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Abstract

Given a tree T', we consider the path ideal I;(T'), that is, the ideal where every
generator corresponds to a path of length ¢ in I'. When this path ideal is regarded
as a facet ideal of a simplicial complex, that is, we view every generator of the
path ideal as a facet of this simplicial complex, we show this simplicial complex is
actually a simplicial tree. By using a property of a simplicial tree due to Faridi, we

prove that R/I;(T") is sequentially Cohen-Macaulay.
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Introduction

A tree is a simple graph in which any two vertices are connected by exactly one
path. A directed tree is a tree whose edges have been assigned a direction. A path
of a tree is a sequence of vertices {z;,,...,z; } such that from each of its vertices
there is an edge to the next vertex in the sequence. A path is also often denoted
by x;, ---x;. Throughout this project, a tree refers to a directed tree with edges
whose orientation is away from the root, a designated vertex of the tree. Precise
definitions will be given in Chapter 1. Using the definition of a path in a tree, we
consider an ideal whose generators correspond to the paths of the same length in
a tree. This ideal is the path ideal first introduced by Conca and De Negri [3].

Please see the precise definition below.

The goal of this project is to study the properties of the path ideal of a tree.
The main result of this project is to show that the path ideal of a tree is sequentially
Cohen-Macaulay. Understanding further properties of the path ideal of any graph
is the goal of my future research. Given below is an overview of the main results

and structure of this project.
Let V = {x1,22,...,2,} be a finite set. Then a simplicial complex A is a
subset of the power set of V', such that:

o {r;} e Aforeachi=1,...,n, and
o if /€ A and G C F then G € A.

An element of A is a face. The maximal faces under inclusion are called facets.

We denote the simplicial complex A with facets Fy, ..., Fy by
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The subcomplex of a simplicial complex A is a simplicial complex generated by
a subset of the facet set of A. That is, A’ = (F},,..., F; ) is a subcomplex of A,
it {F;,,...,F;.} C{Fi,...,Fs}. A standard reference for simplicial complexes is
Stanley’s book [22].

A relationship between trees and simplicial complexes can be built by using
square-free monomial ideals, that is, an ideal generated by monomial, terms
of the form m = 7' ---z% where 0 < a; < 1. The path ideal of the tree I is

an ideal generated by all paths of length ¢ — 1 (length of a path = the number of
vertices in this path —1), denoted I;(T"):

L(T) = ({xsy -+ @, | x4y ---x; is a path of length ¢ — 1 in T }).

When t = 2, we call this ideal the edge ideal, denoted I(I'). Recall that the defi-
nition of an edge ideal for any graph is an ideal generated by all edges in a graph G
and denoted I(G) = ({z;z; | {xi,x;} is an edge of the graph G}) (see [24]). This
ideal is a square-free monomial ideal. The path ideal was first defined by Conca
and De Negri in [3] and P. Brumatti and A.F. da Silva use this notion to study the

cycle graph (see [1]).

We define the facet ideal of a simplicial complex A to be Z(A), the ideal
generated by all square-free monomials z;, x;, - - - x;,, where {x;,, %, ..., 2, } IS a

facet of A. Thus
Z(A) = ({xgy - omi, | {xiy, Tig,y -, 24, } 18 & facet of A}).

This notion was first defined by Sara Faridi in [10] and studied in [11],[12].

An example is illustrated in Figure 1 and Figure 2:

Z1
Ze
T2
Zg
£
I3 ]
X7
Z
Ty 9

FIGURE 1
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Given a tree I' as in Figure 1, the root is z;.

We can find the path ideal
generated by all paths of length 3 (i.e. there are 4 vertices in every path)

I4(F) = (33‘13321‘3334, 1‘13361‘81‘9).

The generators of I;(T") can also be viewed as the facets of a simplicial complex.

For example, with I" and I4(T") as above, consider the simplicial complex:

A - <{x1) $2,x3,$4}, {x17x67x8) Z‘9}'>

We can visualize this simplicial complex as Figure 2:

FIGURE 2

This simplicial complex A consists of two filled tetrahedrons. All the vertices,
edges, triangles and the tetrahedrons themselves are the faces of this simplicial

complex. The two tetrahedrons are facets because they are the maximal faces.

This example shows how to build a relationship between a tree I' and a simpli-
cial complex A by using the path ideal I;(I"). When we view the generators of the

path ideal as all the facets of a simplicial complex, the path ideal of the tree I' is

just the facet ideal of the corresponding simplicial complex, i.e.

In this paper, we will prove R/I;(T") is sequentially Cohen-Macaulay. We recall
the relevant definitions here. An element F' € R is a regular element on R/I if
F = (F +1) is not a zero divisor of R/I. A sequence Fy,

..., F, of R is called a
regular sequence on R/I if

(1) F, is regular on R/I, and
F;

(2)

is regular on R/(I, Fy, -+ ,Fi_q1),fori=2,...,m
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All maximal regular sequence have same length, and any regular sequence can be
extended to a maximal regular sequence [6, Corollary 18.10]. The depth of R/I,
denoted depth(R/I), is the length of the longest maximal sequence contained in
m = (x1,...,2n). The (Krull) dimension of R, denoted dim R, is

dimR=sup{n | Po C P C - C P, is a chain of prime ideals in R}.

A ring R/I is Cohen-Macaulay if depth(R/I) = dim(R/I). Let M be a graded
module over R = k[zy,...,z,]. We call M sequentially Cohen-Macaulay if

there is a filtration

0O=MyCcMyC...CMg=M

of M by graded R-modules such that M;/M;_, is Cohen-Macaulay for all ¢, and
dim M;/M;—1 < dim M;11/M; for all i, where dim denotes Krull dimension. The

above notions can be found in [6].

Sequentially Cohen-Macaulay modules were first introduced by Stanley [22].
Herzog and Hibi [17] gave a classification of sequentially Cohen-Macaulay quo-
tients R/I in terms of the Alexader dual of I, when I is a square-free monomial
ideal. This classification extended a criterion of Eagon and Reiner [5] for Cohen-
Macaulay quotients. Recently many authors have been interested in classifying or
identifying (sequentially) Cohen-Macaulay graphs. The graph G is a (sequentially)
Cohen-Macaulay graph if R/I(G) is (sequentially) Cohen-Macaulay, where I(G)
is the edge ideal of this graph G. J.Herzog and T.Hibi classified Cohen-Macaulay
bipartite graphs in [14]. S. Faridi showed that all simplicial trees (to be defined
below) are sequentially Cohen-Macaulay [11]. C.A. Francisco and T. Ha studied
how adding “whiskers”, a kind of leaf, changes the sequentially Cohen-Macaulay
structure. C. A. Francisco and A. Van Tuyl proved that all chordal graphs are
sequentially Cohen-Macaulay [8]. Recently A. Van Tuyl and R.H. Villarreal com-
plement and extend recent work on this problem by determining when the edge

ideal of a bipartite graph is (sequentially) Cohen-Macaulay [23].

The main result of this project is:
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THEOREM 0.1. (Corollary 4.10) Let I;(T") be a path ideal of a tree T'. Then
R/I(T) is sequentially Cohen-Macaulay for all t > 2.

To give the proof, we use the notion of a simplicial tree given in [11]. Let
A = (Fy,...,F,) be a simplicial complex with facets Fi,..., F,,. A facet F of A is
called a leaf if there exists another facet H # F' € A such that FNG C FF'nN H for
all facet G # F. A connected simplicial complex A is a simplicial tree if every

nonempty subcomplex of A has a leaf. We show

THEOREM 0.2. (Theorem 4.9) For all t > 2 the path ideal It(T") of a tree T is

the facet ideal of a simplicial tree.

