 [ oty o) o
== X{z:As ()< s —1s . — a;(r1,x r1 | dx
n A (r) o (yi—Ai(y,r),yi+Ai(y,r)) trrdi)slesmus =4 0 o y1—r !

{ 20,0 - 4,00 | ] 240 (54,0 @
=

122,i7]
(e

A similar estimate holds for the case j = 1, and since A; (y,7) =~ A, (y,t) by dou-
bling in the first variable (which is a standard consequence of the reverse Holder
assumption), we have

Cn
Vo) <=

(7 /! “") <Z{ )
O [ Joain+Ey)de
T;{t y1+§y)d£}
C t d
<— )
Tr tfs

by doubling in the first variable again, where d is the doubling exponent in

d
J
/ i(x)dxy <C (||I|> /aj (x)dxy, whenever I C J, 2 <j <n, uniformly in zs,...,z,.
J

Now let rj —7j41 = =71, 8 ="rj41, t =7; and write 1; for ¢ to obtain

T
5G+7 0

P C Tj d C . 2d
(] 7et) " < S AnTam} <76+

It is now easy to verify that the sequence {ij};il satisfies the conditions in the
”accumulating sequence of Lipschitz cutoff functions” condition (20) with N = 2d.
This completes the proof of Proposition 62.
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We can now use the noninterference balls A (z,7) in Theorem 61 to obtain The-
orem 19, assuming the noninterference balls A satisfy the size-limiting condition
(91) and form a 6-local homogeneous space A = (€, .A) adapted to X. Indeed, we
just finished establishing (20) under these conditions, and we observed earlier that
Proposition 33 shows we may assume A itself is a homogeneous space. The remaining
hypotheses of Theorem 61 are explicitly contained in Theorem 19. This completes
the reduction of the proof of Theorem 19 to demonstrating that the noninterference
balls A satisfy (91) and form a é-local homogeneous space A = (€2, A) adapted to X.

The reduction of the proof of Theorem 18 proceeds along similar lines. We must
first establish condition (20) directly in the spirit of Proposition 62.

Proposition 63 Let 1 < p < oo. The "accumulating sequence of Lipschitz cut-
off functions” condition (20) holds for the §-local homogneous space B of flag balls
B(y,r), provided Definition 10 holds, the a; are reverse Hélder of order p in x4,
uniformly in xo, ...z, and Lipschitz continuous in xo, ...x,, uniformly in x1, and fi-
nally provided there is a positive constant co such that the following reverse doubling
inequality holds:

1
B; (y,cor) < §Bj (y,7), ye€0<r<bsdist(y,d0),1<j<n. (215)

Proof. We prove this using the same argument used in the proof of Proposition 62.
The only real difference is that the flag balls fail to be monotone, satisfying instead
the weak monotonicity condition

B(y,s) C B(y,r), for0<s<cr<r<§dist(y,oQ).

However, the reverse doubling property (215) of the side lengths Bj; (x,r) of the
rectangles B (x,r) will compensate for this lack of monotonicity.

Suppose that y = 0, 0 < r < § dist (0,0Q) and set B; (r) = Bj (y,r), B(r) =
B(y,r) for 1 < j < n. For 4r < t < r, let R;(t) = LB;(r) and consider the

rectangles
n

R(t) = (—t.t) x [ [ (=R; (1), R; (1)),

j=2
which satisfy B (cor) C R(t) C B(r). Note that R (t) is the rectangle B (r) dilated
by the factor % Given %r < s <t<r, define

(R0l
w(”‘H*"(Rj(t)Rj(s))’

j=1
where
0,£<0
pE)=4&0<6<1
1,1<¢

We compute by the chain rule and the support conditions on ¢ that

n 1
Vot ()] <D a; (2) X{a€ B e ()<l | B OV () = R (3)
j=1 J J

Since a1 = 1, and a; is reverse Holder of order p in the first variable z;, we have for
J=2,

1 [ntr 3 C ot C c
(2‘/ o Vi) < | e ey < A () 1) < T8 ),

1= 1=
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where the final inequality follows from the definition of B; (r). Just as in the proof
of Proposition 62, Minkowski’s inequality now yields

n

(Tz)l / IVa@/)I”) % : g 2 { B; (gjfrf)Bj (r) }

Jj=1

_On(_r
o \t—s)’

Now let r; —rj 11 = W, ro =71, 8 =Tjt1, t = r; and write ¢; for ¢ to obtain

1 » Cn 70 _Cn . 5
(|B(T)|/|va¢p) <T<m>_7(]+l) )

It is now easy to verify that the sequence {7’[}23‘};11 satisfies the conditions in the
"accumulating sequence of Lipschitz cutoff functions” condition (20) with N = 2.

This completes the proof of Proposition 63.

The remainder of the reduction of the proof of Theorem 18 is now carried out in
the same way as that of Theorem 19.

In this section, we have reduced the proofs of Theorems 13 and 18 (respectively
15 and 19) to proving that the flag balls B (respectively the noninterference balls A)
satisfy the reverse doubling condition (215) (respectively the size-limiting condition
(91)) and form a é-local prehomogeneous (respectively é-local homogeneous) space
adapted to X' (note that our proof of Theorem 13 in subsection 4.5 required condition
(91) for the flag balls, but our proof of the stronger Theorem 18 in subsubsection
4.5.1 did not - nonetheless, we will establish (91) for the flag balls in the next section).
These latter properties will be proved in the next section.

5 Homogeneous spaces and subrepresentation inequalities

The purpose of this section is to show that for some 6§ > 0, the family of noninter-
ference balls {A (2,7)},cq 0<r<s dist(z,00) 1 @ 6-local homogeneous space satisfying
the size-limiting condition (91) that is adapted to X', and also that the family of
flag balls {B ("Tvr)}xeﬂ,0<r<6 dist(z,00) 1S & 6-local prehomogeneous space satisfying
the reverse doubling condition (215) that is adapted to X'. The main restrictions on
the size of 6 > 0 will arise in making sense of the definitions of noninterference and
flag balls, as well as in making sense of the statements of the various lemmas below

(where the supremum of quantities such as A; (x,r) are taken over balls B (z,Cr)
for 0 < Cr < ¢ dist (z,09Q)).

5.1 The noninterference balls

Let a(z) = (1 a2 (x),...,an (), ¢ = (21,...,2,) € Q, be as above, except that
we do not assume the continuity of a; (z) in z. In particular, there is a doubling
constant Cy so that if I and J are appropriate one-dimensional intervals with J C 51,
then

/ai (21,29, ...,2y)dx) < Cq /ai (T1,29,...,2n)dx;
J

I
for each ¢ uniformly in zo, ..., z,, and there is a Lipschitz constant C, so that
/ / !
la; (x1, 22, ..., 2n) — a; (T1,25,...,2,)| < CL max \:L"j f:vj\,
J=2,..n
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for each ¢ uniformly in z;. Recall that given i = 2,...,n, z € Q and t € (—o0, 00),
A; (x,t) is defined by

t
A; (x,t) :/ a; (x1+ 8,22,...,2,)ds.
0

Note that A; (z,t) has the same sign as t. These definitions make sense provided
0 <t<édist(x,00) for § > 0 sufficiently small.

We assume in this section that A; (z,t) # 0 if ¢ # 0, for all  and i. Due to
doubling of a; in the first variable, this is equivalent to assuming that A; (z,7) > 0
for all x when r > 0. The n-dimensional rectangles A (z,r), r > 0, are defined by

n

A(z,r)=(x1 — 1,21 +7) X H (i — A (z,7) 2 + Ai (z,71)) (216)

=2

and are contained in 2 provided 0 < r < § dist (z,00) for 6 > 0 sufficiently small
depending on Ciyax in (37). Note that these rectangles are nonempty, open and
bounded.

In addition to the doubling and Lipschitz conditions just mentioned, we also
assume in this subsection that each A; (x,r) satisfies the following noninterference
condition (Definition 14 in the introduction): there are positive constants C. and §
such that for all z € Q and all r with 0 < r < 6 dist (z,99),

CoYA; (2,7) < Ai (2,7) S CeA; (m,7), 2z €A(x,r). (217)

Note that A; (z,r) is defined if § > 0 is sufficiently small depending on Cyax in (37). If
all the a; are the same, including the case n = 2 (when there is only one a;), it turns
out that (217) is automatically true - see Lemma 83 in the appendix; moreover,
as we will show in Lemma 82 in the appendix, (217) is a corollary of the strong
noninterference condition (41). Condition (217) implies that if 0 < r < é dist (x, ),
then

C; VA )| < |A(zr) [ < CETHA (@), 2 € A7),

(&

for the same constant C, as in (217).

As x and r vary, the rectangles A (x,r) have an engulfing property, which is a
precursor to (56), that is described in the next lemma. If ¢ is a positive constant,
cA (z,r) will denote the rectangle with center x whose dimensions are ¢ times the
corresponding dimensions of A (z, ), i.e., cA (x,r) is the Euclidean dilation of A (x,r)
by the factor ¢ in each coordinate direction, as opposed to the rectangle A (z, cr).

We remind the reader of the convention regarding 6 > 0 in subsection 1.1 of the
introduction.

Lemma 64 Suppose that each a; is doubling in x1 uniformly in xs, ..., x, and Lip-
schitz continuous in xa,...,x, uniformly in x1, and that (217) holds for some posi-
twe §. If A(x,r) and A (y,s) are rectangles of type (216) with A (z,r)N A (y,s) # 0
and 0 < s < r < § dist(z,00), s < 6 dist(y,00), then A(y,s) C cA(x,r) with
c=1+2C2

Proof. Since A (y, s) and A (z,r) intersect, A (y, s) is contained in the rectangle with
center & whose half-dimensions are r + 2s and A; (z,r) + 24; (y,s),i =2,...,n. If
z is a point in A (y,s) N A (z,r), then by (217), A; (y,s) < C.A;(z,s) and A; (z,7) <
C.A; (z,r) for all i. Also, A;(z,s) < A; (z,7) since s < r. Thus,

Ai (yvs) S CcAi(ZaS) S CcAl (ZaT) S C(?Az (x,r) .
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Therefore, A; (x,7) + 24; (y,8) < (1 + 202)A; (z,7), and since also 7 + 2s < 3r <
(14 2C?)r, the lemma follows.

It is simple to show that since each a; (z) satisfies the doubling condition with
constant Cy in the first variable uniformly in the others, then there is a positive
constant d, depending only on Cy, such that if I and J are appropriate intervals in
(—00,00) with I C J,

d
/ai(xl,xg,...,xn)dxl <Oy <|TJ||) /ai(xl,.fg,...,$n)d$1 (218)
J I

for all ¢ uniformly in x5, ...,z,. In fact we can choose d = In5 Cy. Moreover, as is
well-known, it follows that each a; (x) satisfies a reverse doubling condition in the
first variable uniformly in the others, i.e., there are positive constants cz C’Z, again
depending only on Cy, such that if I and J are intervals with I C J, then

d
/ai(xl,xg,...,xn)dxl > Oy <|TJ||> /ai(xl,xz,...,a:n)dazl (219)
J I

for all ¢ uniformly in x5, ..., x,.

It follows immediately from the definition of A; (z,-) and from (218) and (219)
that A; (z,-) satisfies the following doubling and reverse doubling estimates for each
IS

Cy (g)dAi (z,8) < A; (z,7) < Cy (g)dAz- (z,5) if0<s<r<6dist(x,00)
(220)
uniformly in . Note that (220) implies that Cy < 1 < Cy4 and that d < d. We
always assume throughout this section that A; (x,r) > 0 if » > 0, but (220) does not
require this assumption; in fact, (220) implies that if A; (z,r) = 0 for some r > 0,
then A; (z,r) = 0 for all r, so that a; vanishes identically on the line parallel to the
x1-axis through x.

