Lecture X: Hochster’s Formula and an Example (March 14, 2006)
SPEAKER: ADAM VAN TUYL
NoTESs BY: JING HE

We have two goals in this lecture:

(1) State Hochster’s Formula; this formula relates the reduced simplicial homology of A
with the graded Betti numbers of the Stanley-Reisner ideal Ia.
(2) Use an example to explore this formula and other previous results.

1. HOCHSTER’S FORMULA

Suppose A is a simplicial complex on V' = {z1,z9,...,z,}. For any W C V' the restriction
of A to W is the simplicial complex Ay ={F € A | F C W}.

Theorem 1.1 (Hochster’s Formula). Let A be a simplicial complex on V = {z1,...,z,} and
let In be the associated Stanley-Reisner ideal in R = k[z1,x9,...,z,]. Then
Bija)= Y. dimgHj i o(Aw, k)

where by I;Tl(I‘,k) we mean the reduced simplicial homology of T.
Corollary 1.2. If j > |V| = n, then 5;j(Ian) = 0.

Proof. Since there is no W C V with |[W| = j > |V| = n, the conclusion follows from Hochster’s
formula. =

2. WORKED OUT EXAMPLE

Hochster’s formula is a beautiful result but somewhat daunting to use. We will examine this
formula (and other results introduced in these lectures) in relation to the simplicial complex A:

Ty

Note that for this lecture, the tetrahedron formed by the vertices =1, z2,x3 and x4 is hollow.
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2.1. Dimension, facets, and f-vectors. The facets of A are:

{{wla .’L'Q,.’ES}, {$17x27$4}7 {wla $37"E4}7 {IQ, xs3, :L.4}7 {3:27 $5}, {.’L'3, .’L'5}}

Thus, we have dim A = max{dim F | F € A} =2 = |{z1,z9,23}| — 1. The f-vector of A has
the form f(A) = (fo, f1, f2)- For this simplicial complex f(A) = (5,8,4) because there are 5
vertices, 8 edges, and 4 triangles.

2.2. Stanley-Reisner ideal. Since V = {z1,...,z5}, R = k[z1,...,25]. The Stanley-Reisner
ideal is given by
IA = (:L'Z'l e "Eir | {.’Eil, . ,iL‘Z'T} ¢ A) = (.’E15L‘5,.’E4.’E5, To2X3T5 s T1X2X3T4 )
missing edges missing triangle missing tetrahedron

Note that Ia is generated by the minimal non-faces. Furthermore, since dim A = 2, the Krull
dimension of R/Ia equals dim R/Ixn = dimA +1 = 3.

2.3. Hilbert-Series, h-vector, and Hilbert function. Since the f-vector f(A) = (5,8,4),
we can find the h-vector using a “Pascal-triangle like” method. Using (5, 8,4) as one edge of the
triangle, we get

1 2 1 o h-vector

The h-vector is h(A) = (1,2,1,0). Since dim R/Ia = 3, the Hilbert series of R/IA is given by

1+2t+1¢2

By expanding out this infinite series, the coefficient of ¢¢ is value of the Hilbert function at d,

= (142t +13)(1+3t+ 62+ 103 +---)

i.e.
Hp/1,(d) = dimg(R/IA)q = coefficient of te.

2.4. Resolution. Since Ia is a homogeneous ideal of R = k[z1,z2, T3, x4, 5], the ideal has a
minimal free graded resolution of the form
0O—F——Fr —Fo—In—0

withl <5=mnand F; = R(—d;j1) ®...® R(—d;y). Recall that j3; ;(Ia) is the number of times
R(—7) appears in F;. We will use Hochster’s formula to compute the resolution.
Step 0. Find .

For the 0" graded Betti numbers, i.e. Bo,;(Ia), we only need to know the generators of Ia.
This is because Sy, ;(Ia) is the number of generators of degree j. Since

IA = (2175, T475, T223%5, 1 T2L3T4)



we have fo2(Ia) =2,603(Ia) =1, Bo4(Ia) =1, and Sy j(Ia) = 0 otherwise. Thus
Fo = R*(—2) ® R(-3) ® R(—4).

Step 1. Find F;.
We need to compute 1 ;(Ia) for all j € N. By Hochster’s Formula

Bria)= > dimpHj 1 »(Aw, k)= Y dimy Hj 3(Ak)
WCV,|W|=j WCV,|W|=j

If j > 5, then 3; ;(Ia) = 0 since there is no W C V with |W| = j > 5. On the other hand,
if j <1, then j —3 < —1. But for any simplicial complex T, I—~I1(F, k) =0ifl < —1. So
B1,;(Ia) = 0 if j < 1. Thus, we only need to compute 51 ;(Ia) for j = 2,3,4,5. We consider
each j separately.

j=2

We will require the following lemma.

Lemma 2.1. IfT # 0, then H_(T, k) = 0.

Suppose W C V is a subset with |[W| = 2. Then Ay # {0} since Ay contains at least the
two vertices of W. By Lemma 2.1

dlIIl]C ﬁIQ_g(Aw,k) = dlmk ﬁ_l(Aw,k) = 0.