By applying a result of Faridi that the facet ideals of simplicial trees are se-

quentially Cohen-Macaulay, Theorem 0.1 then follows.

In Chapter 1 we introduce the basic terminology of graph theory. We also
introduce simplicial complexes and simplicial trees. Facet ideals and path ideals
are two important ideals to connect a tree and a simplicial complex. They are
introduced in Chapter 2. We also introduce the relation between the Stanley-
Reisner ideal and facet ideal. At the end of Chapter 2, we give the definition of
a graded resolution. In Chapter 3 we introduce Cohen-Macaulay and sequentially
Cohen-Macaulay rings, two nice classes of rings. The first three chapters give the
basic knowledge for this project. In Chapter 4, the main part of this project, we
prove our two main results, Theorem 0.1 and Theorem 0.2. We end with Chapter

5 by describing some future research questions.



CHAPTER 1

Combinatorial Objects

In this chapter we introduce the definitions and notations from combinatorics

used throughout this project.

1. Some Graph Theory

DEFINITION 1.1. (graph, vertex, edge) [20] A graph is a tuple G = (Vg, Eg)
which consists of Vg, a nonempty set of vertices (or nodes), and E¢, unordered
pairs of elements of Vi, called edges. Each edge has either one or two vertices

associated with it, called its endpoints. An edge is said to connect its endpoints.

EXAMPLE 1.2. A labeled graph on 5 vertices and 6 edges:

() 1 (3 4
Vs
U2 Us
FIGURE 1

Here Vg = {v1,...,v5} and
EG = {{vla 'UQ}, {vla 'U4}, {UQ, 'U3}, {'UQ, 'U4}, {'U3, 'U4}, {U3,U5}}.

DEFINITION 1.3. (loop, multiple edge, multigraph, simple graph) [20] A
loop is an edge whose endpoints are the same. Multiple edges are two or more
edges connecting the same two vertices. The term multigraph refers to a graph
in which multiple edges between nodes are allowed. A graph in which each edge
connects two different vertices and where no two edges connect the same pair of

6
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vertices is called a simple graph. Equivalently, we can say that a simple graph is

a graph that contains no loops or multiple edges.

ExAMPLE 1.4. Consider the three graphs below. The first graph is a simple
graph because there is no more than one edge between any two vertices and no
loops. The second graph is a multigraph because there exist two pairs of vertices
connected by two edges in each pair. The third graph is also a multigraph because

there are two loops. There is also one pair of vertices connected by two edges.

2 S
7

Simple graph  Multigraph with multiple edges  Nonsimple graph with loops

FIGURE 2

DEFINITION 1.5. (path, length) A path in a simple graph is a sequence of
vertices {v;,,...,v;, } such that from each of its vertices there is an edge to the next
vertex in the sequence. The length of a path is the number of edges in this path.
The first vertex is called the start verter and the last vertex is called the end

vertex.

NOTATION 1.6. In order to simplify the expression of a path, we denote v;, - - - v;,
as the path of length ¢t — 1. This means a path starting at v;, and ending at v;,. It
follows that an edge is a path of length 1 and is denoted by v;v;, (i # j).

EXAMPLE 1.7. Consider the graph of Example 1.2. We say {v1,v4,v2,v3, 05}

is a path of length 4 with start vertex v; and end vertex vs.

DEFINITION 1.8. (directed graph, directed tree, rooted tree) [20] A di-
rected graph (or digraph) G = (Vg, Eq) consists of a nonempty set of vertices

Vi and a set of directed edges (or arcs) Eg. Each directed edge is associated
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with an ordered pair of vertices. The directed edge associated with the ordered pair

(u,v) is said to start at u and end at v.

DEFINITION 1.9. (tree, forest, directed tree, rooted tree) [20] A tree is a
graph in which any two vertices are connected by exactly one path. A forest is a
graph in which any two vertices are connected by at most one path. A directed
tree is a directed graph which would be a tree if the directions on the edges were
ignored. A tree is called a rooted tree if one vertex has been designated, called
the root, in which case the edges have a natural orientation, towards or away from

the root.

ExAMPLE 1.10. Let I' be the directed rooted tree below. The arrows denote

the direction.

FIGURE 3

The graph I' is a tree since there is a unique path between pairs of vertices.
Here the vertex vy is the root, and the direction of every edge is away from the
root. The vertex set of T is Vi = {v1, va,...,v12} and the directed edge set of T is
Er = {(v1,v2), (v2,v4), (va,v8), (va,v9), (v9, v12), (v1,v3), (v3,5), (v3,V6), (v3,V7),
(v6,v10), (ve, Ull)}-

DEFINITION 1.11. (degree, leaf) The degree of a vertex is the number of

edges adjacent to it. We use degx to denote the degree of the vertex x. A vertex

that has degree 1 is called a leaf.
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ExAMPLE 1.12. Use the graph of Example 1.10. The degrees of the vertices
vs, V12, Us, U7, V19 and vi1 are 1, so they are leaves of I'. We also have degv; =
degve = degvg = 2, degvy = degvg = 3 and degwvs = 4. The paths of various

lengths are given below:

paths of length 2 = {10204, V2V4Vs, V4V9V12, V1V3V5, V1V3VE, U1V3VT, V3V6U10, V3UEV11 |
paths of length 3 = {00408, V1V2V4Vg, V2U4V9V12, V1V3VEV10, V1 V3V6U1T }
paths of length t >4 = ()

DEFINITION 1.13. (cycle) A closed (simple) path, with no repeated vertices
other than the starting and ending vertices is a cycle. A directed cycle graph is
a directed version of a cycle, with all the edges being oriented in the same direction.
The cycle with n vertices is denoted C,. The number of vertices in C,, equals the
number of edges, and every vertex has degree 2; that is, every vertex has exactly
two edges incident with it. A cycle is also a path such that the start vertex and

end vertex are the same.

EXAMPLE 1.14. The right-hand graph below is a cycle graph with a cycle

Cs = {v1v203v40506} in it.

(] M
U2 Us 2 g U 8
Vs Us vg Us g Uy vy
U4 ) Uy

4
Cycle C¢  Directed Cycle Cs Cycle Graph

FIGURE 4

LEMMA 1.15. Let T be a connected graph. Then T is a tree if and only if T has

no cycles.
PROOF. Assume there is a cycle {v1,...,v;,...,0p,v1} in the tree I'. Then
there are two different paths connecting v; and wv;, that is, {v1,vs,...,v;} and

{vi, Vit1, .-, Vn,v1 }. This contradicts Definition 1.9. The converse is the statement
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that if a connected simple graph is without a cycle, we have there is only one path

between pairs of vertices. This means the graph is a tree. ([l

2. Simplicial complexes

The basic terminology of simplicial complexes is introduced below.

DEFINITION 1.16. (power set) If S is a set, then the power set of S, denoted
P(S), is the set of all subsets of S.

EXAMPLE 1.17. If S = {a,b,c}, then
P(S) = {@7 {a}’ {b}v {C}a {a7 b}a {(L, C}a {ba C}v {av b, C}}
The following definitions can be found in [22].