5.1.1 Adapted noninterference balls

Combining Lemma 64 with the reverse doubling inequality in (220) yields the é-local
engulfing property (68) for the rectangles A (z,r). Indeed, if A (z,7)N A (y,r) # ¢,
then A (y,r) C cA(z,r) by Lemma 64. By the first inequality in (220), cA (z,r) C
A (x,yr) if we choose v so that ¢ = Cyqy?. The doubling inequality in (220) yields the
6-local doubling property (71) with Cypup = Qd"C’g. The é-local monotonicity and
scale properties (72) and (69) are immediate here, and as we have already observed,
the rectangles A (z,r) are nonempty and open. This completes the demonstration
that the family of noninterference balls A = {A(2,7)},crn 0<r<s dist(z,00) forms a
8-local homogeneous space A = (§2,.4)on .

The noninterference condition in Definition 14 implies both the size-limiting con-
dition (91) and that the vector fields X; = a; (x) %j, 1 < j < n, are adapted to the
noninterference balls in the sense of Definition 58. The proofs of Theorems 15 and
19 are now complete as mentioned at the end of section 4.

Remark 22 Under the hypotheses of Theorem 15 or 19, the ratio d(zf;z) in the
Holder estimate (175) of Theorem 49 can be replaced with the larger quantity

e J 71— 7l <:v2x’2>3 (Ixnx’nl)ﬁ
p T \Aa(y,p)) T\ An(y,p) ’
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where d is a doubling exponent as in (218). Indeed, the quasimetric d(x,x’) in
(175) is the symmetric quasimetric appearing in Theorem 6, which in turn arises
from an application of Lemma 29 to the quasimetric associated to the extension in
Proposition 33 of the 6-local homogeneous space A. The above estimate now follows
from a calculation using the definition (59) of quasimetric, the mononicity (72) of
the noninterference balls in A, and the second inequality in (220).

5.2 The flag balls

We now turn to showing that the flag balls satisfy the reverse doubling condition
(215), and form a 6-local prehomogeneous space that is adapted to the vector fields
X; =aj(x) 6%,- in the sense of Definition 58 under the hypotheses of either Theorem
13 or 18. As mentioned at the end of section 4, this will complete the proofs of
Theorems 13 and 18. We now assume n > 3 since otherwise the flag balls coincide
with the noninterference balls which have already been treated. The constants Cy
and C}, are defined at the beginning of subsection 5.1, and the term ”geometric con-
stant” means a constant which only depends on n, Cy and C,. We consider vector
fields 0%1, as (x) 6%2, ey G (T) % for x € Q, where the a; are nonnegative functions
doubling in the first variable 7 uniformly in s, ..., x,, and Lipschitz continuous in
Zo, ..., Ty uniformly in z;. We emphasize again that we do not assume the conti-
nuity of the a; (z) in . Our goal in this subsection is to show that the flag balls
B (z,r) satisfy the §-local prehomogeneous space properties of engulfing (68), weak
monotonicity (70), scale (69) and doubling (71), to also show that the rectangles
B (x,r) satisfy the doubling condition (180) and the size-limiting condition (91), as
well as the reverse doubling condition (215) and the reverse size condition 2 in De-
finition 58. To accomplish all of this, we will need to impose additional conditions
on the functions a; as we go. However, we no longer assume in this section that
Aj (z,t) >0 for t > 0, or that (217) holds.

We now redefine the flag balls introduced in the introduction, but in more detail
here. We begin by defining the B, (z,7), j = 2,...,n. Fix z and r with x € Q,
0 <r < 6 dist(x,00), and define a rearrangement {jo,...,j,} of {2,...,n} and
corresponding functions {Bj, (z,7)}}_, inductively as follows. First, pick the least
J2 €{2,...,n} with 4;, (z,r) > Aj (z,r) for all j =2,...,n, and let

Bj, (z,r) = Aj, (z,r) = mjax Aj(x,r). (221)

For the next stage, we use Bj, (x,r) to fill-out the remaining A; (x,r) in the variable
Zj,, i.e., for each j # jo, we consider the quantity

N max Aj(z,1),
zi=w; if i#j2; |2j, —2j, | <Bj, (x,1)

and then pick the least j3 € {2,...,n}, j3 # jo, so that

max Aj, (z,7) > max Aj(z,7)
zi=w; i 17425 |2j, =T, | <Bj, (w,7) zi=wq if i#]2; |25, =245 |<Bj, (@,1)
for all j # jo. Define
Bj, (z,r) = max Aj, (z,1)

zi=w; if i#j2; |2jy =55 | <Bj, (z,71)

= max max
J#J2 \zi=wmi if i#j2; |2j5 =245 | <Bj, (x,r)

Ay (ear))
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Having defined Bj, (z,r),...,Bj,_, (z,r), pick the least ji # jo, ..., jr—1 with
Aj, (z,7)

max
zi=wi,i¢{j2,--.jrk—1}; |zi—2:|<Bi(z,r) i€ {j2 -, jr—1}
equal to or greater than

Aj(z,7)

sl max
zi=w;,i¢{j2,- - Jr—1}; |zi—zi|<Bi(z,r),i€{j2,....jr—1}
for all j # jo,...,jr—1, and define

Bj, (x,r) (222)
Ajk- (Z,T’)

. . . maX . . .
z2i=Ti,i¢{J2, . dk—1}; |zi—x:|<Bi(x,r),i€{j2, . ,drk—1}

JE{G2sodk—1} \zi=wi,i¢{j2,-dr—1}; |zi—xi|<Bi(x,r),i€{j2, - jk—1}

A; (2, 7‘)) .

All of these definitions make sense provided z € Q and 0 < r < ¢ dist (z,00) for
6 > 0 sufficiently small depending on Cyhax in (37). For convenience in notation,
we will refrain from writing "z € Q and 0 < r < § dist (x,0)” for most of the
remainder of the paper, but such a restriction will always be in force. We will also
always assume that each B; (x,7) > 0 when r > 0.

Remark 23 Note that if we assume the a; (x) are continuous in x (or even just
in x1 if a1 = 1), then the flag condition in Definition 10 holds if and only if each
Bj (z,r) > 0 when r > 0. Consequently, even when the aj (x) are not continuous, we
will always assume throughout this subsection the nondegeneracy condition that each
Bj (z,7) >0 when r > 0.

Note that (222) holds only when k& > 3 and makes no sense when k = 2 because of
the pattern of the definition. When k£ > 3, it implies that if j = j, jk+1,--.,Jn and
if z is a point whose components satisfy z; = a; for i = 1, jg,...,jn and |z; — x| <
B; (z,r) for i = ja,...,jr—1, then

Bj, (x,7) > Aj (2,7).
In the remaining case k = 2, the last estimate of course holds with z = z, i.e.,

Bj, (x,7) > Aj (v,7) forall j > 2.

The order of the permutation {jo, ..., j,} generally depends on x and r, but we
have not attempted to show this in our notation. The simplest notation arises in
the special case when jo = 2,...,j, = n, i.e., when there is no permutation in the

natural order. We then have

By (w,1) = Az (2,7), (223)
Bj (z,r) = \z,;—a:i,\SB,;I(I;:%(,@:Z...,J‘—l Aj (1, 22,0, Zj—1,Ljy ooy Tp), 1)

In this special case, we also have

Bj(x,r) > Ar (z1,22, .., 2j—1,Zj, ..., Tp),T) (224)
fork>35>3, |z — ;| < Bi(x,71),
By (z,7) > Ak (x,r)  fork > 2.
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For simplicity of notation, we often assume in the proofs below that the ordering is
the natural one, unless of course more than one pair x,r is being considered. In case
x = 0, we usually write Bj, (r) instead of Bj, (0,r). The next lemma shows that the

sequence {Bj, (x,7)})_, is essentially monotone decreasing in k.

Lemma 65 Let {Bj (x,7)} be defined as above in the order Bj, (x,r),...,Bj, (x,r).
Then
Bj,., (x,7) < (1+rCL) By, (z,7), k=2,...,n—1.

Consequently, if i > k then Bj, (x,r) < (1+rCr)" 2B, (z,7).

Proof. The second statement follows easily from the first. To prove the first one,
consider the case of the natural ordering and « = 0. Fixing j and denoting B;(0,7) =
B; (r), we have from (223) that there exist 2y, ..., 2; with || < B; (r) and

Bj+1 (T) = Aj+1 ((0,22,...,Zj,O,...,O),T‘) .
In case j = 2, we obtain

B3 (T) < |A3 ((0,22,0, ... ,0),7“) — A3(O,T)| + Ag(O,T)
<rCrlze|+ Bz (r) < (147rCL)B2 (r),

where we have used the second part of (224). If j > 3,

Bj+1 (T) S |Aj+1 ((0722, .. .,Zj,O, .. .,O),’I“) - Aj+1 ((0,,2,’27 N ,zj_l,O, .. .,O),’I")|
+Aj+1 ((0,22, ey Zj-1,0,. 0. 70)77‘)
< TCL|ZJ" + Aj+1 ((OaZQa cee 7Zj*1a0a . .,0),7")

<rCyB;(r)+ max A, 0,&9,...,¢:1,0,...,0),7
= L J() 1€,1< B (r) J+1(( 52 fg 1 ) )

<rCLB;(r)+ B;(r) = (1+rCr)B; (r),

by (224) which completes the proof.

The functions B; (z,r) are defined in a chosen order with some (but not all) of
the variables z; filled-out. The next lemma shows that the remaining variables can
also be filled-out in a similar way without much effect.

Lemma 66 If C' > 1, then

B (x,r) ~ max Ai(z,7).
j( ’ ) z:|z1—21|<Cr; |zi—xi | <B;(z,r),i>2 j( )
The constants of equivalence are independent of x and r; they are geometric constants
which also depend on C'.

Proof. The fact that the left side of the conclusion is at most the right side is
obvious from the definition of B, (z,r). To show the opposite inequality (with an
appropriate constant factor), suppose we have the natural order and = 0. Then by
definition,

B.Y (T) = \EZ\II%%)?(T)AJ ((07527 te 75_7'—1505 e 70)7T) ’ .] Z 37

B2 (’I“) = A2 (O, ’I“).
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Fix C > 1 and let z = (z1,...,2,) with |z1| < Cr and |z| < B; (r) for i > 2. By
doubling in the first variable,

Aj(2,1) <cA;((0,22,...,2,),T).
Thus if j > 3, since |z;| < B; (r) for i > 2,

Aj(z,r) <c|A; (0,29, .y 20),7) — Aj ((0, 22, ..., 2j-1,0...,0),7)]
+cA; ((0,22,...,25-1,0,...,0),7)

n
<ecrCy, Z |zi| + cA; ((0, 22, ..., 2j-1,0,...,0),7)
i=j
n
<ecrCy Z B; (r) +c¢B; (1)
i=j
<erCr(n —1)(1+7CL)" 2B (r) + ¢Bj (1)
= CIBJ (T) ’
by Lemma 65. This completes the proof when j > 3.
In the remaining case j = 2, we will show the better estimate

max Az (z,1) < By (1) .
|21|<Cr; 2| <CB2(r),i>2

In fact, if |21] < Cr and |z;] < CBs (r) for i > 2, then

As (z,7) <cAs ((0,22,...,2n),T)
<c|As2 ((0,22,...,2,),7) — A2(0,7)| + cA2(0,7)

<erCyp Z |zi| + ¢Ba (r) < erCp(n — 1)CBy (r) + ¢Ba (1) = ' By (1) ,
2

which completes the proof.

