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Student Number

MATH 2R03 - PRACTICE MIDTERM 2
SAMPLE SOLUTIONS

SUMMER SEMESTER 2018 Dr. Margaret E. M. Thomas
DURATION OF MIDTERM: 1 Hour

THIS TEST PAPER INCLUDES 8 PAGES AND 5 QUESTIONS. IT IS PRINTED ON BOTH
SIDES OF THE PAPER. YOU ARE RESPONSIBLE FOR ENSURING THAT YOUR COPY OF
THE PAPER IS COMPLETE. BRING ANY DISCREPANCIES TO THE ATTENTION OF AN
INVIGILATOR.

Please fill in your name and student number above. You may do this before the test starts.

Do not open the test paper until the test begins! Once the test starts, please fill in your
initials and student number where indicated at the top of each subsequent page.

Attempt all questions.
The total number of available points is 30. Points are indicated next to each question.

You may use a standard McMaster calculator, Casio FX-991, MS or MS Plus (no communi-
cation capability); no other aids are permitted.

Write your answers in the corresponding spaces provided on the test paper.
You must show your work to get full credit.

Two sides at the end are provided for rough work; please ask an invigilator for more rough
paper if needed. Please write your student number and initials clearly at the top of each extra
page used, and hand in all paper along with your test paper.

Good Luck.

Score

Question 1 2 3 4 5 Total
Points 10 6 5 4 5 30
Score
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1. (10 points in total — 2 points for each)
For each of the following statements, state if it is true or false, and provide a VERY BRIEF
justification (explanation or counterexample).

(a) If A is an invertible matrix, then A has a QR decomposition.
T A ks wertitle, Hhen A hao lineally tedppendact
Column vectors | 5o A heaoa OF d@COMIOOS/‘-&m\

(b) The transformation T: My(R) —: Ma(R) given by T(A) = A — AT is linear.

TA+8)= (A¢B) - (AeB) = (A—AT>+ (B-RT) =TT
1 TCeA)y= RA — (kAY = kA—kAT = K(A-AD=KTM).
I S T & lineac

(¢) The space P5 of real polynomials of degree at most 5 is isomorphic to Mz.o(R).

_,[_ Boﬂt % ond M:SKZ [H{) W/\/\Q Adinmension é

(d) IfT:U — V is alinear transformation with nullity(7") = 2, dim (U) = 3 and dim (V') = 4,
then rank(7") = 2.

= dimn (W)= bty () + ramk (T) (Lt Rank

2 s Dt ) Nu((ﬁww)
So ambk (TY=4 # 2.
(e) In an inner product space V' with dim (V') = n, any orthogonal set of n vectors is a basis
for V. of new- D VeCtold

Py sethorpnad sek |15 fineaddy indapendonts,
7/; i O J
ol oy lm@ﬂ:j }wﬁ@fe,mdhwt Set oOC n vecto
N oA y\«&wws\d\mﬁ Sfmc;z\/ S,ocw\s\// o
et i o bLenis.
The {uwﬂm Wab S\A/PfQ@oQ fo f»\ﬁ "mﬁ om%wjou\a/( st of n won—200
@QCT"\)@ s« basis 1 Tlus }S7LVMQ, ‘(@( Hee I\chov\&iuw. Pag?SQ of 8
Howene s, oo e 7uwh'ov1 crcﬁtcu@ ) stando, The Sﬁ% ;@@—
bz, a5 O old Lo ona of Hase vecdors & Leace
wguxéﬂ( w5 ée //MDD@ /'/\@@Q/M\M/ WCQ /LOZI, a é)M/s.
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2. (6 points in total — 2 points for each)
For each part, circle ALL the number(s) corresponding to possible correct way(s) to complete

h sent )
each sentence 01_@ Mo are NOT sglcod o
Wt a ‘H/u«j hore 1 (7{‘0/&(‘/'0
U\—QVL"’L'\? Yyow amsmess. W

\C-wov’:Co oe jwf o belp w//am he
o re WJ%@OM omspers .

(a) In a QR decomposition of a matrix A,

R is invertible;

() is square;
(3) R is lower triangular;
(4) R satisfies RT R = 0;

@Q has orthogonal column vectors. (octhonoomad = j"_:”j ﬁ);ac (’iys)
unirvec

(b) For a subspace W of a vector space V' and a vector u in V,

E2; |<|l;rr(z§]jWZ|1|L> :10’ ) w dses uct nacessanly ke maj}ﬂ&ri W
wtll =5 Se 15wt pecescon onal 1o o U
3) (projyLu,u) =0; < g Mﬁ ° e;fv_ P%’t\h{:‘)
|lu —w|| > ||u— projwul| for any vector w in W; lu-wl > Ml '—P”?/w ull
projyu, projw. ) = 0. for apy vecksr w in
1 4 4 -
liesin W lieo in W ofter flan prejy Cod
o/:)u‘iou%j Se#r;j W= fav?[wu )
) Gireo Nu-wi= ((u,,ou?}w(,«(/
s oo