DEFINITION 1.18. (simplicial complex, face, facet, subcomplex) Let V =
{v1,v2,...,v,} be a finite set. Then an (abstract) simplicial complex A is a
subset of the power set P(V') of V, such that:

o {v;} € Aforeachi=1,...,n, and

o if F € Aand G C F, then G € A.
An element of A is a face. The second condition implies () is a face of A. The
maximal faces under inclusion are called facets. If F' € A, then the dimension of
F|is dim F = |F| — 1, where |F| = number of vertices of F. The dimensions of the
vertices and edges are 0 and 1, respectively. We set dim() = —1. We denote the
simplicial complex A with facets Fi,..., Fs by

A= (F,... F).

The subcomplex of a simplicial complex A is a simplicial complex generated by a
subset of the facet set of A. That is, A’ = (F},,..., F; ) is a subcomplex of A if
{Fip, - B} C{FL, - Fi)

DEFINITION 1.19. (pure) A simpicial complex A is pure if all the facets have

the same dimension.

DEFINITION 1.20. (dimension of a simplicial complex) The dimension

of a simplicial complex A is given by dim A = max{dim F' | F € A}.
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EXAMPLE 1.21. Given the simplicial complex A = ({vivovs}, {v1vs}, {vsva})

with facets Fy = {v1,v2,v4}, Fo = {v1,v3} and F3 = {v3,v4}, we can draw A as

U1 Ua

FIGURE 5

We have dim A = 2, because dim F; = 2 and all other facets have dimensions

less than or equal to 1.

DEFINITION 1.22. (f-vector) Let A be a simplicial complex of dimension d—1.
Let f; denote the number of faces of dimension i in A, written as f;=f;(A). The

f-vector of A is the d-tuple, f(A) = (fo, f1,---, fa—1)-

REMARK 1.23. It follows directly from the definition that

fo = |V, the number of vertices in A, and

fo1 = 1, because € A and dim = —1.

ExAMPLE 1.24. Counsider the simplicial complex A = (v1vov3v4, V3Vs5, V45, V1V5).
To draw the picture, we know the facet {vi,vs,vs,v4} is a tetrahedron. For this
tetrahedron {vy, va, v, v4 }, all triangles {vy, va, v3}, {v1, v2, v4}, {v1, V3, v4}, {v2, U3, V4 },
the edges of the triangles {vs,vs}, {vs, vs}, {v1,v5} and vertices vy, ..., vs are in-
cluded in this facet. The other three facets are three edges: {vs,vs}, {va, vs}, {v1, vs5}.
Then A looks like Figure 6. So there is one tetrahedron, four triangles, nine edges

and five vertices in this simplicial complex. Then the f-vector is f(A) = (5,9,4,1).

DEFINITION 1.25. [11] (leaf of a simplicial complex) Let A = (Fy,..., F,)
be a simplicial complex with facets F1, ..., F,. A facet F' of A is called a leaf if it
is the only facet or if there exists another facet H # F' € A such that FNG C FNH
for all facets G # F'.
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; Va4
U2 l
2]

FIGURE 6

EXAMPLE 1.26. Consider the simplicial complex with facets Fi = {x1,z2,23}, Fo =
{x3, 24,25}, and F3 = {x4, 25,26} (see Figure 7). Then F; and Fj are leaves since

we can use H = F5.

o Is Te
X1 L3 L4
FIGURE 7
Indeed,

FINF, = A{x}CHNH
FinNnk; = @QFlﬁH
FsNF, = DCFsNH
FngQ = {$4,Z‘5}gFgﬂH.

However, Fy is not a leaf since there is no facet H such that
FNF, = {x3}§FgﬁHand

FNFy = {{E4,£E5} CFEFNH.

DEFINITION 1.27. (free vertex) In a simplicial complex, a vertex is a free

vertex if it belongs to only one facet.
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LEMMA 1.28. If F' is a leaf in a simplicial complex A, then F' has a free vertex.

PROOF. [22] Suppose the facet F' is a leaf in A. By definition, there is another
facet H € A such that FNG C FFN H, where G # F and H # F. So there must
exist a vertex ¢ € F, but = ¢ H. It followsx ¢ (FNH) and x ¢ (GNF) C (HNF).

Thus this vertex x is only in F. O

EXAMPLE 1.29. The converse statement of Lemma 1.28 is not true, as shown
in this example. Consider the simplicial complex A = (Fy, Fy, F3), where F; =

{1)1,1)2,1)3}, FQ = {1)2,’[)4,’[)5} and F3 = {1)3,’[)5,’1)6}.

FIGURE 8

Every facet has a free vertex but no facet is a leaf of A. For example, the vertex
vy is free in facet F, and we know Fo N Fy = {vy} and F53 N Fy = {vs}. But we can

not find a facet containing these two vertices together.

DEFINITION 1.30. (Simplicial tree, simplicial forest) A connected simpli-
cial complex A is a simplicial tree if every nonempty subcomplex of A has a leaf.
A simplicial complex is a simplicial forest if every nonempty subcomplex of A

has a leaf.

ExamMpPLE 1.31. The simplicial complex in Example 1.26 is a simplicial tree.
The simplicial complex A = (v1vav3, V1V2v4, V1 U304, V2U3V4, V3U5Vg) 1S DOt a simpli-
cial tree (see Figure 9). Though facet F' = {vs, vs,vg} is a leaf and has free vertices
vs and v, any facet in the subcomplex A’ = (v1v3v3, V1V2V4, V1V3V4, V2U3V4) IS NOL
a leaf, i.e., for any facet F' € A’, there is no facet H € A such that FNG C FNH
for all facets G # F.
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Uyq

U3

Vs

1

FIGURE 9
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CHAPTER 2

Monomial Ideals and Resolutions

Now that we have some basic knowledge in graph theory, in this chapter we
will introduce the researched objects in this paper, the edge ideal and the path
ideal. We first give the definition of a square-free monomial ideal in a polynomial
ring. The edge ideal, the path ideal, the facet ideal and the Stanley-Reisner ideal
introduced below are all examples of square-free monomial ideals. In Chapter 1,
we use v; to denote a vertex in a graph. If we regard a vertex as a variable in the

ring R = k[z1,...,x,], we can also use z; to denote a vertex.

1. Square-free mononial ideals

DEFINITION 2.1. (monomial, square-free monomial ideal) Let k[xy, ..., ;]
denote the polynomszial ring in the variables x4, ..., x, with coefficients in field
k. A monomial in k[x1,...,x,] is a term of the form M = x{*x5? - -- 28", We say
M is square-free if 0 < a; <1 for all i. An ideal I is a (square-free) monomial

ideal if T is generated by (square-free) monomials.
EXAMPLE 2.2. I = (x324, T12223) is a square-free monomial ideal in k[x1, z2, 23, 24].

DEFINITION 2.3. (Stanley-Reisner ideal, Stanley-Reisner ring) If A is a

simplicial complex on Va = {z1,--, 2, }, then the Stanley-Reisner ideal is

Ian = (xil Cr T, | {xilv"' axir} ¢ A) c k[xla"-axn]'
The generators of I correspond to the nonfaces of A. The Stanley-Reisner ring

is the quotient ring

klz1,...,2n]/IA.

ExXAMPLE 2.4. Consider the simplicial complex A = ({z1, x2, 24}, {z1, z3}, {x3, x4}).

Then the nonfaces are

{an x3}7 {xla $3,£E4}, {xla $2,£E3}, {1'271'371&1}, {£E1,£C2,£E3, {E4}.

15
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Ty Iy

N

xTg T4

FIGURE 1

Thus, the Stanley-Reisner ideal Ia is given by
In = (223, 21034, T1T223, TaX3T4, T1T2T3L4).