In Lemma 66, the first variable was filled-out by an amount Cr with C > 1, but
the other variables were filled-out by only B; (1), as opposed to CB; (r),C > 1. We
now assume an extra condition which will allow us to fill-out all the variables by
larger amounts, and which will also be useful later for proving the doubling property
of Bj (x,r) in r for all z. In fact, we will assume that given C' > 1, there is a constant
¢ so that for all j,x and r,

max Aj(z,1) (225)
[z1—21|<Cr; |2 —2; | <CBj(w,r),i>2

et
<e—f——— Aj(z,1) dz.
r H?:Q B; (ZL'7 7’) lz1—@1|<7; |23 =23 | < By (@,7),i22 ’

Note that since C' > 1, the inequality opposite to (225) is obvious with ¢ = 1. In
subsection 6.5 of the appendix, we show that (225) holds if either of the following
two conditions is satisfied:

either each a; satisfies the RH, condition in each variable x;,7 # j, 1, uniformly
in the other variables, i.e., there is a constant C such that for 4,5 = 2,....,n,i # j,
and all one-dimensional intervals I which contain x;,

1 . . .
aj(a:l,...,xn)§Cm/aj(xl,...,zi_l,zi,xiﬂ,...,xn)dzz-, 1,5 > 2,1 # j,
T
(226)
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uniformly in zy, for k # 1,

or the B; (z,r) satisfy a strong non-interference condition of the form

o (Z)D Bwr) (@

T su
zilz1—x1|<Cr; |z —2, | <CBy(z,r),k>2

<CoBj(x,1), 4,j>2,i#]

for all x and r and a suitably large geometric constant C. See Remark 5 for the
interpretation of sup in (227). Note that we never consider the partial derivative
0/0z in (227). Recall that all B; (z,r) > 0 if » > 0 by the flag hypothesis 10. In
proving Theorem 13, we will only use that (226) implies (225). In subsection 6.5
of the appendix, we describe in Theorem 81 a variant of Theorem 13 that uses the
implication (227) = (225).

Assuming (225), we now easily obtain the following result.

Lemma 67 If (225) holds, then for C>1 and j =2,...,n,

Bj (z,1) =~ max Aj(z,1).
z:|z1 =2 [<COr; |25 —a; [ <CB;(@,7),i>2

The constants of equivalence are independent of x and r; they are geometric constants
which also depend on C and the constants in (225).

Proof. Let C' > 1. The left side of (225) is at least B; (z, r) by definition of B; (z,r),
and the right side of (225) is at most

max Aj(z,1),
lz1—@1|<r; |z —@; | <Bj(x,r),i>2

which is bounded by ¢Bj (x,7) by Lemma 66. The conclusion then follows immedi-
ately from (225).

Thus, (225) implies that Bj (z,r) is equivalent to either side of (225), and in
particular that

1
B (z,r)  —=—=F+— Aj(z,7) dz1...dzy, j>3.
! ( ) TH;L Bl ($7T) /Z1—~T1<r; lz;—x; | <Bj(x,m) ! ( ) ' ! ’
(228)
In fact, the domain of integration on the right can be enlarged by constant factors.
In the special case j = jo, we have a better result without assuming (225): given
a constant C, there is a geometric constant r; which also depends on C so that if

0 <r <ry, then

Bj, (z,1) = Aj, (2,7) if z satisfies |2y — 21| < Cr, |z; — xj| < OBy, (z,1),j > 2.
(229)
Recall that Bj (z,7) < ¢Bj, (z,r) for all j by Lemma 65. The proof of (229) is similar
to part of the proof of Lemma 66. In fact, we showed there that if z = 0 and j, = 2,
then
max Az (z,7) < eBs (r),
|z21|<Cr; |2;|<CBa(r),i>2

while if z satisfies |z1| < Cr and |z;| < CBs (r) for ¢ > 2, then we also have

By (r) = A3(0,7) < cAs ((21,0,...,0),7)
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<c|As ((#1,0,...,0),7) — As ((21, 22, - -+, 20 ), )| + cA2 (21, .. -, 2n), T)

n
< CCL’I"Z |zi] + cAa (2,7)
2

<cCrr Z CBs (r) + cAz (2,7)
2
<cCr(n—1)CrBs (r) + cAs (2,7).

Choosing 7 small and absorbing the term ¢Cr,(n — 1)CrBs (1), we obtain By (1) <
¢ As (z,r), and therefore,

B2 (7‘) < C/ A2 (Z7 7") )

min
|21|<Cr; |2 |<CBa(r),j22
and (229) follows.

Remark 24 If (228) holds (e.g., if (225) holds), there is a variant of (228) which
1nwvolves integration over a smaller set. To state it, fix x and r and suppose that the
Bj (z,r) are defined in the order {ji : k =2,...,n}. Then if k> 2 and r is small,

1
Bj, (z,1) = i B, (.7) Ajy (2,1) dzjy - dzji_y zi=aii=1k,jn -
J=G2sedk—1 I\ lzj—x;|<Bj(z,r)
Moreover, in this integral average, the fized variables z1,zj,,...,%;, that are cho-
sen above to be x1,xj,,...,T;,, respectively, can instead be chosen to be any values

Y1, Yjus - - Yjn With [y1 —x1| <7 and |y; —x;| < Bj(2,7),§ = jk,-- -, jn, provided r
is small. To see this, suppose x = 0 and that we have the natural order. Fix j > 2
and let [y1| < r,ly;| < Bj(r),...,|yn] < By (r). First note that by doubling in the
first variable, we may drop the part of the average in z1 and replace z1 by y1, i.e., by
(228) and doubling,

1
B;(r zni/ A ((Yy1,22, -+, 2n),7 ) dzg ... dz,.
1) [Iize Bi () Jiz<Bi(r) iz b

Next, the absolute value of

1

n Aj ((y1,22,...,20),7) dza ... dzy—
[T Bi (r) ‘/Zi|§Bi(7') !

5o
_ A ((Y1,22, -3 2i 215 Yjs e oo s Yn),T) dzo ... dzj_1
Hf:Ql B, (r) l2| < By (r); i=2 s (o o)) !

18 at most

ZCLT\zi —y| < ZCLTQBZ‘ (r) <erBj(r)
J J

by Lemma 65. For small r, the desired estimate now follows by combining estimates
and absorbing the term crBj (r). In case k =2, (229) gives an even stronger equiv-
alence without assuming (228) or (225).
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5.2.1 Doubling and monotonicity properties of flag balls

The next lemma establishes doubling and reverse doubling properties of B, (z, ) like
those given in (220) for A; (x,7). In the lemma, we will assume that each a; (x)
satisfies the doubling condition in each variable x;,7 > 1,7 # j (uniformly in the
other variables), i.e., there is a constant C' such that for all one-dimensional intervals
I,
/ a;j(xy,...,x,)dr; < C’/aj(xl,...,a:n)dxi j>2,1>1,1# 7,
21 I

uniformly in xg, k # i. We leave it to the reader to verify that this is equivalent to
assuming that each A; (z,r) satisfies the doubling condition in each variable z;,7 >
1,4 # j, uniformly in r and the other variables. In fact, the corresponding constants
C' can be chosen to be equal.

Lemma 68 If (225) holds and each a; (z) satisfies the doubling condition in each
variable x;,i # j, and is Lipschitz continuous in Ty, ..., T, uniformly in x1, there are
positive constants d,d* and C so that

d a-
c! (2) Bj(z,s) < Bj (z,1) < C (g) Bj(x,s) if0<s<r. (230)
In particular, B; (z,r) satisfies the weak monotonicity property
Bj(z,s) < Bj(z,r) if0<s<cr, (231)

with ¢ = C’fé, and so the flag balls B (z,r) satisfy the weak monotonicity condition
(60). The constants d,d* and C are geometric constants which also depend on the
constants in (225) and on the doubling constants of the a; (x) in each z;,i # j.

Proof. To show the first estimate in (230), namely B; (z,s) < C(s/r)¢B; (z,r),
suppose x = 0 and fix 0 < s < r. Assume that the B, (s) are defined in the natural
order 2,...,n while the Bj (r) are defined in the order jo,...,j,. We proceed by
induction on j. If j = 2, then

s\ d
By (s)=As(s) < C (;) Ay (r) by (220)
<C (;)JBQ (r) by definition of By (r).

Here we note that (220) does not require the fact that the A; (z,¢) # 0. Now let
j = 3 and assume (by induction) that B; (s) < C(s/r)?B; (r) fori=2,...,5—1and
some d > 0. Then by definition of B; (s),

Bj (S) = ‘lengl%)l((s) A] ((0, Ry eeny zj_l,(), . ,0), 8)

zi|<C(£) " Bi(r)

= A; (0,22, ..., 2-1,0,...,0),5).
7|z1|I§nCE}§1(7) J(( y R2, 7Zj 1,U, , )78)

< max. A; ((0,22,...,2j-1,0,...,0),5)

Since A; satisfies the reverse doubling condition (220), we can continue with

s\d
< - i e - e
o ‘zi‘glggi(?“) (T> AJ ((0’22’ ) Zj 1,0, ,0);7")
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= (;)nglc@ﬁ(r) 45022, o zn) ) < © (;)gBj )

by Lemma 67. This proves the first part of (230). Note that the value of d is the
same as in (220).

To prove the rest of (230), namely B; (z,7) < C(r/s) B; (z,s), 0 < s < r, we
again suppose that z = 0, but now assume that the B; () are defined in the natural
order 2,...,n while the B; (s) are defined in the order ja,...,j,. For j =2,

ry\d
By (r)=As(r) < C (;) Ay (s) by (220)
<C (g)d Bs (s) by definition of Bs (s).

For j > 3, assuming by induction that B; (r) < C(r/s)® B; (s) for i = 2,...,j — 1
and some d; > 0, we obtain from (228) that

C
BJ(T)S_i/ Aj((0,22,...,Zj_1,0,...,0),7’) dZQ...de_l
I Bi(r) Jieui<ni)
AJ‘ ((0722,...,Zj_l,(),...,O),T‘)dZQ...de_l

<—° /
B H%71 B; (7‘) \Zi\SC(f)dlBi(S)

r

c A
Sm((g) > [Z_|<B_(S)Aj ((0,22,...,Zj_1,0,...,0),7’) dZQ...de_l

for some dy > 0 by doubling of A; (z,r) in each variable 2,7 = 2,...,7 — 1 (in
particular, ¢ # j). Now, again by (220),

r d
Aj ((0,22,...,ijl,o,...,O),T) SC(;) Aj ((0,22,...,ijl,o,...,O),S).

Combining estimates gives

c N dida+d i1
Bj (T) S m (g) ‘ZL|II§1%)1((S) Aj ((0, Ry eeny ijl,o, e ,0), S) 1;[ BZ (S)
r dida+d—d
Sc(;) Izl-lngl%)i{(s)Aj ((0,22,...,2j-1,0,...,0),s)

since B
s\d
B, (s) < c(—) B; (r)
r
by what has already been proved. By Lemma 66, the max above is bounded by a
multiple of Bj (s), and we obtain

7 dida+d—d

Bj(r)<c (g
The second estimate in (230) now follows if d* is chosen sufficiently large.

Finally, the weak monotonicity estimate (231) follows from the first part of (230)
since if 0 < s < cr, 0 < ¢ <1, then

z)dBj (z,7) = Bj (z,r)

Bj (z,s) SC(

r
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if Ced = 1. This completes the proof of the lemma.

We next derive an analogue of the noninterference condition for the side lengths

Bj (z,r) and the corresponding rectangles B (x,r) defined by

B(z,r) ={y:|yr —aa| <rly; — 25| < Bj(w,7),j = 2}. (232)

Lemma 69 Let (225) hold and suppose each a; (x) satisfies the doubling condition
in each variable x;,1 # j, and is Lipschitz continuous in s, ..., T, uniformly in 1.
If ¢q is a positive constant, there is a positive constant 1 so that if 0 < r < ry and
y € B(x,cir), then

Bj(y,r) = Bj(x,r), j=2.
The constants of equivalence and r1 are geometric constants which also depend on ¢y
and the constants in the other conditions.