I
(c) If a linear transformation 7:U — V' is an isomorphism, then

ker(T) = {0}; < fluis is amotber of Sugug T is = |
@ U=V, "‘”‘\‘j &Ej 3
T(x) = T(y) implies z = y, for vectors z and y in U; & s is cvntlias W

()
C(APdim (U) = dim (V); of Souy r@ T is H
SNR(T) = V.
RQMD‘{'UL(
OQ fatj‘“/\g T s outo
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3. (5 points) In the space Pj of real polynomials of degree at most 3 with the inner product given
by {ap+a1x+asx?+azx?, bo+bix+box?+b32®) = agby+aiby+asba+aszbs, use the Gram-Schmidt
Process to find an orthonormal basis for the subspace spanned by {2? — 1,z + 2, 2% — v/3z}.

< —

2 ( U us
- U X1 1z 4
y= Ao i} _
RS Q
L
Bk U, — <U\2)\/\>\/( = X422 — <><+Z,\(§_X \ff2> J‘ NG >
J_
< 02 4 (R = k- |
= Y+ xt |
Thw vy = e  Kex| O A
Xt x+N " [Err BT BTG
Fad uy (u5/\/>v — Lug N>V,
Le L
M@( L)
4L
_ <)(3__BX)\E3XT x+@> (\(_3)( —(—\E \r>
1
= x-Bx —(—(—Lx+@x+\g =><+\,1>< + (Gr )X+V:L
i?f
V3
VTP S A I N
—K+ﬁ)< \BX G -
v e By & 2 L +~L
;= XHEX TR@XTR . XtEX -~ x © ><'s+@_\@x%

I{)( —\‘\@X \EX 2 \ IL‘('C Q@B
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4. (4 points) In the space May3(R) with the standard inner product (A, B) = tr(BT A), write

5 —4 2
C( 1 -3 0)

asC'—D—l—E,WhereDlieSinW—span{((1) _01 (2)> (Z g _05>}andEliesinWL.
;/

Fist we ned am o&w L:;us\s r W.

(\\m Ao vst ned 1o wwm\\z,c 8
Tale =Y, e s\n\/D neLd  own of—”wjowd st an
Loy U e tono amad, besis - )

V2= U = Tz Y
) o 3 -5 (
(03'5\ﬂ ((;on) O"D ({oz
4 2 © _
o 2 (0
«(D> (‘O O
o 3-S5 ;sﬂ -1 (02>: 6 %5 ((02>
(4 2 D>ﬂ s (O"D (“O * oo
A

2z 3 —I
- (4 0 o)'
D E

/A ,
We worte C; P\OJM)C —{—W

W D: PVO\-)WC_—_— <C:)_—V|/>\/ + <C)V2>V

v~ v, 1=
_4Z> 23—\)7
/3—’4— Z (’ oz > ( (-3 o (400 y
(P35 ) vyt —f—/»~ d
%00> (4 007

L_J._i—:\:-'l——a—.?ﬁfﬁﬁ) {’DZ>_\_ (-N2aC (234)

A o 22 Pprer 0O°
//Z o ¥z 4/32’1/3 ('('Z 4/3>> 3@ g Page 5 of 8
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5. (5 points) If U, V and W are vector spaces such that U is isomorphic to V', and V' is isomorphic
to W, show (just using definitions) that U is isomorphic to W.

H’ Wi J'Sﬁvv\»qok[c 4o U/ Heen (/f,vg (¢ an 5o o g lism "[‘\ U >V o
f]L Vo iSo/\wW{M'C I \A))/H/\_Q,\/\ Hee & am iSov\mf)D(«ASW\ 7:)‘ /= L/\J

\J\)E Wt to show szT)3 U =W < an }SO\A»O()O\M-SVV\ e (S {"l and aito.

b0 ey e vedoa e Vit (5760 = (TosT )6
e TGy =T (), e
T -0 D 16=-T Y o Hen T, | 3 x=y.
So T o1 is
Drte Fou s a vedsr v W Mo sing T, is ok Mo isa
veclow v m \/ wibh T, (V)= w.
Cinee T8 onko, thse is o vechor w i U widl T (W =y

(

Tho T = T (00 = 15 (V- W So ToT, iseurhs.
)

( kae: o Mﬂcicw\u) yo\A are ot MA U\ wd | od W e ]GVL-'@>
A)st'iov\M SO 90\4 cannot “\/31/\0_ Wl‘H/\ ]C,'A,"u_ Qowes_
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ROUGH WORK
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ROUGH WORK

THE END
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