Note that our set of generators is not a minimal set of generators. For exam-
ple, since zox3 € Ia, it follows from the definition of an ideal that zizox3xy =
(z124)(x2x3) € In. Thus, if remove the generator xizox3x4 from the above list,
the remaining generators still generate Ia. More precisely, Ia is generated by the

minimal nonfaces of A. So, in our example,
IA = ({E2£E3,£E1£E3{E4).

REMARK 2.5. Ia is always a square-free monomial ideal. In fact, we have a

bijection:
{simplicial complexes} «— {square-free monomial ideals}

given by A —— Ia.

We introduce the facet ideal, a monomial ideal associated to a simplicial com-

plex. Facet ideals were first defined by Sara Faridi [10].

DEFINITION 2.6. (facet ideal, facet complex) [10]

e Let A be a simplicial complex over V = {x1,...,2,}. The set V corre-
sponds to the n variables 1, ..., x, in a polynomial ring R = k[x1, ..., Zy]
with k a field. The facet ideal of A, denoted Z(A), is the ideal generated
by all square-free monomials z;, ;, - - - x;,, where {x;, 2, ..., 25, } 18 a
facet of A. Thus Z(A) = (w4, -+ @i, | {®iy, Tig,- .-, x4, } 18 a facet of A).

o Let I = (My,...,M,) be an ideal of R, where Mj, ..., M, are square-free
monomials in x1,...,x, that form a minimal set of generators for I. We

define the facet complex of I, denoted by d£(I) to be the simplicial
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complex over a set of vertices z1,...,z, with facets Fi,..., Fy, where for

each i, F; = {z; | x;|M;,1<j<n}.

EXAMPLE 2.7. Let A = (zyz,uvz, yu).

FIGURE 2

Then Z(A) = (xyz,uvz, yu) is the facet ideal of A in R = k[z, vy, 2, u, v].
Facet ideals also give a one-to-one correspondence between simplicial complexes

and square-free monomial ideals, i.e.

{simplicial complexes} «— {square-free monomial ideals}

Ar—TI(A)

EXAMPLE 2.8. We show two ways one can associate to a square-free monomial
ideal a simplicial complex. Let I = (z1x3, 2124, X125, TaT3T5, TaXL4Ts, T3T4T5) be
the Stanley-Reisner ideal (nonface ideal) of a simplicial complex A;. Then the
generators correspond to the minimal nonfaces. So, the square-free monomials of
R = k[x1, 2,23, x4, x5] that are not in I correspond to the faces of the simplicial
complex A;. For example, x1x5 is not in I, so there is an edge between x1 and x5.
Through the Stanley-Reisner correspondence we can find all the facets and get the
simplicial complex A; (see Figure 3).

Let I = (x1x3, £124, X125, TaT3T5, TaXaTs, T32425) be the facet ideal of another
simplicial complex Ag, i.e. I =Z(Ajz). The generators are all the facets of Ay and

this simplicial complex looks like Figure 4.
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2. Relationships between nonface ideal and facet ideal

In this section we will build up the relationships between the nonface ideal
(Stanley-Reisner ideal) and the facet ideal by using the cover dual and the Alexan-
der dual.

DEFINITION 2.9. (Square-free Alexander dual) Let I be a square-free mono-

mial ideal in R = k[z1, Z2,...,z,]. The square-free Alexander dual of
I'= (11 Ty Te,1 Tts,)

is the ideal

IV = (211, ., 216) NN (Te1, .. Ths,)
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ExXAMPLE 2.10. Let Z(A) be the facet ideal of the simplicial complex A in
Figure 5. So

I(A) = (212223, T1T3%4, T1 T2T5, T1T4T5).

Then

Z(A)Y = (z1,22,23) N (z1, 23, 24) N (21, T2, 25) N (T1, T4, X5)

= (zox4,71,23%5).

iy |

2 &Ly

I3 €4
FIGURE 5

DEFINITION 2.11. (minimal vertex cover) A vertex cover for A is a subset
P of V that intersects every facet of A, i.e. PN F; # (), where F; is any facet of
A. If P is a minimal element of the set of vertex covers of A, then P is called a

minimal vertex cover.

ExXAMPLE 2.12. Let A be the simplicial complex as in the above Example 2.7.

Then the vertex covers of A are {y, u}, {y, 2}, {u, 2}, {z, u}, {y, v}, {z,y,u}, {v,y,u},...

So {y,u},{y, z},{u, z}, {z,u}, {y, v} are the minimal vertex covers of A.

DEFINITION 2.13. (cover complex) Let Ajs be the simplicial complex whose

facets are the minimal vertex covers of A. We call A, the cover complezx.

EXAMPLE 2.14. If A = (zyz,uwvz, yu) is the simplicial complex above in Figure
6, then the cover complex of A is Ay = (yu, yz, uz, zu, yv). This simplicial complex

looks like Figure 7.
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X U
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FIGURE 6
¥ u
X Z v
FIGURE 7

THEOREM 2.15. If A is a simplicial complex, then Ay is a dual of A; i.e.
(Ap)m = A.

See the proof of Proposition 10 in [11].

ExXAMPLE 2.16. Let I = (axyz,uvz,yu). Then this is the facet ideal of Figure
6, but it’s also the Stanley-Reisner ideal of the simplicial complex in Figure 8. The

faces xyz and zuwv are missing in the simplicial complex of Figure 8.
DEFINITION 2.17. Let A be a simplicial complex. Then the Alexander dual

of A is the simplicial complex

AV ={FCV | F*¢ A}, where F* =V — F.

We also have AVY = A.

LEMMA 2.18. If A is a simplicial complex and AV is the Alexander dual of A,

then Inv = IX.

The following examples will show the relationships between the facet ideal and

the nonface ideal step by step.
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FIGURE 8

EXAMPLE 2.19. Let I = (zyz,uvz,yu). Then I is the facet ideal of the simpli-

cial complex in Figure 5. Then the facet ideal of Aps (Ajps is the cover complex of

A) is
J = T(Awr) = (yu,y2, uz, o, yo).

Let A be the simplicial complex associated to I via the Stanley-Reisner corre-
spondence. This is the simplicial complex in the previous Example 2.7. Then the

Alexander dual of A is AY = (zy, zvz,uv). Tt looks like Figure 9.

FIGURE 9

The ideal J is also the nonface ideal of AV, since the nonface ideal of AV is
(yu,yz, uz, xu,yv). So the facet ideal of Ayy, i.e. Z(Aps), is equal to the nonface

ideal of AY. That is Z(Anr) = IX.
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EXAMPLE 2.20. The following picture (Figure 10) summarizes the relationships
among the facet ideal, the Stanley-Reisner ideal, cover dual and Alexander dual of

a simplicial complex.

I = ( xyz,uvz, yu )

Y
é

X v
u
cover Alexander
dual dual
¥y u x u
:
3 H v ¥y 3

S 4

J = ( xu,yv, yu, yz, zu )

FIGURE 10

3. Edge ideals and path ideals

In this section, we introduce a special class of monomial ideals, edge ideals and
path ideals. Edge ideals were introduced by Villarreal in [24]. To generalize the
definition of an edge ideal, Conca and De Negri first introduced the definition of a
path ideal in [3]. Edge ideals and path ideals are examples of facet ideals. They
are the simplest type of facet ideals. They are generated by square-free monomials
of degree two or higher and they can be associated to graphs or to complexes via

the Stanley-Reisner correspondence.

DEFINITION 2.21. (edge ideals) The edge ideal I(G) associated to the graph
G is the ideal of R generated by the set of square-free monomials x;x; such that x;

and z; are adjacent, that is, {z;,z;} is an edge of G. Hence
I(G) = ({wiz; | {zi,z;} € E(G)}).