Proof. Let x = 0 and y € B(0,c17). Then y satisfies |y1| < e1r and |y;| < B;(cir)
if i > 2, and so also |y;| < ¢ B; (r) if i > 2 by (230). We will show that B; (y,r) <
CBj (r) by induction on j, assuming that the Bj (y,r) are defined in the natural
order. For j =2,
B (y,r) = A2 (y,r) < CBs (1)

by definition of By (y,r) and Lemma 67. Now assume that j > 3 and B; (y,r) <
CB;(r) fori=2,...,5 — 1. We have

B; (y,r)= max A, 322y ey Zi 1y Yir s Yn)s T

i (y,7) s — i < B (1) 5 (Y1, 22 §—15Yj Yn),T)

S \zi—y?\lSagBi(T) Aj ((yl, 22y ijl,ij s >yn)”r)

< A e il T
7\zi\§(énfc}’()31(r) J((ylv'sz y Zj—1,Yj 7yn)7r)

since || < |z — yi| + |yi| and |ys| < ¢/ Bi (r),i > 2. Thus,

Bj(y,r) < max Aj (z,7) < "Bj (r)

l211<errs 2| S(CH+e) By (r),i>2
by Lemma 67. This completes the proof that B; (y,r) < CB, (r) for j > 2.
To prove the opposite inequality B; (r) < CB;(y,r) (with z = 0 and y €
B(0, c17)), we again proceed by induction, but now we assume that the B; (r) (rather
than the B, (y,r)) are defined in the natural order. For j = 2 and r small,

B (T) < CA2 (ya T) <cBs (yv T)
by (229) and (224). For j > 3, by doubling in the first variable,

Bj (’r‘) = ‘lelj;l%}l{(r) AJ ((0722, sy Zi—1, 07 ce ,O),’I")

< A e 2P
_\zilnﬁl%)i((r)cd J((ylvz% ) %j 1,0, 70)’T)

< max
|zi—yi| <(1+c)CBi(y,r)

since if |z;| < B; (r), then

CdAj ((yl,ZQ,...,Zj_l,O,. ..,O),’I")

by the inductive hypothesis. By applying Lemma 67 to the last max, we obtain
Bj(r) < 'B; (y,r), and the lemma is proved.

The rectangles B (z,r) defined by (232) satisfy the engulfing property, as we show
in the next lemma.
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Lemma 70 Let (225) hold and suppose each a; (x) satisfies the doubling condition
in each variable x;,1 # j, and is Lipschitz continuous in s, ..., T, uniformly in 1.
There is a geometric constant 1 and a geometric constant C which also depends on
the constants in the other conditions so that if B (x,7)NB (y,r) # ¢ and 0 < r < rq,
then B (y,r) C B(x,Cr).

Proof. Let x = 0 and choose a point z € B(0,7)NB (y,r). Then |z1| <7, |z1 —y1| <
ry |2z < B;(r) for i > 2, and |z; — ;| < B; (y,r) for i > 2. Let £ € B(y,r). Then
|€1—v1| < rand |§;—y:| < B; (y,r) for i > 2, and in order to prove that £ € B(0,Cr),
we must show that |§;| < Cr and |¢;| < B;(Cr),i > 2. First,

€11 <& — |+ |y — 21| + |z <r+7r+7r=3r
Next, for ¢ > 2,
&1 <16 — wil + |yi — zi] + [2i| < Bi(y,7) + Bi (y,r) + B; (1) .

But B;(y,r) < ¢B;(r); in fact by Lemma 69, B; (y,r) =~ B;(z,r) ~ B;(r) since
z € B(y,r) and z € B(0,r). Thus

&l < 'Bi(r) < Bi(Cr), i>2,
and the lemma follows.

The flag balls form a dé-local prehomogeneous space Lemma 70 yields
the 6-local engulfing property (68) for the rectangles B (z,r) with v = C. Lemma 68
yields the 6-local doubling property (71) with Cyou, = 2% ™C™, and the 6-local weak
monotonicity property (70). The §-local scale property (69) is immediate, and the
rectangles B (x,r) are nonempty and open by our nondegeneracy assumption that
Bj (z,r) > 0 when r > 0. This completes the demonstration that the family of flag

balls B = {B (2,7)} ,cgn g<r<oo forms a é-local prehomogeneous space B = (€2, B) on
Q.

5.2.2 A, properties of flag balls

Our next goal is to show that Definition 58 holds for the flag balls B (x,r). However,
the A; (z,r) may now vanish. This possibility is offset by the flag condition 10,
which by Remark 23 implies that B; (z,r) > 0 if » > 0. We also assume that
(225) holds, together with an extra condition of A, type which turns out to hold
automatically if each a; (2) belongs to RH in each variable z;, ¢ # j, 1, uniformly in
the other variables. In order to define this extra condition, fix x and r, and suppose
the B; (z,r) are defined in the order {j;};_,. For each j, with k > 3, define

BUK) (x,r) ={z: |z — x| < Bi(x,r) ifi=jo,...,jr-1520 =2 fi=1,78,...,0n}-
If we think of BUK) (x,7) as a (k—2)-dimensional rectangle in the variables zj,, . .., zj, ,,

then its measure is given by

|BUS) (2, r ) [(k—2) Hth x,r)

We will assume the following A.-type condition: there are positive constants ¢ and
7 such that for all £ > 3, all  and r, and every measurable set £ C BUk) (x,7),

n
|€|(k72) <e fg Jk (Zv r) dzj, .. 'dz.jk—l |Zi:Ii»i:17jk7'~~;jn
}B(“) (33 T)’(k 2 - fB(m)(m ) Ajk (Za ’I“) dzjz . 'dzjk—l |Zi:wi»i:17jk7~~ajn

(233)
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Condition (233) differs from ordinary A., conditions because as x and r vary, so do
the integrands on the right. An important feature of (233) is that when considered as
a condition on any particular A;, it does not involve the corresponding j-th coordinate
(or the first coordinate). In practice, the condition is not easy to verify, but a more
familiar condition which implies it is that each a; (2) satisfies the A, condition in
each z;,7 # j,1, uniformly in the other variables, i.e., that there exist constants
c1,m; > 0 so that if I is a one-dimensional interval and £ is a measurable subset of
I, then
lEN™ S,
/aj (2) dz; < ¢y <m> /Iaj (2) dz;, i#3,1, (234)
£

for all zp, k # i. In fact, by integrating both sides of this inequality with respect to
z1 and applying Fubini’s Theorem, we obtain

IEN " S,
Aj(z,r)dzi <eci | Aj(z,r) dz;, i#74,1,
£ | I

for all  and 2, k # i. As a consequence, A; (z,7) belongs to product A (i.e., A for
arbitrary rectangles with sides parallel to the coordinate axes) in any subcollection of
the variables z2,...,2j_1, Zj41,- .., 2, uniformly in 7, 2, z; and the variables which
are not in the subcollection. From this, we obtain (233) as a corollary, and in fact
we even obtain a stronger statement: there are constants ¢, > 0 such that if 3 <
k < n and z,,...,2,_, is any subcollection of z,...,2j-1,2j41,...,2n, R is any
(k — 2)-dimensional rectangle with edges parallel to the coordinate axes, and € is a
measurable subset of R, then

El_
‘|(k 2)<C

(fg Aj(z,7) dziy .. dz,,_, )"
|R|(k—2) ~

fR Aj(z,7r) dziy .. dzi,,_,

for all r >0 and z¢ & {ziy, .-, 25, 1}, 1 <L <.

We note in passing that since RHo, implies Ao, (234) (and so also (233)) holds if
each a; (z) satisfies RHo, in each variable z;,4 # 7, 1, uniformly in the other variables.
Thus the hypotheses of Theorem 13 yield condition (233).

We begin by showing that for most z in a flag ball B (x,r), A, (2,7) is almost as
large as its average over the flag ball B (z,r) .

Lemma 71 Suppose that (225) and (233) hold, and let € > 0. Then there are
positive constants ro and ¢ so that for all x and all r with 0 < r < rg,

1

S > (1= ce™7)|B(z,7).
‘B (va)| B(z,r)

HzeB(w,r}:Aj(z,r)>€ A (y,m) dy}

Here, rog and c are geometric constants which also depend on the constants in the
other conditions, and ro also depends on €. The value of n is the same as in (233).

Thus, if ¢ is small and r < rg, A;(-,r) exceeds ¢ times the average over B (x,r)
of A;(-,7) on a large portion of B (z,r).
Proof. Fix x and r, and write B = B (z,7), etc. We consider the case = 0 with
the natural ordering of the Bj (). The conclusion in case j = 2 is obvious by (229),
so we may consider fixed j > 3. Let

; 1
£ = {< EB(]) :Aj(g,T) >€m‘/B(‘) A]‘((O,yg,..., j_l,O,...,O),T)dyQ...dyj_l},
J— J
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where
B(j) = {g = (ng% e 'agj—lvov tee 70) : |Cz‘ < Bi (T)} :
We first show that
[Elj—2) > (1= c=T7)| BY)| ;).

Indeed, by (233), there exist ¢, > 0 such that

|B(j)\5|(j_2) <o me\g i((0,¢gy -5 C21,0,...,0),7) dCy ... (4 !
|B(J’)|(j_2) - me 0C27...,ijl,o,...,0),7“)d§2...dgj71

n
<ec |B \€|(J 2)
|B ‘(j 2)

by definition of £. Thus, |[BU) \ £|;_g) < csm|B(j)\(j_2), and consequently,

€l(j-2) = 1B |52y~ |BYNE|j2) = |BY| 55y =ccT7 [BY| ;3 = (1=ccT7)| BV 5y,

as desired. Next, let ¢ € £, ¢ = (0,(,,.. .,Cj_l,O,...,O), and consider any z € B
with z; = (; for i = 2,...,5 — 1 and 21, 2j,..., 2, unrestricted. By doubling in the
first variable,

_A (Z T)>A ((0 22a~'~7zn)ar)

C1
> A;(¢r) = |A;((0, 22, .oy 20),m) — Aj(C, )|
> A;(¢,r) — / ZCL|Zi| dt by definition of z, ¢
o \i=
AJ(Ca r)—rCL ZCBi (r) since z € B
i=J
A;(¢,7) —rCL(n—2)(1+rCL)" " 2CB;(r) by Lemma 65.
Since ¢ € &,
1
AJ'(CaT) >€W/ ) Aj((oay%'~'7yj71a0a"~30)ar>dy2~'-dyj71
|BW;_2) Jpw
>ecyBj (1)

by Remark 24. Combining estimates, we obtain

Cl > [eca —rCrL(n—2)(1+rCL)"*C] B (r)
1
> %ECQBJ‘ (7‘)

if » <y for a sufficiently small constant r depending on . Hence, by (228),

1 1
Aj(z,7) > —0102663—/ Aj(y,r) dy
! 2 1Bl Jp~

if z belongs to the Cartesian product

(—r,7) x € % H (=B; (r),B; (r)).
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The measure of this product is

ElG-22r [[ 2B (r) > (1 = ce™0)|BY| ;_p)2r [] 2Bi () = (1 — cc77) B,
i=j i=j

which proves the lemma.

Remark 25 The conclusion of Lemma 71 holds if instead of assuming (225) and
(233), we assume only that there are positive constants ¢ and n independent of x and
r such that for each j and every measurable set € with € C B (z,r),

n
1] oy Je Aj (z,7) dz
|B(x,7)] — fB(LT) Aj(z,7) dz
This can be proved in a simpler way than Lemma 71, without considering Cartesian
products, and we leave the verification to the reader. The condition holds if a; (2)
satisfies the Aoy condition in each variable x; uniformly in the other variables. How-

ever, as mentioned earlier, an advantage of (233) is that it requires no hypothesis on
a; in the j-th variable.

