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Student Number

MATH 2R03
SAMPLE SoLUTIONS
SUMMER SEMESTER 2018 Dr. Margaret E. M. Thomas
DURATION OF EXAM: 2.5 Hours EVENING CLASS
MCMASTER UNIVERSITY FINAL EXAM (PRACTICE) August 2, 2018

THIS TEST PAPER INCLUDES 12 PAGES AND 7 QUESTIONS, PLUS A BONUS QUESTION
(#8). IT IS PRINTED ON BOTH SIDES OF THE PAPER. YOU ARE RESPONSIBLE FOR
ENSURING THAT YOUR COPY OF THE PAPER IS COMPLETE. BRING ANY DISCREP-
ANCIES TO THE ATTENTION OF AN INVIGILATOR.

e Please fill in your name and student number above. You may do this before the test starts.

e Do not open the test paper until the test begins! Once the test starts, please fill in your
initials and student number where indicated at the top of each subsequent page.

e Attempt all questions.
e The total number of available points is 45. Points are indicated next to each question.

e You may use a standard McMaster calculator, Casio FX-991 MS or MS Plus (no communi-
cation capability); no other aids are permitted.

e Write your answers in the corresponding spaces provided on the test paper.
e You must show your work to get full credit.

e Pages 10-12 at the end are provided for rough work; please ask an invigilator for more rough
paper if needed. Please write your student number and initials clearly at the top of each extra
page used, and hand in all paper along with your test paper.

Good Luck.

Score

Question | 1 2 3 4 5 6 7 | 8 (Bonus)
Points 10 5 ) b} 5 5 5 5
Score
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1. (10 points) For each of the following statements, state if it is true or false, and provide a
BRIEF justification for your answer (explanation or counterexample).

(a) In a complex inner product space V', (u,v) # (u,v), for every u, v in V.

4 -
Twis says “C LU noves e,aluudx: <u,v)" bus
F cowoida lA=?>)V=é ) ()7%L CO'M-fle)a dok Fr\od.udid\/\ C}‘

Aon uyv>= 36=08 S
Ny = 36=(83= (&
(b) If Ain M, (R) is an orthogonal matrix, then ||Az|| = 1 for all z in R".

e_a.As(‘ O> (orﬂ«tﬁwﬂﬂ A= A’() Ay

o\ Co -

L Cxe (3) IR # 1 et

(c) If B, B are two bases of a vector space V/, then the transition matrix [/]p p is invertible.

=\
— [:Tj@’lg - [Ijnilﬂf

(d) Every Hermitian matrix is normal.
A Heowbam Han A=PEAY)
T G AR RS kA=A AT o AATHA
2. A u\om/\.a/t

(e) fT:U — V is a linear transformation between finite dimensional vector spaces with
dim(U) = dim(V), then T is an isomorphism.

(i e T M, (R) — RT
L (2 ;\H(Q)O/OIO\) s NoT
o 15 omorplisin | buk din My (R)
(nST 1 o onto 1) A \g‘; -4
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2. (5 points) For each part, place the answer on the line provided.

(a) Find the eigenvalues of T': U — U if, for a basis B of U, [T]p = < s al _423_2. )
3-1, —4L atrv. ove e disgpral exckias

(b) Write down an integral expressioafor the Fourier coefficient of sin(5z) within the Fourier

series for f(x) = e”.
[
T /€K§'ur\[5>0 dx.
0

(¢) If T: U — V is a linear transformation between finite-dimensional vector spaces with
dim(U) = 5 and the dimension of the kernel of 7" is equal to 3, then what is the smallest
dim(V') could be?

(B — Nudliky Tluesrom s
L (1) = Lonn (Uer GV « doan (RCTY)
Z Se S = 3 ‘("o\lw\ﬁﬁ_\

S Ahm (V) S dim(VZ2
(d) Write the quadratic form z? — 9y? + 252% — 42y — 622 + 5yz in matrix notation

v
| -2 -3
T /z—‘\s/zjx
s es)

(e) Write down the inverse of the matrix <

“Txfo.

8
J- 55

This mabix A IS une -t o
ol onoonal vous & Gt onermal
Glumes. S5 A= B

Sk
Sl

_ —F%§>
= s
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3. (5 points) Diagonalize the quadratic form
q(z,y,2) = —22° + 2% + 222 — 4y

and say if it is positive definite, negative definite or indefinite.

Wikt 400 2) = X (—; 3jzy< L diagonalize A-
o -2 27

’/\ —Z k
-2 2-A

Solwe 0= dobr (A-XI)= (Mj(%xioz\ F2N)
-

o -2 2

£2-) ( L -4 > (M( V- =AYt
So R hws egomalneo k<D, A= -2, =t

S
. | D

F\V\.A -e,%m\seaca bags «fw eacla -e/\a,awvah/\"—

| D Oj So X = @) w—olxs-‘l!r‘&

/\:/O Slre (/01 > /oz>>&=0 ;:gg, (o (- wnd X, = K i@
Bn | o o - s
peos = 9 { (1))

>\7_2 Solwe (g 2 _A:Y Oﬁ% <8O ‘l’OZ‘DB oiidxz)( C}r;_;
o | o o So buars Mj 5( )}
ot e (1A e
s e 1005 (414
We noed o of(ftowormd SQ/‘\:QX/ 8,0//\/\)86{’0(3% &Aﬁov\al&&—
%M”(/Wbc %ﬂw So e {(vrz> (05 (/ﬁ% i % x s

VG
/ Paée 4 of 12

fbﬁ XA St D = N 059 bhee (yﬁa o )

| K o -l

e is ok leasx mf&sme« e aid o olids
ok |east e V\Qjcw/\f& @:ﬁ )%> s ‘V\A“Q\C '
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4. (5 points) Let V' be an inner product space.