DEFINITION 2.22. (path ideal) The path ideal I,(G) associated to the graph

G is the ideal of R generated by the set of square-free monomials x;, -- - x;, such

t
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that the sequence {v;,,...,v;, } is connected one by one, that is {v;,,...,v;,} is a

path in G.
REMARK 2.23. When t = 2, I(G) = I(G).

EXAMPLE 2.24. Given a cycle graph as in Figure 11, the root is ;. We can
find the path ideal generated by all paths of length 2 (i.e. there are 3 vertices in
every path)

I3(T) = (z120w3, T2x3T4, T3T4T5, T4T5T1, THLT1L).

And the edge ideal is

I(T) = I(T) = (z122, x2x3, 3%4, T4Ts5, T5T1).

T

To

T4 I3

FIGURE 11

4. Hilbert Series.

The Stanley-Reisner ring R/Ia encodes information about the simplicial com-
plex A. In the section below we show how some of the information is encoded
and provide background knowledge in order to introduce the definition of graded

resolutions.

DEFINITION 2.25. (homogeneous) A polynomial F € R = k[xy,...,z,] is

homogeneous if all its terms have the same degree.

EXAMPLE 2.26. The following are examples in R = k[z1, x2, x3):

e 3xix073 + 4x%x2 + 7x§ «—homogeneous.
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e 3xix073 + 4x§ < not homogeneous.

e a monomial is always homogenous.

Set R; = {F € R | F homogeous with deg F' = i}. Then R is a graded ring, i.e.
R = @R7 and RzRJ g Ri-i—j-
ieN
The set R; is a vector space over k. A basis for R; is the set of all monomials of

degree 1.

EXAMPLE 2.27. If R = k[z1,22], Rs is the k-vector space with basis B =

{23, 2220, 2103, 23}
LEMMA 2.28. If R = klz1,... 2], then dimy R; = ("~ ).

PROOF. The set R; consists of all homogeneous elements of R of degree i. A
basis for R; is the set of all monomials of the form x7* -+ - z% with a3 +- -+ a, = i.

n

Count integer solutions to this equation and the lemma holds. O

DEFINITION 2.29. An ideal I is homogenous if I is generated by homogenous

elements.

Let I; = I N R;. This is the set of all homogenous elements of degree i in 1.
Furthermore, I; is a subspace of R;. If I is a homogenous ideal of R = k[x1, ..., 2],

then R/I is also a graded ring. That is

R/I=EPDR/I)..

€N

Here (R/I); is the k-vector space R;/I;. We then have

We can encode the information about the dimensions into a generating function.

DEFINITION 2.30. (Hilbert series) Let I be a homogenous ideal of R =

klx1,...,z,]. The Hilbert series of R/I is the formal power series.

HS(R/I,t) =Y (dimp(R/I);)t".

€N
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EXAMPLE 2.31. Suppose R = k[z1,22] and I = (0). So R/I = R and
dimy,(R/I); = dimy, R;. Since a basis for R; is given by {x%, 2% 'ao, ..., x1xh b b},
we have dimy R; = (i +1). So
HS(R,t) = (i+1)t" =1+ 2t + 36> + 47 + - -

€N

But 1/(1—t)2=1+2t+3t2+4t3+ -, s0
HS(R,t) =1/(1 —t)%.

When I is a homogenous ideal of R = k[x1, ..., ], the Hilbert series HS(R/I,t)

is always a rational function.

THEOREM 2.32. [19, Corollary 1.15] Suppose R/I has dimension d. Then there
exists a unique polynomial h(t) = ho+hit+---+hit! € Z[t] such that h(1) # 0 and

ho 4 hit + - 4 hyt!

HS(R/I,t) = T

DEFINITION 2.33. (h-vector) Suppose the Hilbert series of R/I is

ho + hit + -+ + Iyt!
(1—2) '

HS(R/I,t) =
Then the h-vector of R/I is the tuple
h’(R/I) = (h07 h17 ) hl)

The f-vector (as introduced in Definition 2.33) can be used to compute the

Hilbert series of R/Ia.

THEOREM 2.34. [19, Corollary 1.15] Let A be a simplicial complex with f-vector
f(A) = (an f17 ) fd—l)' Then

d—1

HS(R/Int) =)

i=—1

fiti+1
(1—t)+t

ExAMPLE 2.35. Consider the simplicial complex A as in Example 2.4 and given

in Figure 12:
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Ty Iy

N

xTg T4

FIGURE 12

The f-vector of A is f(A) = (4,5,1). So, the Hilbert series of R/Ia is given by

f-at® fot! fat? fot?
HS(R[Ast) = qm T a—n " a2 0_0p
4t 5t2 123
= 1+ + +

(I—-¢t) (1—-¢2 (1Q-1¢)3
(1 =) +4t(1 — ) +5t3(1 —t) + 3
(1—1t)®

1+t+1t3
(L—1t)3 "

The h-vector of A is then given by h(A) = (1,1,0,1).
There is a relationship between the f-vectors and h-vectors:

LEMMA 2.36 ([22]).

L (d—i L (d—i

i—0 \J
ExXAMPLE 2.37. This example will use a method similar to Pascal’s triangle
to compute the h-vector when given the f-vector. Consider the simplicial complex
A = (112223, X1 Loy, T1T3L4, TL3T4, T2Ts5, L3T5). Since the f-vector is f(A) =

(5,8,4), we can find the h-vector using a ”Pascel triangle like” method:

1 2 1 0 h-vector

FIGURE 13
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In this triangle, the numbers on the left side are all one’s and those on the right
side are the numbers of the f-vector. Every other number in this triangle equals

the subtraction of the two numbers above it.

5. Building a minimal resolution

We will build a minimal free resolution of an ideal I in the ring R = k[z1, ..., Zy)

in this section.

Let R = k[x1,...,x,] where k is a field, and let
fi
R" = fiéRZk‘[l‘l,...,xn]
In

Note that R™ is a free R-module under the operation

fi 9/1 fi
gl = with g € R and € R™

In 9fn In

DEFINITION 2.38. (R-module homomorphism) A function T : R" — R™
is an R-module homomorphism if T'(z 4 y) = T'(z) + (y) for all z,y € R" and
T(cz) =cT'(z) for all c € R and z € R™.

THEOREM 2.39. If T : R — R™ is an R-module homomorphism, then there

exists an m X n matriz with entries in R such that T(x) = Az. In particular,

A=1T(e,) T(e) --- T(Qn)}

wheree; = | 1 | € R".

0

PrOOF. Write z = I,z = [e; - - - e, ]z = x1€, + - - + Xe,,, and use the linearity

of T' to compute
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T(z) = T(zier+--+anen) =21T(ey) + - +2,T(e,)
= [T(e)) - T(e) | : | =Az.

O

EXAMPLE 2.40. If R = k[z,y, 2] and T : R®> — R? is the R-module homomor-

phism given by

f1 fix + faz
T f2 = | —fiz+ f3z
f3 —fox — fay
then
f1 x z 0 f1
T fo =] -z 0 =z fo
f3 0 -z —y f3

Every R-module has a free resolution, and if R is graded, every graded R-
module has a graded free resolution. To construct such a resolution, begin by
taking a set of minimal generators for an ideal I and map a free module onto I
by mapping the generators of the free module to the given generators of I. For
example, suppose I = (Fo1,...,Fo4,) is an ideal of R. We can construct an R-

module homomorphism

gpoth°—>I§R1

by

G1
%o : =GiFou+ -+ G Fo = | Fou Foa -+ Fog
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DEFINITION 2.41. (syzygy) Let M be an R-module and suppose {F7, ..., F;} C
Gy
M. A syzygy of Iy,..., I} is a t-tuple € R! such that
Gy

GiFi+---+GF,=0.