Lemma 72 Let (225) and (233) hold. Then given v > 0, there exists € > 0 inde-
pendent of x and r such that

Hz e B(x,r): Aj(2,7) >eBj(x,r) forall j}| > (1—v)|B(z,r).

Proof. It is enough to prove the inequality for each fixed j. Denote B = B (x,r).
By Lemma (71), there exist ¢,n > 0 such that for all € > 0,

1
Hz €B:Aj(z,r)> SE/ Aj(y,r) dy}' > (1—ce")|B].
B
Therefore, by (225) and Lemma 67,
Hze€B:Aj(z,r)>eBj(z,r)} > (1-B|,
and we’re done.

Adapted flag balls We have already shown at the end of subsubsection 5.2.1
that the flag balls B form a é-local prehomogeneous space B = (£2,B) on 2, and
Lemma 66 yields the size-limiting condition (91). The hypotheses of Theorems 13
and 18 imply both (225) and (233). Thus in Lemmas 66 and 72 we have established
conditions 1 and 2 respectively of Definition 58, and in Lemma 68 we have established
the reverse doubling condition (215). As mentioned earler, this completes the proofs
of Theorems 13 and 18.

Remark 26 Under the hypotheses of Theorem 18 or 18, the quasimetric d (x,y) in
the Hélder estimate (175) of Theorem 49 can be replaced with

1 1
max 4 121 =91l <|$2 y2>d_* <|$n yn|)d_*
r ’ BQ (yu T) T Bn (y7 7‘) ’
where d* is the doubling exponent in (2530). Indeed, the quasimetric d (x,x") in (175)
18 the symmetric quasimetric appearing in Theorem 6, which in turn arises from an
application of Lemma 29 to the quasimetric associated to the extension in Proposi-
tion 33 of the 6-local homogeneous space A. The above estimate now follows from
a caleulation using the definition (59) of quasimetric, the mononicity (72) of the
noninterference balls in A, and the second inequality in (230).
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6 Appendix

Here we collect some technical results needed for our development above, as well as
some peripheral material mentioned above. In subsection 6.1 we demonstrate the
necessity of the Fefferman-Phong condition for L?-subellipticity. In subsection 6.2
we show the near necessity of the Sobolev and Poincaré inequalities for some related
notions of subellipticity for Dirichlet and Neumann boundary value problems. In
subsection 6.3 we show that the noninterference balls A (z,r) associated to a collec-
tion of vector fields X are -locally equivalent to the subunit balls K (z,r) if and
only if the vector fields are reverse Holder of infinite order in the first variable x;.
Subsection 6.4 exhibits a collection X of vector fields such that Theorem 61 or 6
applies to the associated family of noninterference balls A (x,r) to show that X is
Li-subelliptic, but for which the noninterference balls A (x,r) fail to be Q-locally
equivalent to the subunit balls K (x,r). Subsection 6.5 contains the technical proof
of a product reverse Holder implication needed in section 5. Subsection 6.6 demon-
strates some implications regarding the noninterference condition and its strong form.
In the final two subsections, 6.7 and 6.8, we briefly describe some alternate notions
of weak solution to a degenerate elliptic equation, and some alternate methods of
proof.

6.1 Necessity of the Fefferman-Phong condition

In subsubsection 1.1.1 of the introduction we stated that the Fefferman-Phong con-
dition (5) is necessary for the stable subellipticity of the continuous quadratic form
Q (x,€). Here is the proof.

Proposition 73 Let Q(z,£) be a nonnegative semidefinite continuous quadratic
form in Q. Suppose that the family of quadratic forms Q. (z,€) = Q (x,&) + 7 |¢]%,
0 < 7 < 1, is subelliptic in  in the sense of Definition 5 uniformly in 0 < 7 < 1,
in the sense that (25) holds with o and C independent of 0 < 7 < 1. Then the
containment condition (19) holds.

Proof. Let Q(x,&) = £'Q ()€ with the matrix Q (z) symmetric. If P, (z) is a
measurable matrix with P (z) P (z) = Q () + 71, then with y fixed and u, (z) =
67 (z,y), the fundamental inequality (21), or more precisely (176), shows that

Lyou, =T'g

where

and

g =P, () Vu is bounded independent of 0 < 7 < 1 by (176),
T = P, (x) V is subunit with respect to @ () + 71.

The uniform L*-subellipticity of Q (z,€) + 7 |£|* then shows that u, is Holder con-
tinuous of order o« > 0, independent of 0 < 7 < 1, and it follows that

& (,y) = lur (2) —ur (y)| < Clo—y|",
with C' and « independent of 0 < 7 < 1. Lemma 50 now shows that

8 (z,y) = lim 67 (w,y) < C'lz —y[*,
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which yields (5) with € = .
In certain cases when Q is a sum of squares, we can show the necessity of the
e-comparability condition (5) for subellipticity, rather than stable subellipticity, of

Q.

Proposition 74 Suppose the vector fields X; = a; (x) %, 1 < j <n, are Lipschitz
continuous and satisfy the subelliptic Definition 8 in ). Then there is € > 0 such
that the e-comparability condition (5) holds for the subunit balls K (z,r) associated

to the quadratic form Q (x,£) = Z?Zl (aj () 5;‘)2'

Proof. Suppose the vector fields {Xj}?zl are subelliptic, and let L be the "sum
of squares” operator Z;;l X j’-X j. Then by (3), the quadratic form inequality (33)
holds with ceym = Csym = 1. Let a be the positive Holder exponent that arises
in Definition 8 for a compact neighbourhood of =, and set N = é We will first
show the following inequality by refining the argument used in Proposition 11 of the

introduction to prove the necessity of the flag condition:

sup Zaj (z) >N, 0<r<ry,o¢#IS{1,2,..,n}, (235)
|lzi—zi|<rxz(i) g7

for a constant ¢ independent of x and r. By reordering variables, we suppose Z =

{m+1,m+2,....,n} for some 1 < m < n. As in the proof of Proposition 11, define
<t<

pon [0,00) by ¢ (t) = {i’ ?; f <1 , and let ¢ (t) be a smooth compactly supported

function in (—1,1) that is identically one on (—%, %) Fix x and 0 < r < 1, and

suppose that

m
§=r"N sup Zaj (2) < 1.
|zi =z | <rxz(4) j=1

Set u(z) = re (z&; |> P <|Z ;I > where 2’ = (21, ..., zm) and 2" = (241, oy 20 )5

and define f; = X;u = aj%. Since a; is Lipschitz and satisfies a; (z) < ér" on
J

{z: ]z —x;| < rxg (i)} for 1 < j < m, we have laj (2)] < 6V + C 2" — 2| for
z€ B, =[] [z —r,z; +r], and so then
, 2 =2 1
14 5rN 5rN

a; (2) 57” (2)] <

i (2)] =

for 1 < j < m. For j > m, we have

ou

4 () gy ()] O

Ifi (2)| =

Thus u is a W2 (Q) weak solution of

n
Lu=) Tjf;,
j=1

126



where T; = Xj is subunit, and [|ull,,[|f;ll,, < C, and so ||ull;,, < C by the
subellipticity of {Xj}?zl. However, if |2/ — 2’| = 67", then

u(Z,2") —u(a,a”)  re(1)¢P(0) —re(0)¥(0)

2" =/ B |2/ =/

C > lullp;,, =
r—20 _ 1—-N _
BT

which yields (235) with ¢ = C~=.

We will now obtain the Fefferman-Phong condition (5) with ¢ = o™, by using (235)
to construct a subunit curve of length Cr connecting an arbitrary pair of points x,y
with |z —y| < rV". Recall N = L. So fix z,y with |z —y| < V" and without loss
of generality we may assume that a1 (z) = 1 and that y; > z; for 1 < 7 < n. Now
by (235) with Z = {1}, and reordering variables, there is z{ in [z; — 7,1 + r] with
as (z%, Ty eeny mn) > crN. Let ro = Ber™ 1 < Ber™ with 8 sufficiently small (depend-
ing only on the Lipschitz constant) that ag (w) > %rN for |w — (Z%,$2, ,xn)| <
100r5. By (235) with Z = {1,2} and r = ry, and reordering variables, there is
(21,23) in [2f — 72,21 + 2] X [w2 — ro, w2 + 7o) with az (27,23, 23, ..., 3,) > crd =
csrN* 4N Then with r3 = Besr™ N+ (same 3), we have as (w) > CirN%rN for

‘w — (z%, 23,13, ,xn)} < 10073. Continuing in this way we obtain (z{ 1, e zjj)

in HZ;IZ [2g72*7'j_1,2’gi2+7'j 1:| X [l‘j_lf’r'j_l,l’j_l +’I"j_1], 3 <7< n,and
T2,..., T such that with N; = Z] 'V

a; (Ziila azjilvl‘ja --.,In) > erNjy 2 < .] < n,
and o
. j—1 1
aj (w) > EJTNJ if ’w - (z{ ) ,zg l,xj,...,xn>’ < 1007, (236)
where r; = 6cerJ', and the constants c¢; depend only on 3, N and ¢ in (235),
2<j<n.

We can now connect (21, ..., ) to (211, T, .., l‘n) by a subunit curve - « is subunit
if (v (t)-€)?* < S aj (v (t))2§§ - of length at most r, namely
v () = (z1 +t, 72, .0yxn), 0<t< 2] —ay.
Then using (236) with j = 2 we connect (2’%,1‘2,...,.’13") to (zf,z%,xg,...,a:n) by a
subunit curve consisting of two segments each of length at most r, namely
'71(t):(z%+t,x2,...,xn), 0<t<zi—2z <ry<r,

2
Z2 — T2 <r

f— 3

Y2 (t) = (Zf,l’2+ 57 t$3,...,$n), 0<t<?2

27‘2

carN

where we have used that < r and ¢g = ¢. Using (236) with j = 3 we simi-
larly connect (21,Z2,$3, . ) to (zl,zg, 23,14, ,xn) by a subunit curve consist-
ing of three segments each of length at most r. We continue this process until
we reach (szl,...,zfi:%,xn). Then using (236) with j = n and |z —y| < V=

(recall that N,, < N", r < 1 and that we initially assumed |z —y| < r™») we

can connect ( T2l m,) to (27 20T, yn), then (277 L 20T y,) to
(zf z . A 27yn 17yn) etcetera, until we finally connect (zhyg,. .,yn) 10 (Y1 -y Un),

all by subunit curves of multiple segments and lengths at most Cr. Since N, < N",
this completes the proof of the proposition.
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Remark 27 From the above proof, we also obtain that subellipticity of Lipschitz
vector fields {X; }?:1, X; =a;(z) %, implies the e-comparability condition for the
flag balls B (x,r) in place of K (x,71):

D(z,r) C B(z,Cr®), x€Q0<r<1.

Of course, the remark is a direct corollary of Proposition 74 if I C B, as is the
case if the size limiting condition (91) holds and the a; are reverse Holder in the
variable, uniformly in the other variables.

6.2 Necessity of the Sobolev and Poincaré inequalities

As stated in subsubsection 1.1.1 of the introduction, the Sobolev inequality (15) is
necessary for a variant of the notion of subellipticity of the quadratic form Q. Recall
that Q (7, &) = £'Q (x) € is Li-subelliptic relative to the homogeneous Dirichlet prob-
lem for the balls B (z, ), if we assume existence of weak solutions u to homogeneous
Dirichlet problems for the balls B:

Lu=fin B
{u =0on dB"’ (237)

where L = V'Q (z) V and f € L% (B); as well as the global boundedness estimate,
2
g\ ¢4
suplutal < ([ 11%)". (239)
zEB B

for these weak solutions u to (237). We will restrict our statement and proof to the
case where weak solution here is interpreted in the classical W2 sense, although the
proof adapts readily to other notions of weak solution.