SO ,3172(IA) =0.
j=3

We require another lemma to compute (1 3(Ia)-
Lemma 2.2. For any simplicial complez T,
dimy, ﬁO(F, k) + 1 = the number of connected components of .
Let W C V with [W|=3. So
dimy, I;T3_3(AW, k) = (# of connected components of Ay/) — 1.

For example, if W = {z1,z9, 23}, then Ay =

I

r3
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so dimy Ho(Aw, k) = 0. If W = {z1, 24,75}, then Ay =

T

Ay, =

Then dimy H(Aw, k) = 2 — 1 = 1. By checking all (g) = 10 subsets W C V with |W| = 3, the
only subset W with Ay not connected is W = {z1,z4,25}. So B13(Ia) = dimy Ho(Aw, k) = 1.
j=4

There are only 5 subsets of V' containing 4 vertices. Each subset gives a different restriction
of A. The five restrictions are

We need to compute dimy fI4_3(AWi,k) = dimy IfIl(AWi,K) fori =1,...,5. Note that Ay, =
Aw, and Ay, = Aw, so we only need to compute the dimension of the homology groups of
three simplicial complexes. We omit the calculations here, but provided the dimensions of the
following homology groups:



Claim:
dimy, Hy (Aw,, k) = 0
dimy, Hy (A, k) = dimy, Hi (Aw,, k) = 1
dimy, Hy (A, k) = dimy, H (Aw,, k) = 0.
Note that the nonzero values come from fact that Ay, and Ay, have “holes”, i.e., the hole

formed by {z2,z3,z5} in both simplicial complexes. So f14(Ia) = 2 (each of Ay, and Ay,
contribute 1 to B 4(Ia))-

i=5
In this case, Ay = A. We compute
dimy, H5_3(Aw, k) = dimy, Ha(Aw, k).
Now

~ ker O

where the maps 0, and 03 come from
0 By pF2(d) 02 LFI(D) .
Recall that
Fy(A) = {{z1,z9, 23}, {z1, 22, 24}, {1, T3, 24}, {T2, T3, 24 }}
Fi(A) = {{z1,z2},...,{z3,z5}} (the eight edges)
and kF(2) is the k-vector space whose bases elements are the elements of Fj(A).
Now Imds = 0, so Hy(A, k) = ker 8. Note that
EF2(B) = {c1{z1, m0, 23} + co{z1, T2, 24} + c3{z1, T3, T4} + ca{wa, T3, 24} | ¢ € K} = k.
We will show that ker d, is a one dimensional vector space.
O(c1{z1, 2,23} + co{x1, 22,24} + c3{x1, T3, T4} + ca{x2, T3, T4})
= c{z2,z3} — cr{z1, 23} + cr{z1, x2} + co{w2, x4} — co{z1, T4} + co{T1, T2} +
ca{z3, v4} — c3{w1, 24} + c3{w1, 23} + ca{zs, x4} — ca{z2, x4} + ca{z2, 23} =0
We see that a 3-chain is sent to zero if and only if ¢y = —co = —¢4 = ¢3. So
ker Oy = {c({z1, 72,23} — {T1, T2, 24} + {T1, 73,32} — {T2, T3, 74}) | cE K} = k.

Thus dimy fNIQ(A, k) = 1, which, in turn, implies that i 5(/a) = 1. The non-zero homology is
coming from the fact that A contains the boundary of the tetrahedron {z1,z9,z3,z4}, but not
the face {z1, z2,z3,z4}. Thus, for Step 1, we have shown that

Fi = R(-3) @ R*(—4) ® R(-5).

Step 2. Find F.

By arguments similar to those used in Step 1, 2 ;(Ia) = 0if j > 5 or j < 3. So we need to
find Bo j(Ia) where j = 4,5. We consider each case separately.



j=4

For each W C V, with |[W| = 4, we need to compute dimy Hs_s_o(Aw, k) = dimy, Ho(Aw, k)
= (#~connected components of Ay) —1. But for every such W, Ay is connected. So
dimk Ho(Aw, k) = 0. Thus ,32,4(IA) =0.
i=5

Since W = V,Aw = A. We claim (but don’t verify) that dimy H;(A,k) = 1. The one is
coming from the fact that A has a “hole” formed by the vertices {z2,z3,z5}. Thus fo5(/a) =1
which implies that

Step 3. Show for i < 3,3; ;(Ia) =0
This step has been left as an exercise.

We summarize the results on the resolution in the following corollary:

Corollary 2.3. The minimal free graded resolution of In has the form
0 — R(—5) — R(—3) ® R?(-4) ® R(—5) — R*(-2) ® R(—4) ® R(-3) — In — 0.

Problems from Lecture 9

1. Let A be the simplicial complex studied in the lecture. Show that if 7 > 3, then §; ;(Ia) =
0. Hint: Consider the cases that ¢ > 4 and 7 = 3 separately.

2. Let A be the simplicial complex studied in the lecture. Show that if W = {z1, z3, 24, 75},
then H;(Aw, k) = 0.

3. Show that if I # {0}, then H (T, k) = 0.