We make some observations about the map ¢y:
(1)
G, G,
kerpg = : ©o : =G1Fo1+ -+ Gy Foy =0
Gt, G,

= {all syzygies of Fy 1,...,Fo}

We call ker g the first syzygy module of I.
(2) ker g is a finitely generated submodule of R, i.e., there exists Fiq o Fyy,

such that
kergo = (Fyq,.... Fyy) ={G1Fyy+- -+ Gyl | Gi€ R}
(3) ker ¢y is like the null space of matrix A, i.e.
Nul(Ad) ={Z €eR" | AT =0}
We can now define a map ¢; : R — ker g C R by
Gl Gl
®1 = GlEl,tl +-- '+Gt1E1,t1 = E171 ELQ s ELtl }
th th

We make some further observations:

(1) ker ¢ is called the second syzygy module.
(2) ker ¢ measures the relations among the generators of ker pp.
(3) ker is a finitely generated R module, i.e., there exist Fy 1,...,Fy, €

ker o1 such that

ker 1 = <E2,17 ce 7E2,t2>
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We can repeat the above step to now create a map s : R*? — ker p; C R'. In fact,
we continue to reiterate this process. Eventually, this process will stop because of

the following theorem:

THEOREM 2.42 (Hilbert Syzygy Theorem). [6, Theorem 19.7] If R = k[z1, ..., xx],
then there exists an | < n such that ker p; =0, t.e., the ith syzygy module is 0.

We now tie the above ideas together to describe the resolution of an ideal.
Associated to any ideal I C R = k[z1,...,2,] is a minimal free resolution of the
form

-1

] Pr—
0— R 24 i 25 P2 R LR PO T 0

e Imy;; = kerp;, and

e each (p; is represented by a t;,_; x t; matrix with entries in R.

DEFINITION 2.43. (i*" Betti number) The ith Betti number of I, denoted
Bi(I), equals ¢;, the rank of R appearing in the ith step of the resolution. The

number (3;(I) is the number of minimal generators of ker ;1.

REMARK 2.44. The Oth Betti number (y(I) equals the number of minimal

generators of 1.

EXAMPLE 2.45. Let R = k[z,y,2] and I = (2%,92,2z). Then the minimal

resolution is

z y? z 0
—y? —x? 0 z
{E2 0 —(EZ —y2 [w2 2 2]
0—R — " R3 — R L1 0.

So ﬁo(]) = 3, ﬂl(I) =3 and ﬁg(]) =1.
6. The graded resolution

Return to the example I = (22,92, 2) in R = k[z,y, 2z]. The elements in each
matrix defining a map are in fact homogeneous elements. The degrees of these
elements are also of interest. We can modify the construction so that we can

extract this information.
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DEFINITION 2.46. Let M and N be graded R-modules, i.e.

M:@Mi andN:@Ni

= i€Z
An R-module homomorphism ¢ : M — N 1is graded of degree 0 if
p(M,) C N, for all a, i.e., degree a elements of M are mapped to elements of

degree a of N.

DEFINITION 2.47. If R = k[z1,...,2,], then the graded R-module shifted by
a € N is R(—a) where

R(—a); = Ri—q,

that is, the degree i part of R(—a) equals the degree i — a part of R.

EXAMPLE 2.48. 1 € R(—5) has degl = 5, since 1 € R(—5)5 = Rs_5 = Rp.
Similarly, 22 + 3% € R(—5) has degz? + y? = 7, since 22 + y*> € R(—5)7 = Ra.

DEFINITION 2.49. (homogeneous of degree d) Let dy,...,d; € N. Then
R(—dl) D...D R(_df) = {(Gl, ceey Gf) | G; € R(—dz)}

We say (Gy,...,G:) is homogeneous of degree d in R(—dy) & ... ® R(—d)
if G; € R(—d;)q for each i.

EXAMPLE 2.50. (2% + y?, zay) € R(—5) & R(—4) is homogeneous of degree 7.

Let I = (Fy1,-..,Fos,) be a homogeneous ideal with degree deg Fy; = do ;.

Define a map
o : R(—do,1) ® R(—do2) ® - @ R(—dot,) — (Fo1,.--,Fot) CR
by
©o((G1,-.-,Gy)) = GiFo1 + -+ Gy Fo -

Then the map o has degree 0. To see this, note that if (Gy,...,Gy,) is homo-
gencous of degree d in R(—do1) @ ... ® R(—doy,) then degG; = d — dp,; in R.
So

©((G1,...,Gy,)) = G1Fo1 + - - - + G, Fo 1, is homogeneous of degree d.
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One can show that kerpg = (F;,...,F;, ) is generated by homogeneous
elements in R(—dp,1)®---®R(—doy,) of degree dy 1, ...,d1,,, respectively. Repeat

the above idea to get a map
w1 :R(—=di11) @ & R(—diyt,) = kerpr CR(—do1)® - @ R(—dos,)

defined by
G1
(G1,....Ge)— | Fyy ... Fy,
G
Again, ker ¢ is generated by homogeneous elements. We continue to reiterate this
process until ker p; = 0 for some ! (which is guaranteed by the Hilbert Syzygy
Theorem. See Theorem 2.42).
So, associated to any homogeneous ideal I C R = k[x1,...,2,] is a minimal

graded free resolution of the form

! Pr—1
0_>]:lﬂ>‘7:l_1_>..._>‘7:1ﬂ>]:0ﬂ>[_>0

e (; is a matrix with homogeneous entries in R

o Fi=R(—d;i1)® - ® R(—d;y,)-

ExAMPLE 2.51. Now we answer the problem mentioned at the beginning of
this section. We give the minimal graded free resolution of Example 2.45. The

minimal graded free resolution of I is
0 — R(—5) — R*(-3)® R(—4) — R(-1)® R*(-2) — I — 0.

DEFINITION 2.52. (projective dimension) The minimum length of a free

resolution is called the projective dimension of I over R, written pd(I) for short.
PROOF. Special case of [6, Theorem 19.9], when M = R/I. O

DEFINITION 2.53. (i,7!" graded Betti number i,j) The i,j'" graded Betti
number I, denoted §;;(I), equals the number of times R(—j) appears in F;.

Equivalently, 5; ;(I) is the number of minimal generators of degree j of ker ;1.
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ExXAMPLE 2.54. Given the tree I' in Figure 14, we consider the path ideal
I4(T) = (12220428, 102249, TaT4ToT 12, T1T3L6T10, T123%6011) C R = k[z1,. .., 212].

The minimal free resolution of I4(T):
0 — R(—9) — R*(—8) — R3(—5) @ R*(—7) — R*(—4) — L,(T) — 0.

So the Betti numbers are 8y.4(I) =5, f15(I) =3, 81,7(I) =4, Bo.5(I) =4, B3.9(I) =
1 and 5; ;(I) = 0 otherwise, where I = I,(I).

FIGURE 14

DEFINITION 2.55. (linear resolution) We say that I has a linear resolution

if there exists an integer m > 1 such that §;;1;(I) = 0 for all 4 and j with j # m.