Lemma 75 Suppose that Q (x,&) is L1-subelliptic relative to the homogeneous Dirich-
let problem for the balls B (x,7) in the classical W2 sense for some q¢ < Q., where
Q. is the lower dimension of the space of balls B (x,r). Then the Sobolev inequality
(15) holds with o = —15.

q—2

Proof. Given f € L% (B) with ¢ = 20’ < Q,, let u be the weak W2 solution to
the degenerate elliptic Dirichlet problem (237) where L = V'Q (x) V is the operator
with symbol £'Q (z) £ = Q (x,€). Then for w € Lipy (B) and f nonnegative, we have

/Bwa:/BwQV’Q (z) Vu:fZ/Bw(Vu,VuO

<{ [ ||w|z}% {/ |Vw|z}%.

Now the square of the first factor satisfies

[ 1vala= [ (90w Q@ Vu=~ [ o7 [1*Q (@) V4]

=— /‘B(qu,qu}f/Buqu

1
<3 [wtIvad+2 [ @ vull+ [ julutr,
B B B
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and absorbing the first term on the right-hand side yields

2
/w2|vu|2Q§4(supu|) /|Vw|2g+2(supu|)/w2f (239)
B B B B B
2
<C’max{<sup|u|) /||Vw||2g,<sup|u|>/w2f}
B B B B

No matter which term on the right-hand side of (239) is actually the maximum, these
inequalities together with (238) give

/Bwasc(s%pluI)/gIVwIZ
go(/Bf%)%/BIVwIZ

mBﬁ(]/f“)%
B |B| J
Thus we have

7 2
4ww@
1 l 1
g L) = s | [
<|B| /B L,fB\f\”/:l |B| B

1 1 2
< C|B|“’ —/ Vuw )
§ B (17 [ 19wl

Since ¢ < Q., we have |B| = |B (y,r)| < Cr9, and so we obtain

1 20\ o (1 2\?
(E/B'“" ) = cre (E/B”W”Q) ’

for all w € Lipo (B). Using the density of Lipy (B) in Wy'* (B), we finally obtain
(15) with o = L5 since ¢ = 20"

Now recall that Q (z, &) is L?-hypoelliptic relative to the homogeneous Neumann
problem for the balls B (z,r), if we assume existence of weak solutions to the homo-

geneous Neumann problem for the balls B = B (z,r),

Lu =fin B
{nQuzo on 0B’ (240)

where L = V'Q () V, ng = n’'B (z) V with n the unit outward normal to B, and
f € W2 (B) satisfies the compatibility condition [, f = 0; and if we also assume
the natural hypoelliptic estimate

Hu||L2(B) < Cr? HfHL?(B) ) (241)

for these weak solutions u to the above Neumann problem. Again, we will restrict
our statement and proof to the case where weak solution here is interpreted in the
classical W2 sense, although the proof adapts readily to other notions of weak
solution.

Lemma 76 Suppose that Q (x,€) is L?-hypoelliptic relative to the homogeneous Neu-
mann problem for the balls B (x,7) in the classical W12 sense. Then the Poincaré
inequality (17) holds.
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Proof. Recall that u € W2 (B) is a weak solution of the boundary value problem
(240) if (31) holds, i.e.

—/ (Vo) Q (x) Vu = / vf, forallve Wh?(B). (242)
B B

Now given f € W12 (B), let u be the weak W? solution to the homogeneous

Neumann problem
Lu =f—fgin B
{ nou =0 on 0B’ (243)
where fp = %I [ f is the average of f on B. With v = u in (242), we obtain

/BQ(CE,VU):/B(VU)/Q(:C)VU
- [ utr=1m).

/BQ(%VU) < Null oy If = FBllzam) < O f = foliags) (244)

and so

by (241) with f replaced by f — fg. We now conclude using the vanishing mean
value of f, (242) with v = f — fp, the Cauchy-Schwarz inequality and finally (244),
that

I = sl = [ (7o) f
— [ 1/ Q@ vu
B

U (e

g{/BQme} VErIf — il
)

Dividing through by |[f — f5| 12(p) vields (17) as required.

1
2

6.3 The noninterference balls A (z,r) and the reverse Holder
condition

Recall the family A of noninterference balls A (z,7) = [['_; (x; — 4; (z,7) ,2; + A; (x

Jj=1

where Aj (z,7) = [ a; (x1 +t, @2, ..., x,) dt, and the family K of subunit balls K (z,7).

Proposition 36 shows that under the hypotheses of Theorem 15, A C K since A is
a general homogeneous space and the family of balls A satisfies the subrepresen-
tation inequality (90) with respect to the vector fields {X; }j L X = a;(x) %,
and the balls A (z,r). However, these properties hold under the following conditions
weaker than those assumed in Theorem 15; the vector fields X; = %, X; = aj%,
2 < j < n, are continuous, satisfy the noninterference Definition 14 and (40), and the
coeflicients a; are Lipschitz continuous in g, ..., z, uniformly in z1, and merely dou-
bling in the first variable x; uniformly in xo, ..., x,,. Indeed, we showed in subsection
5.1 that under these hypotheses, A is a homogeneous space adapted to the vector
fields X. Proposition 60 then yields the proportional subrepresentation inequality
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(182) for A, and finally Lemma 54 yields the standard subrepresentation inequality
(186).

Our next result shows that under these weaker hypotheses, the reverse implication
K C Aholds if and only if the a; are reverse Holder of infinite order in z;. The reader
is reminded that while the noninterference Definition 14 is precisely the size limiting
condition (91) for the noninterference balls A, Proposition 36 does not imply that
K C A, unless the a; are also reverse Holder in the z; variable, uniformly in the
other variables.

Proposition 77 Let X; = 8%1, X; = aj%, 2 < j < n, be continuous vector
fields satisfying the noninterference condition 14, and with a; Lipschitz continuous
M T, ..., Ty uniformly in x1, and doubling in x1 uniformly in x,...,x,. Then the
following are equivalent:

1. A K> KK,
2. KCA,
3. a; is reverse Holder of infinite order in x1 for 2 < j <n.

Proof. If a; is reverse Holder in 7 for 2 < j < n, then the family of balls A is
equivalent to the family of subunit balls X by Proposition 36. Indeed, Definition
14 implies (91), and B = B since the balls A (x,r) are rectangles. Remark 10 in
subsection 2.3 then yields A & K = K & K*.

Conversely, if  C A, then since A(x,r) is doubling in r, we have for some

constant Cy,
K (x,r) C CoA(x,r)

for all z € Q, 0 < r < 1y, where CoA (x,r) denotes the rectangle centered at x
obtained by multiplying the side lengths of A (x,r) by Cy. Now fix z € Q and r > 0.
Choose t; € [0,7] so that

Jnax a; (X1 +t, 22, ..., xn) = aj (X1 + 15,22, ..., Tp)

and assume, in order to derive a contradiction, that the third property fails, i.e. for
some 2 < j < n,

1 /" 1
mj = a; (1 +tj, T2, ..., Tn) > 201;/ aj (x1+1t, 29, ..., x,) dt = 2C’1;Aj (x,7),
0

where C is a sufficiently large multiple (related to the doubling assumption) of Cy
to be chosen later. Since a; is Lipschitz in z; with constant 3;, it follows that

a; (wl +tj,20,..., k1,75 + 8, Tj11, ...,l‘n) > §mj (245)
for0 <s< ;%j Now define a piecewise differentiable curve v (t), 0 <t <t; +r, by
($1+t,$2,...,$n), OStSt]
v (t) = . Ly , R
(z1+tj, moes @i+ dmy (E— 1)), coyan) 8y <E<tj+7
Forrgﬁijandtjgtgtj—&—r,
0<omy(t—t;) < gmj < %a



and we conclude from (245) that

% (0) = gmi < a5 (7(0).

Thus  (¢) is subunit and
K (z,2r) > }'yj (t;+r)— xj| = gmj > Ch4; (z,1) > CoA; (z,2r),

by doubling, with g—; chosen to exceed the doubling constant. This yields the desired
contradiction that K (x,2r) is not contained in CyA (x,2r). Therefore the second
statement implies the third, and completes the proof of Proposition 77.

6.4 Reverse Holder examples

In this subsection of the appendix we construct for every 0 < € < 1 a nonnegative
function a. on the interval Iy = [—1,1] that is Lipschitz continuous, doubling with
doubling exponent d = 3, and that satisfies

1
1—¢’

a. € RH,, p<
ac ¢ RHo.

We can use such a weight as one of the a; in Theorem 19, say a; () = a. (z1), and
by Proposition 77, the noninterference balls A (x,r) are not equivalent to the sub-
unit balls K (x,r), thus providing an example of a homogeneous space structure not
equivalent to the subunit balls of Fefferman and Phong that leads to a subellipticity
theorem. Recall that w is doubling with exponent d and constant C' if

x+r ryd [TTS
/ w(t)dtgc(—)/ w(t)dt, 0<s<r(z—ra+r)Clo (246)

i 8 Tr—S

The weight function

wE(t)z(l—l—tQ)E;zl, —00 < t < 00,

satisfies the doubling condition with exponent d = 1 and constant C' ~ % for e > 0,
has bounded derivative if ¢ < 2, satisfies the RH,, condition for p < ﬁ, and fails
to satisfy the RH, condition (consider the sequence of intervals [0, R) as R — 00).
Our goal is to construct a function a.(¢) with similar properties on the finite interval
It] < 1.

Note that both the doubling and RH, conditions are invariant under dilations,

translations and multiplication by constants. For n = 1,2,..., let
1 9 n
Qp = Ha 6n - nan - (n!)ga
and define

Qn,e (t) = ﬂnwa <t /_Bjn)

for fixed € with 0 < ¢ < 1. Then a,(¢) is a doubling weight with exponent d = 1
uniformly in n, i.e., its doubling constant C' in (246) with d = 1 is independent of
n (but dependent on e of course). Let ¢ () be a smooth, nondecreasing function
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defined for ¢t € [0,00) with 0 < ¢ (¢) <1, ¢(t) =0if t <1/4, ¢ (¢t) =1if t > 3/4, and
@' (t) < 3. Now let a. (t) be the even function defined for 0 < ¢ < 1 by

—t2+Zan€ (—)

n

Note that the weight w (t) = ¢? has doubling exponent d = 3.

We claim that on the interval |¢| < 1, a. () is a Lipschitz continuous doubling
weight with exponent d = 3 which satisfies the RH,, condition for p < %E, and fails
to satisfy RH,

Lipschitz Continuity Let us first show that a. (¢) is Lipschitz continuous on [t| <
1. Clearly, for 0 <t <1,

L) =2+ (e—1)
n=1

and so )

[ee] t—a 2 E%_ [e'e] %3

L) <2 1+ (—= —

aL (1)) < *Z{ +( - )} "

Now use the fact that |t — a,| > |, | /4 except for one value of n, in which case we
will use the simple estimate

2 (€—2)/2
1+ (t — O‘”) <1
/87l o
We then obtain

lal ( |<2+1+Z{ (n—1) }_ +3;ﬁ_

when 0 <t < 1. It follows that a. () is Lipschitz continuous on [¢| < 1.

Doubling with exponent d =3 Now let us show that a. (t) satisfies the doubling
condition (246) with d = 3. Without loss of generality it is enough to show that for
0 < e < 1, there is a positive constant C. such that

x+r r 3 T+s
/ aa(t)dtSCE(E) / a: (t)dt, 0<z<z+s<z+r<I,

Given 0 <x <z+s<x+r <1, let m be such that %f& <x+r§%. We now
compute that

T+T xT+r
/ ac (t)dtg/ 2dt + Z/ e ( (247)

S R /"f“wg(t—;n)dt

TH+r—an

:r<x2+xr+%rz)+1;nﬁiﬁ B (1+72)5_51d7

—ap

Bn
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ST($+T)2+CE iﬁi{(:c—i-;—an)f_ <J;;}Ozn)6}

<r(z+r1)?+Cr Z BEE<Clr(z+7)?

n=m

since Y000 B2 =30 (nai)%s <C (mafn)%s < Ca?2, for m large, while

z+s z+s 3 3
— 1
/ as(t)dtz/ tht:WZEs(x%-s)Q.