(a) Write down the formula for the angle between two vectors u and v in V.

d%e)
— g7
<y ¥- cos {(44, 5
CosO m (N ] |vIl

(b) Let W be a subspace of V. Show that, for any vector u in V, if 6 is the angle between

T T

u and projyu, then 6 lies in [—7, 7]. :l co9e

LTy,

\

N\

Ve womt fo stow il 0D = 0. Wb Ay N3 ]of’_a/\/\o(‘—“wjom.l
LD basis Aov W
'%aﬂom\e «7Ervvm(a\) cosT = M

W \\ . \\?W\l)w\)‘ \\
_ <V\)\/7, <un? 7
] llu\\.\\%ml\ ) N IE \w ™~

o (@zw . 4u\)\)n> o E;@m\gﬂgs
" ull prg NI TRE _

(c) Give a brief geometric description in R? of the fact shown in (b).

-
X

N csms, o The ange beloean
e Mlof‘):;ﬁ(s O Lot P

GKij a\m@i dosest veckor n W 4o \A\
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5. (5 points) Find a unitary matrix P that unitarily diagonalizes A, and determine P*AP, where

i1
A_<—1 z)
F\/Aekﬁ oo \ .\ S |
_ dobs(ART) = M(' ) \x\z (FX) +1 = X200 =N(a-2)
-1 (
Se B %&A\rabwo ae. A=0, 2t
?w&b\wé‘o@;
\=0 ~, l) N (? (> N ( ~i> So x\s'\xl;
~ (’l I o 0 o © ?mm‘s'ﬁej_{(([)}
A="2, — o\ | Jo X = =
e (ﬂ\ ’-\\ — (O oj — (o O> EM;S\SQS‘{(’E%_

Cnd orlonommal 6@@“’@ cho -

” ( )[ W [z 30626 f( l(//\[d:i> ‘/r }

Vo -z -| O O
T\/\-Q/\/\ ?: O\)A—A FAP: >

A
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6. (5 points) Consider linear transformations 77 : U — V and Ty: V' — W between vector spaces
U,V and W. Suppose that T3 is onto and that the composition, Ty o T7: U — W, is 1 — 1.

Show that Ty is 1 — 1.
To  ftwow Hoods T’L is 1=\ ) we fake 2 vecto v, )Vz W \J ad
4SsUumL T (\JQ = /‘z QJQ C We paub fo show v, = Uy,

S{nce T > oud*o\/ M Uiy Ve \LQ " \// ‘HAM e pector u,)LkZ—ﬁ/\u

with Tlud=vy ) )= v
T T ) = To ) com be Lortem as
Ty () = T (T )
¥3 (TLOT(\(&Q - 6z°m (W)

Since Tlo’r[ s - , we hove ek =u,

Bk Alen Tl S a M’MF(M«Q ][“MC‘L‘}"“ &—ﬂ(“(\;r[(“z)

(€. \ll: \/L} as

[\q\,CW\QA .
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7. (5 points)

(a) Suppose that V' is a subspace of the vector space of real-valued, differentiable functions on
R and that B = {1, cos(2x),sin(2z)} is a basis for V. Consider the linear transformation
T :V — V defined by T(f(z)) = 2f(z) — f'(x), where f'(z) is the first derivative of

f(z). Find the matrix [T]p. in dervms a‘; R
F/\ﬂk ’T(|) = Z_j_ -0 = 2
T (cos(2) - 2 cos(2x) ¢+ Lsm(2x) = 2cos(2x) + 2sin(2x)
T(sa(20) = 2sia2x0)-20s(2X) _  —2.05(2xX) — 25n(2X)
)
baofs vectorof B 2 o0 ©
( go Eer: 2 =L
o 2 &

(b) Use the matrix [T]p found in part (a) to compute 7'(5 + 3cos(2x) — sin(2x)) (show
working).

E5+3ws(zxwf£wzx>]8 = (5,3 -0
S O © 5 (
S. compuite. 73, (_3() : BH ?)

o 27 —(

)

This s | T(ar3 s —sin(2)_]
e T[54 cos(@) —Sn(29)) = [0 + Beas(2014sn(%)
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8. (Bonus; 5 points) Consider the vector space of all real-valued functions on R. For each t € R,

define the function
0 z<t .
fi(z) == {1 >t z in R.

Show that the set of all such functions {f; : ¢t in R} is linearly independent.

We naed 4o shon Haak wlaneve we Hale & fuike neos
lombination of fumctions i e €& e fy tCH, 11 Cofy.
for 4; all &;@WJC %;ovv\ one amother) Hiem L s fmean
pabination equals O ) we  must hawe Cj =0 for eack

(=1, .M.

Xwofe withouk [oss Hhat ‘El <t, <<t (W not | Rname
fhe umbes ks Wj N/frvcgw+ so that Hus is m)

Take xm (ot Tean A 0)=1 s x> 4)
bt 7[@(&):7%}&):-—?75(%%0
(o0 Xctyld3<. 473)
D QW[JCWL G MXQ = C%C(X\Jr 1o &)= ¢y e
(ByﬂffMMﬁ% above ) S now we Lave czqfﬁj-.fc;ﬂ[& -0

GJ«A*{’W\\/\.Q, \Llij Ko 1 (JCLIJ@) - -->62ﬁc =0, amo\swm
R%)ecrfmﬁ (/s @U\V\/\@/\‘(' e emd Up it Ci= D{D Page9 ) 1o
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ROUGH WORK
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ROUGH WORK
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ROUGH WORK

THE END
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