EXAMPLE 2.56. Let G be a cycle C,,. When n = 4, the edge ideal is I(Cy) =

(x12, T2x3, X324, 2421). The resolution of I(Cy),
0 — R(—4) — R*(-3) — R*(—2) — I(C4;) — 0,

is a linear resolution. When n = 6, the edge ideal is I(Cg) = (2122, Tos, T3%4, T4X5, T5T6, TeL1)-

The resolution of I(Cs),
0 — R*(=6) — RO(~5) — RO (=3) @ R*(—4) — R°(-2),

is not a linear resolution. (Please check the details about when the edge ideal I(C),)

has a linear resolution for some n using the theorem of Froberg in [13]).



Chapter 2. Monomial Ideals and Resolutions 34

Thus, in particular, if I has a linear resolution, then I is generated by homo-
geneous polynomials of the same degree. But the converse is not true. In example
2.54 the path ideal is generated by square-free monomials of the same degree, but

the resolution is not linear.



CHAPTER 3

Cohen-Macaulay and Sequentially
Cohen-Macaulay Rings and Modules

In the next chapter, we will prove that the ideal generated by all paths of length
t in the tree I' is sequentially Cohen-Macaulay. The following is to introduce
sequentially Cohen-Macaulay modules and their properties. Before that, we

present some required ingredients.

1. Shellable simplicial complexes

We begin by introducing a class of simplicial complexes which are called shellable.
Recall that a simplicial complex A of dimension (d — 1) is pure if all the facets of

A have dimension (d — 1) i.e., |F| = d for all facets.

DEFINITION 3.1. A pure simplicial complex A is shellable if the facets of A
can be listed Fi, Fs, ..., F, such that for all 1 < j < ¢ < n there exists some
v e F;\ Fj and some k € {1,...,i— 1} with F; \ Fj, = {v}.

EXAMPLE 3.2. The simplicial complex A = (F}, Fy, F3), where Fy = {x1, 22,23},

Fy = {x2, 23,24} and F3 = {23, 24,25}

o X4

1 3 T

FIGURE 1
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is shellable since

Ty € Fy \F1 and {334} = FQ\Fl
x5 € F3\F1 and {x5} = F3\F2
T € F3\F2 and {{E5} = F3 \ Fs.

The simplicial complex A = (Fy, F3), where Fy = {1, 22,24}, Fo = {23, 24,75}

T T4

1 g T

FIGURE 2

is not shellable since
x1 € F\G, but {z1} # F\ G (or G\ F)
29 € F\ G, but {z2} #F\ G (or G\ F)
x5 € G\ F, but {z5} #G\ F (or F\ G).
An equivalent definition for a shellable complex is given below.

THEOREM 3.3. A pure simplicial complex A is shellable if and only if the facets
of A can be given a linear order Fy,- -, F, such that (F;) N (Fy,...,F;_1) is gen-

erated by a nonempty set of mazximal proper faces F; fori=1,... n.

ExaMPLE 3.4. Consider the simplicial complex in Figure 1. Then we have
(Fo) N (F1) = ({x2,23}) «— a maximal proper face of F
(F5) N (Fy, Fy) = ({z3}, {3, 24}) = ({x3,24}) «— a maximal proper face of Fj
So A is a shellable simplicial complex. Consider the simplicial complex of Figure 2.
For this example, we have (F') N (G) = ({x3}) which is not a maximal proper face

of F' or G. So this complex is not shellable. Note that the maximal proper faces of

F are {z1,22}, {x2, 23}, {23, 21}
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Recall that if A is a simplicial complex, then the Stanley-Reisner ideal is
In=({zi -z, | {ziy, .. .} € A}).

The quotient ring R/Ia is the Stanley-Reisner ring. The Stanley-Reisner ring of a
shellable simplicial complex is a special type of ring; it is an example of a Cohen-

Macaulay ring which is defined below.

2. Cohen-Macaulay rings

To define a Cohen-Macaulay (CM) ring, we need the notions of (Krull) dimen-

sion, regular sequences and depth.

DEFINITION 3.5. (prime ideal, length of a chain) A prime ideal of a ring
S is an ideal P C S such that whenever ab € P then either a € Por b € P. A

chain of prime ideals is a strictly increasing sequence of prime ideals, i.e.
PhCPC---CP,CS.
We say n is the length of the chain.

DEFINITION 3.6. The (Krull) dimension of a ring, denoted dim R, is the

length of the longest chain of prime ideals in R, i.e.
dmR=sup{d | Ph C P C - < P;C R, with P, prime}.

EXAMPLE 3.7. In R = k[x1, ..., z,] any ideal generated by a subset of {z1, ..., 2,},

e.g. I =(ziy,...,x;),1s a prime ideal. So dim k[z1,...,z,] > n, since
(0) € (21) € (21, 22) © -+ & (21, %2, -, Tn)

is a chain of length n of prime ideals.

REMARK 3.8. dimk[xy,...,2,] = n, but this is nontrivial to show. See [6,

Theorem 13.1].
THEOREM 3.9. [18, Theorem 22] If A is a simplicial complez, then
dimR/Ixn =dimA+1

where by dim R/Ix we mean the dimension of the ring, and by dim A we mean the

dimension of the simplicial complex.
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This theorem is useful to compute the dimension of the quotient ring R/Ia,
when the square-free monomial I is a Stanley-Reisner ideal associated to a sim-

plicial complex.

EXAMPLE 3.10. Let I = (2123, 2124, Taxs, Toxg) = (x1,22) N (z3,24) in R =
klx1, 2,3, x4]. We will compute the dimension of R/I.

First, recall that P is a prime ideal in R/T if and only if there exists a prime
ideal I C P C R such that P = P/I. Also, note that if P is any prime ideal with
I C P, then either

(1) 1,22 € Por
(2) 3,24 € P.

Set Py = (x1,22)/I, P1 = (x1,22,23)/1, and Pa = (x1,22,23,24)/I. Then
Po S P1 C P2 is a chain of prime ideals in R/, so it follows that dim R/I > 2.

Suppose there is a chain Qo € Q1 C --- € Q,, € R/I withn > 3. So Q; = Q;/I

for some prime ideal I C @; € R. Thus, we have a chain

Q@ C---CQn SR

Suppose we are in case (1), i.e., 1,22 € Qp. Then

0) S (21) S Q&+ & Qn

is a chain of length n4+2 > 3+2 = 5 in R. This contradicts the fact that dim R = 4.
A similar argument for case (2) will give us a similar conclusion. Thus dim R/I < 2.

Hence, dim R/I = 2.

DEFINITION 3.11. (zero divisor) [4] A zero divisor of aring R is an element

a € R such that a # 0 and there exists 0 # b € R such that ab = 0.

DEFINITION 3.12. (regular) Let I C R = k[z1,--- ,x,]. An element F € R is
a regular element on R/ if F' = (F +1) is not a zero divisor of R/I. Equivalently,
F is regular on R/I if whenever FG € I, then G € I.

ExAMPLE 3.13. Consider any z; € R = k[x1,...,2,]. Then z; is regular on
R = R/(0) since R is a domain.

EXAMPLE 3.14. Suppose I = (zyz) C R = k[z,y,2]. Then zy is not regular
on R/I sinceTy#0 € R/I and Z# 0 € R/I but 7y(z) = zyz = 0 in R/I.
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EXAMPLE 3.15. Let I = (x1,22) N (z3,24) C k[z1, 22,23, 74] = R. We show
that (z1 + x3) is regular on R/I.
Suppose (x1 + x3)G € J = (x1,22) N (x3,24). So (x1 + x3)G € (x1,22) and
(1 +23)G € (x3,24). Both (z1,2z2) and (3, x4) are prime ideals. Also (z1+z3) ¢
(z1,22) and (z3,24). So G € (z1,2z2) N (x3,24) = I.
DEFINITION 3.16. (regular sequence) A sequence Fi,. .., F,, of R is called a
regular sequence on R/I if
(1) Fy is regular on R/I, and
(2) F; is regular on R/(I, Fy,--- ,F;_1), fori=2,...,m.