Combining these estimates yields

z+r 2 z+s 2 z+s
r) r\3
ag (t dt<60/—r(x / ac (t)dt < Ce / ac (t) dt,
/x (t) di < Es(:c—i—s)Q x ()t < (s) = ®)

as required.

Reverse Holder of order p < —— Suppose that p < ﬁ Then the weights ¢2

l1—e
and a, . (t) are in RH,, uniformly in n, say with constant C, .. To show that

ag = t? + Z [ (t) ¢ (t/an) € RHpa
n=1

fix an interval I = [u,v] C [0,1]. Let m be such that %= < v < 22=L so that
ac () =2+ 307 an. (t) ¢ (t/a) for ¢ € [u,v]. Then

1 1 1
1/ v 1 0 ) 7 > 1 v
o) < () 5 )
(m : 1 J; ;n 1/,
1 =1
< — [ ¢ — [ an
—C”{m/f *,;n|f|/1“’€}

1
= Cp757| /Iag.

Failure of RH,, Let I,, =[0,,;,]. Then

1 om

1
m/l ac (t)dt = — ac (t)dt < Cla?,

(67%%% 0

by (247) with z = 0. But a. () > 8,,w: (0) ¢ (1) = ma?,, and combining estimates
we obtain

1
sup ac (t) > ac () > ma?, > ﬁ,— ac (
tel,, CE |Im| I,

which shows that a. fails to satisfy RH .

t)dt,
6.5 Product reverse Holder
We will now show that (225) holds if either of the following two conditions is satisfied:

either each a; satisfies the RH, condition in each variable z;, 7 # 1, j, uniformly
in the other variables, i.e., there is a constant C' such that for all 7,57 = 2,...,n with
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i # j and all one-dimensional intervals I which contain z;,

1 L. . .
aj(xy,...,o,) < Cm/aj(xla'ﬂaxi1aziaxi+1a~'~amn)d3i, 1,5 > 2,1 # 7,
I

(248)
uniformly in xy, for k # 4,

or the B; (z,r) satisfy a strong non-interference condition relative to the boxes
CB (z,r) of the form

Baj
e (Z)D Bi(er)  (249)

r su
zi|z1—21|<Cr; |z —xk | <C By (z,r),k>2

<CoBj(x,1), i,j>2,i# ],

for all x and r and a suitably large geometric constant C'. See Remark 5 for the
interpretation of sup in (249). Note that we never consider the partial derivative
0/0z in (249). We will suppose that all B; (z,r) > 0 if » > 0, which is of course
implied by the flag condition 10.

For given j,z and r, the values of i in (249) can be restricted to those ¢ which
occur earlier than j in the ordering of the B; (z,r) since by Lemma 65 the condition
automatically holds for the later ¢ values. Of course the ordering generally varies with
2 and r. Note also that the RH,, condition (248) implies that there is a constant C
such that if ¢ > 2 and [ is any one-dimensional interval which contains z;, then

Aj (I’,’I") S %/AJ ((I’l, ey Lj—15 R, L1y - - - ,xn),r) dZi, Z}éj (250)
I

To show (250) for example when i = 2,5 # 2, note that by (248) and Fubini’s
theorem,

' T C
A, (x,r):/ aj(x1+t,:c2,...7xn)dt§/ (m/aj(xl—i—t,zQ,a:g,...,:cn)sz) dt
0 0 I
C
=— [ A; ((z1, 22, 23,...,2y),7 ) d2o.
1] Jr

Similar estimates hold for Cartesian products of two or more intervals in different
coordinates.

As will be apparent from the proof that (248) implies (225), instead of assuming
(248) we actually only need a weak form of (250), “weak” in the sense that the
average on the right side of (250) can be restricted to certain values of ¢ with ¢ > 2.
In fact, if j occurs as j = ji in the ordering for the By (z,7), we only need to assume
(250) for ¢ = ja,...,jk—1 and not for ¢ = 1, ji,...,j,. We need the following two
lemmas.

Lemma 78 If either (248) or (249) holds and C > 1, then

Bj (z,r) ~ max Aj(z,1)

zi|z1—x1|<Cr; |zi—a | <CB;(x,r),i>2
with constants of equivalence that are independent of x and r.

Proof. The proof is similar to that of Lemma 66. The fact that the left side of the
conclusion is at most the right side is obvious from the definition of B; (z,r). To
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show the opposite inequality (with an appropriate constant factor), suppose we have
the natural order and # = 0. Denoting B; (1) = B;(0,7), we have by definition that

Bj(r) = ‘g.‘rg%x(r) A; ((0,52, o €5-1,0,. ..,0)77‘) if j >3and By (r) = A(0,r).

Let 2 = (z1,...,2,) with |z1| < Cr and |z;| < CB; (r) for ¢ > 2. By doubling in the
first variable,
Aj(z,1) <cA; ((0,22,...,2,),T).

If j > 3, the right side is at most

C‘AJ‘ ((0,22,...,2n),7) — Aj ((O,zg,...,z;_l,()...,O),r)‘

+cA; ((0,25,...,25_1,0,...,0),7),

for z3,...,27_; to be chosen. If j > 3 and A;(-,r) satisfies (248), we pick 25 =
22,...,%;_1 = zj—1, obtaining
Aj(z,r)<erCp, Z |zi| + cA; ((0, 22,...,2j-1,0,...,0),7)
i=j
<ecrCp ZCBZ- (r)+¢A; ((0,22,...,2-1,0,...,0),7)
i
<erCr(n—1)C(1 +7rCL)" 2B, (r)
+cA;((0, 22,...,2j-1,0,...,0),7)

by Lemma 65. By (248), the last term on the right, cA; ((0, 22, ..., 2j-1,0,...,0),7),
is bounded by

Cl

[157CB; (r)

C//

<0
[l Bi(r)

since RH, implies doubling. The last expression is clearly at most

/ A5 (0, E9ve i &5 1,0, 0),7) dEy ... dE;
[£;|<CB;(r)

/ AJ ((07§2a"'7£j—1507"'70)7r) d€2d5j—1
1€;1<Bi(r)

¢’ max A;((0,&,,...,¢_4,0,...,0),7) =c"B; (r),
A (06 €10 0)7) = B (1)

which proves the lemma in this case.

If j > 3 and we instead assume the strong non-interference condition (249), we
pick 23 =... =2]_; =0 to get
" 8aj
Aj (Z,’I")SCT‘Z sup 9 (an27~--7yn) |ZZ‘ +CA.7(07T)
i=2 [yl <lzk] Yi
-~ 8aj
§crz sup  |==(0,y2,....yn)| | CB; (r) +cA;(0,7)
= \Jynl<lzil | OVi

8CLJ'
y;

(07y27 s 7yn)

<er Z ( sup ) CB; (r) 4+ erCrLCB; (r) + cAj (r)
= \ykl<|zxl
i#j

i=2;

<c(n-— 2)CC’OBj (r) + erCLCB; (1) + ¢Bj (r) < ' Bj (1),
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and the proof is again complete (recall Remark 5 once more).
In the remaining case j = 2, we have the better estimate

max Az (z,7) < eBa (1)
|21|<Cr; |2;| <CBza(r),i>2

by (229) without requiring either (248) or (249). This completes the proof of the
lemma.

We next show that either (248) or (249) implies a sort of RH., condition for
the A; (x,7). In fact, while each Bj (z,r) is by definition the maximum of filled-
out values of A;(-,r), it turns out that B; (z,r) is no more than the corresponding
integral average of A;(-,7), assuming that (248) or (249) holds.

Lemma 79 Suppose that (248) or (249) holds and that the Bj (z,r) are defined in
the order Bj, (x,7r),k=2,...,n. For each ji, there are intervals

Ij Clzj— Bj(z,7),z; + Bj (x,7)],  j=Jj2,- - k-1,

depending on k,x and r, such that
1
‘Ijl ~ Bj (l’,T) and Bjk (3?,7“) ~ m Ajk (Z,T) de2 U dzjk—l |Z7L:Ii7i:17jkw~~’jn7
I

where I = I, x---x1;, . Also, if C > 1 and J = Jj, x--- x Jj,_, for any intervals
Jj which satisfy
Ij - JJ - [xj - CBJ (3?,’/") » Lj + CB? (33,7‘)] ) ] = j2a s ajk—lv

then I may be replaced by J in the average above. If in addition aj, (2) satisfies the
doubling condition in each variable z;,1 # ji (which is automatic if (248) holds),
then the requirement that I; C J; can be dropped, i.e., we have

1
B, (z,r) ~ m /]Ajk (Z,T) dzj, - dzj, ‘Zizlfi,i:l,jk,»--?jn (251)
forany J = Jj, x --- x J;,_, which satisfies
Jj Clzj —CBj(x,r),z; + CBj(x,7)] and |J;| >cBj(z,r),c>0. (252)

Proof. Assume first that (249) holds. When k& = 2, the results follow from (229)
even without assuming (249). For k > 3, we give the proof for the case x = 0 with
the natural order. For j > 3, the inequality

1
Bj(’f’) Z |T/AJ ((0,22,...,zj,l,O,...,O),r) dZQ"'de,1
I

is obvious from the definition of Bj(r) for any I = I, x ... x I;_y with I; C
[—B; (r), B; (r)]. Now pick Za,...,z;_1 with |z;| < B; (r) and

Bj (T):AJ‘ ((0,22,...,Ej_l,O...,O),r).

For i = 2,...,5 — 1, let I; be an interval with I; C [-B;(r),B;(r)],z € I;, and
|I;| = eB; (r) for € to be chosen. Letting I = Iy x ... x I;_1, we have

1
’Bj (’I“)— m/IA] ((0,22,...,Zj,170,...70),7“) dZQ"'de,1
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1
< m/\Aj((0,227...72j—1,0,...,0),r)—Aj((O,z%...,zj,l,o,,,.,o),r)| dzy - dzj_y
I

j—1
1 / 3 (9aj
STl sup 0,92, yn)| | || dzg - dzj_1
11 /s ;<yk<3k<r) dyi J
- Oa;
j -
=r sup —(O,yg, .. .,yn) eB; (T) < (’ﬂ _ 2)60()B' (7‘)
; (ka|<Bk(r) Oy ) j

by (249). The first part of the lemma now follows by picking € with (n—2)eCy = 1/2
and absorbing the last term.

To prove the second statement, still assuming that (249) holds, let J = J x -+ x
Jj—1 for intervals J; with

I, C J; C[-CB;(r),CB; (r)], i=2,...,5— 1
Here C is fixed with C' > 1. Lemma 78 gives

1
B]‘ (’I“) ZCE/A] ((0,22,...,ijl,o,...,O),T) dZQ-"de,1
J

for some ¢ > 0, and the opposite inequality follows from the first statement of the
lemma since I; C J; and |J;|, |I;| = B; (r). Finally, in case A; ((0, 22, ...,2j-1,0,...,0),r)
satisfies the doubling condition in 29, ..., 2;_1, we have for any J of the type described

in the third statement that

L/AJ ((O,ZQ,...,Zj_l,O,...,0),7’) dZQ"'de_l ~
A
L / A; ((0, 2 2i_1,0 0),r) dz dz
;_1 Bl (r) | <Bi(r) J 322y ey Rj—13Yy .o Uy 2 j—1-
Hence, the third statement follows from the second one, and the proof is complete in
case (249) holds.

The proof is simpler in case the RHo, condition (248) holds. In fact, the conclu-
sions then follow easily from Lemma 66, Lemma 78 and condition (248). The intervals
I; in the first statement can be taken to be I; = [x; — B, (z,7),z; + B; (z,r)]. The
doubling condition which is assumed in the last part of the lemma is automatically
true by (248). This completes the proof of Lemma 79.

In Lemma 79, it is always possible to choose J; = [x; — Bj (x,7) ,x; + Bj (z,r)],
obtaining as a corollary that

1
Bjk- (w,r) ~ H B. (.T 7") Ajk (Z,T) de2 s dzjk—l |Zz::wz‘7i:17jkw~7jn :
J=g2sedh—1 DI\ |25 —2;|<Bj (2,7)
In this integral average, the fixed variables 21, zj,, . . . , 2, that are chosen above to be
Z1,%j,, .-, %j,, respectively, can instead be chosen to be any values y1,¥y;,,- .., Y.

with |y1 — 21| <r and |y; — xj| < Bj (x,7),5 = jk,-- -, Jn, provided r is small. The
proof is like the one given in the Remark after (229). It follows that we may also

average over such values y1,9;,...,¥n. In this way we obtain that if either (248) or
(249) holds, then

1

Finally, by combining (253) with Lemma 78, we immediately obtain the first of our
two main results of this subsection:

lz1—z1|<7s |25 —2; | <B;(z,7)
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Proposition 80 If either (248) or (249) holds, then so does (225).

We now formulate a variant of Theorem 13 that uses the noninterference condition
(249) in place of the reverse Holder condition (248).

Theorem 81 Suppose for 1 < j < n that a; (x) is nonnegative and Lipschitz con-
tinuous on a domain Q@ C R™. Let B = {B(x,r)} denote the family of flag balls
constructed in subsubsection 2.2.1 and suppose that the strong non-interference con-
dition (249) holds. Assume as well that each aj (x) is reverse Holder of infinite order
in x1 uniformly in xs, ..., x,, and satisfies the Ay, condition in each variable x; with
i # j, uniformly in the remaining variables as in (234). Then the set X of vector
fields X; = aj%, 1 < j < n, is subelliptic in Q if and only if X satisfies the flag con-
dition 10 in Q. In the case that the flag condition 10 holds in ), there is Q € [2,00)
depending only on the Lipschitz and reverse Hélder constants of the a; such that X
1s Le-subelliptic in Q for all ¢ > Q.

6.6 The noninterference conditions

We will now show that the noninterference condition (217) (or that in Definition
14) is a corollary of the strong noninterference condition (41): there are positive
constants Cy and rg such that for all x and all » with 0 < r < r,

804‘
5. )

r  sup
z€A(x,r)

Aj (:C,’f‘) S COAz ($,7") ) ivj Z 2. (254)

In case n = 2, condition (254) holds vacuously. In case n > 2 and all a; are equal,
it automatically holds because of the Lipschitz continuity of a; in zo,...,z,. In any
case, (254) holds for ¢ = j by Lipschitz continuity.

Lemma 82 Suppose that each a; (z) satisfies the doubling condition in x1 uniformly
N To,...,Tn, with doubling constant Cyq, and is Lipschitz continuous in xa, ..., Ty
uniformly in x1. If (254) holds, then (217) (or Definition 14) holds, i.e. there is a
positive constant C. and ro such that for 0 <r <rg and 2 <i <mn,

ClA; (z,r) < Ai (2,7) S CLA; (z,7),  z¢€ Az,7). (255)
Proof. For € > 0, consider the "flattened” rectangle
A (z,r) = (21 — 1,21 + 1) X H (x; — A (z,r), 2 + i (x,7)).
i=2

We begin by showing that (254) implies the following weaker form of (255), which
requires comparability only over the flattened rectangle A (z,r); there are positive
constants C., € and ry such that for 0 < r <7y and 2 <7 < n,

CTYA; (z,7) < Ay (2,1) < C.A; (x,r),  2€ A% (z,7). (256)

To see this, fix A® (z,r) with € and r to be chosen in a moment. For simplicity,
suppose that © = 0. If z € A® (0,r), then by doubling of a; in the first variable,

Ai(z,r) = A; (0,22, .., 2), 1),
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with constants of equivalence Cy and C’El. Moreover,

|Ai((0,22,...,zn),r)—AZ-(O,T)\§/ (s (£, 20, 20) — s (4,0, .. 0)] dt
0

n

(5

j=2 £€A(0,r)

8(1,’

D¢,

©)

2| | dt

n
<r Z sup
j=2 §EA(O,r)

eA; (0,7),

8(1@-
2%, (€)

<> eCoA; (0,7) = (n—1)eCoA; (0,7),
j=2

by (254) if r < rg. If now ¢ is chosen so that £ (n — 1) Cy = 3, we may absorb the
last term to obtain

1
§Ai (0,7) < A; ((0,22,...,2,),7) < =A4;(0,7).

N w

Combining estimates gives
1 3Cy
—A; < A < —A;
3o A (0.) < A () < A0,

which is (256) as claimed. The proof of the lemma is now completed by the following
remark.

Remark 28 The flattened comparability condition (256) implies (255). Indeed, sup-
pose flattened rectangles A® (x,r) and A (y,r) are adjacent, i.e. x1 = y1, and inter-

sect, say
z € A® (x,r) NA® (y,7).

Then applying (256) first to z € A® (x,r), and then to z € A® (y,r), we obtain
Ai(x,r) = A; (z,r) = A; (y,r), 2<i<n. (257)

There is an integer N, depending only on € and the dimension n, with the following
property. There are points yt, ...y~ in A(z,r) with y] = x1, 1 < j < N, such that

Alx,r) C Uj-vzlAE (y-j,r) ) (258)

The full comparability condition (255) follows easily from (256), (257) and (258)
since any two points u,v in A (x,r) lie in flattened rectangles A® (yj, T) ,Af (yk, 7‘) re-
spectively, which can be connected by a chain of adjacent flattened rectangles A® (yl, 7‘)
of length at most N.

We now demonstrate that the noninterference condition in Definition 14 is auto-
matic if A; = A; for 2 <4,7 < n.

Lemma 83 Suppose that each a; (z) satisfies the doubling condition in x1 uniformly
in To,...,T,, with doubling constant Cq, and is Lipschitz continuous in o, ..., T,
uniformly in x1. Suppose moreover that a1 =1 and a; = a; for 2 <i,5 <n. Then

Col A (z,r) < Aj(2,7) < CAj (1),  z€Alx,r),

for 2 < j<n andr small.
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Proof. For 2 < j < n,let a; = a and A; = A. Suppose x = 0 and consider the
integral curve - (t) defined by v (0) =0 and v’ (t) = (1,a (v (¢)),0"). Then

100 = (r [[atvoy ).

and we have the estimate

/OTa('y(t))dt—A(O,r)

[ atr) - ateo.0) dt]

T t
g/ a(u/ a('y(s))ds,O') —a(t,0,0")|dt
0 0
<r ||V'a”oo / a (v (s))ds,
0
where V' = (8%2, e %). Since a is Lipschitz in zo, ..., x,, we conclude that for r

sufficiently small, depending only on HVICLHOO,

%A(O,r)S/Ora(’v(t))dtSQA(O:T)~

Thus if 0 < 2, < £A(0,7), there is ¢ € [0,r] such that the point z = (¢, z,0) lies on
the image of the integral curve v (t), 0 <t < r, and a similar argument shows that

%uz,mg/OTaw(t))dtsM(w)-

The case —1 A4 (0,r) < 25 < 0 is similar and omitted. Using the doubling of A (z,r)
in  we conclude that

1
A(O,T)%A((O,Z%O/),T‘), fO’I" |22| < §A(Oar)
Repeating this argument with = = (0, 22,0") and |2z3] < $A4((0,22,0'),7), we obtain

1
A (0,7’) ~A ((Oa 22,23, 0/) 7T) ) fO’I" |22| ) |23| < §A (O,T) .
Continuing in this way, we finally obtain
AO,r)= A(z,7), forze A? (x,7). (259)

This establishes the flattened comparability condition (256), and Remark 28 now
completes the proof of the lemma.

6.7 Other notions of weak solution

We now discuss alternative definitions of a weak solution of the general divergence
form equation (22),

Lu=Lu+HRu+SGu+ Fu=f+Tg. (260)

Recall that a classical weak solution to this equation is a function u € W12 (Q) such
that (102) holds, i.e.

_/(W)' va+/(HRu)w+/uGSw+/Fuw=/fw+/gva (261)
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for all test functions w € VVO1 2 (Q). As pointed out in Remark 12, we can make sense
of this using the usual Sobolev embedding theorem, W2 (Q) C L" (Q) (¢, = 22 if

Loc
n>3,q, <ocifn=2),foruec Wh?(Q)and f, F € Lfoc (Q)and g, G, He L}, ().
We can also consider other notions of weak solution to (260) by requiring that u
belong to a Banach space B, and that w range over the dual Banach space B{), where

the duality pairing is given by

(1, W) = / w (@) w () da + / (V) (2) P (2) V() dz,
Q Q
for some nonnegative semidefinite matrix P (z) = ¢B (z), where B (z) is the coeffi-
cient matrix of L. The coeflicients and data in (260) must then be in appropriate
spaces depending on the Banach space B and the matrix P (x).
For example, we may take B = Wé’Q (Q) and P (z) = Q (z) where the quadratic

form Q (z,€) = £'Q (z) € and Wé’Q (Q) denotes the completion of Lip; () under the

norm .
2 2 2
oo = { [ (1o + 1701%) |

The integrals in (261) then make sense for ¢'B (x) ¢ ~ Q as in (27) using the Sobolev
embedding (15), together with the assumptions
171l
L

:?’ | ’”gHL?o/c(Q) < 09,
and
HFHL;?’C(Q) J ”GHLZD/C(Q) ) ||HHL;O’C(Q) < oo.
Note that the weak solution w is permitted to be a much more general object here,
namely a sequence of Lipschitz functions Cauchy in Wé’Q norm.

We close this subsection with a general comment, not to be taken too literally.
There are analogues of our main theorems for weak solutions u € Wé’Q (Q) in the
sense discussed above, and we conjecture that with this notion of weak solution, and
under the hypotheses of our main theorems, Q is both L?-subelliptic relative to the
homogeneous Dirichlet problems for the balls B (z,r), and L?*-hypoelliptic relative to
the homogeneous Neumann problems for the balls B (z,7) (see subsubsection 1.1.1
for terminology).

6.8 Alternate methods of proof

We now discuss alternate methods of proof of some of the results in this paper.

First, it should be mentioned that both of our extensions, Theorems 13 and
15, of Hoérmander’s commutation theorem, can be proved without recourse to our
generalization, Theorem 7, of the subellipticity theorem of Fefferman and Phong.
Indeed, the proofs of the sharp versions, Theorems 18 and 19, use Theorem 6 with
flag and noninterference balls, and do not rely on subunit balls at all.

Second, it is possible to use the method of Bombieri (Lemma 3 in [31]) to bridge
the gap at 0 = 0 in the Moser iteration in section 3, rather than using bounded
mean oscillation and the John-Nirenberg theorem. The idea is to use the arguments
in Lemmas 62 and 63 to create ”accumulating sequences of Lipschitz cutoff function-
s” in arbitrarily thin annuli of the form A (z,s) \ A (z,t) and LB (z,7) \ 2B (z,7)
respectively, for %7‘ < s <t <r. The details are left to the interested reader.

Third, it is possible to prove the basic Lemma 59 for the noninterference balls
A(x,r) by adapting Franchi’s method [8] of varying the driving parameters v =
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(ug, ..., uy) for fized initial point x in the integral curves «, (x,t) in subsubsection
5.1.1. However, in dealing with the flag balls B (z, r) it is convenient, if not necessary,
to instead vary the initial points x for an appropriately fixed driving parameter w in
the integral curves ~,, (z,t).
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