EXAMPLE 3.17. If R = k[x1,...,z,] and I = (0), then z1,...,x, is a regular

sequence on R/I since
(1) Z7 is regular on R/(0).
(2) 7 is regular on R/(x1,...,xi—1) 2 k[zi, ..., 20
THEOREM 3.18. [6, Corollary 17.2] All mazimal reqular sequence have the same

length, and any reqular sequence can be extended to a maximal regular sequence.

DEFINITION 3.19. (depth) The depth of R/I, denoted depth(R/I), is the

length of the longest maximal regular sequence on R contained in m = (x1, z2, ..., Z,).

THEOREM 3.20. (Auslander-Buchsbaum Formula) [6, Theorem 19.9]. Let R =

klxz1,...,2n], and I C R a homogeneous ideal. Then
pd(R/I) + depth(R/I) = n.

THEOREM 3.21. [6, Theorem 19.1] For any ideal I C k[zy,...,x2,] = R,
depth(R/I) < dim(R/I).

DEFINITION 3.22. (Cohen-Macaulay ring) A ring R/I is Cohen-Macaulay
if depth(R/I) = dim(R/T).

EXAMPLE 3.23. Thering R = k[z1,...,zy] is Cohen-Macaulay since depth(R/I) =

dim(R/I) = n.

EXAMPLE 3.24. If I = (z1,22) N (x3,24) C R = k[z1,...,24], then R/I is not
Cohen-Macaulay. We saw that dim R/I = 2 and z; + x3 is regular on R/I. So
1 <depth(R/I). We want to show that depth(R/I) = 1.
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Take any G € m = (1, z2,23,24). We need to show G cannot be regular on

R/(I,z1 + x3). We can write G as
G = Gi(w1, 22,23, 24)21 + Go(T2, 23, 24) T2 + G3(23, 24) 23 + Ga(2s)24.

Suppose G # 0 in R/(I,x1 + x3). This implies that G ¢ (I, 71 + x3). Note that
71 #0 € R/(I, 71 + x3). But Gry = G122 + Gow129 + Gaw3zy + Gaaygmy.

Now
o} =wi(z1 +as) — 123 € (2133, T124, ToT3, T2y, Ty + T3)
T1To = Ta(x1 + x3) — xaws € (X1T3,T1T4, T2X3, T2Zy, L1 + T3)
x3x1 € (2123, T124, T2x3, Taly, To + T3)
r4w1 € (2173, T124, T2X3, ToTy, Ty + T3).

So Gz1 € (I,z1 4+ z3) but G ¢ (I,x1 + x3). Thus G is not regular. Therefore we
cannot extend the length of the regular sequence. So depth(R/I) = 1.

We now relate Cohen-Macaulay with the notion of shellable introduced at the

beginning of this chapter.

THEOREM 3.25. [19, Theorem 13.45] Suppose that A is a shellable simplicial
complex. If R/Ia is the associated Stanley-Reisner ring, then R/Ia is Cohen-
Macaulay.

EXAMPLE 3.26. Let A be the simplicial complex in Figure 3.

Xy g
T2 a
FIGURE 3

Then Ix = (z123, 2124, ToTs, T3x4) = (T1,22) N (x3,24). This simplicial com-
plex A is not shellable since R/Ia is not Cohen-Macaulay as shown in Example

3.24.

DEFINITION 3.27. (Cohen-Macaulay simplicial complex) We call A a

Cohen-Macaulay simplicial complex if R/Ia is Cohen Macaulay.
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The following theorem describes the relationship between a Cohen-Macaulay ring

and its Alexander dual when [ is square-free.

THEOREM 3.28. R/Ia is Cohen-Macaulay if and only if IX has a linear reso-

lution.

Recall the definition of the linear resolution of Definition 2.55. Let I be a
homogeneous ideal of R, and suppose that all the minimal generators of I have
the same degree, say d. We say that I has a linear resolution if for all ¢ > 1,

Bij(R/I)=01if j #i+d— 1. Let us see an example of Theorem 3.28.

ExXAMPLE 3.29. Let G be a pentagon. The edge ideal is
I(G) = (z172, 7273, T3T4, T4T5, T5T1 ).

Using CoCoA to compute the depth of R/I(G) and the Krull dimension of R/I(G),
we get depth(R/I(G)) = dim(R/I(G)) = 2. Hence G is Cohen-Macaulay. The
Alexander dual of I(G) is

I(G)Y = (x1,22) N (22,23) N (23, 74) N (24, 75) N (25, 71)
= (@2x3T5,T1T3%5, T1T2Ty, T1T3T4, T2T4L5).
And the resolution of I(G)Y is
0 — R(—5) — R°(—4) — R*(-3) — R — I(G)Y — 0.
This shows the Alexander dual of I(G) has a linear resolution.

3. Sequentially Cohen-Macaulay modules and componentwise linearity

DEFINITION 3.30. (Sequentially Cohen-Macaulay) Let M be a graded

module over R = Ek[x1,...,z,]. We call M sequentially Cohen-Macaulay
(SCM) if there is a filtration

O=MyCM,C---CMy=M

of M by graded R-modules such that M;/M;_; is Cohen-Macaulay for all ¢, and
dim M; /M, < dim M;11/M; for all i, where dim denotes the Krull dimension.
DEFINITION 3.31. If [ is an homogenous ideal, let (I;) denote the ideal gen-

erated by all the degree d elements of I.
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EXAMPLE 3.32. I = (z1,23) C k[z1,72]. Then

(l1) = (=)

(I) = (a3,2122)
(13) = (xﬁax%x%xlxgaxg) c (331,3?2)
(L) = (21,252, 2723, 2123, 23) C (21, 22)

DEFINITION 3.33. (componentwise linear)[17] An ideal I is componentwise

linear if (I4) has a linear resolution for all positive integer d € N.

THEOREM 3.34. [17, Theorem 2.1] Let I be a square-free monomial ideal of
R. Then R/I is sequentially Cohen-Macaulay if and only if IV is componentwise
linear.
ExampPLE 3.35. Use the ideal in Example 3.32. We find the resolution for all
(I4), where I C R = k[x1, 2.
e Res((11)): 0= R(—1) — (I;) =0
o Res((2)) : 0— R(~3) — R3(~2) — (I2) — 0
® Res((I3)) 1 0— R*(—4) — RY(=3) — (I3) = 0
When d > 3, we have (I3) = (z1,22)q. This is because when d > 3 every generator
of (I;) has the form zizd~% which is in the ideal (z1,22)q, i.e. (I) C (x1,22)d.
The converse is that (z1,22)g = ({zizd~" | i = 0,1,...d}). So when d > 3, we
have (21,22)q¢ C (Iq). Then since we know k[x1, 22]/(z1,22) is Cohen-Macaulay, it
is also sequentially Cohen-Macaulay (SCM). Hence by Theorem 3.34 we have that

(z1,22)q = (I3) has a linear resolution for all d > 3.

The theorem below will give an important result about simplicial tree which

will be used in this paper.

THEOREM 3.36. (Simplicial trees are SCM) [11, Corollary 5.6]. The facet

ideal of a simplicial tree is sequentially Cohen-Macaulay.

The primary idea in Faridi’s proof is to prove that if Z(A) is the facet ideal of
a simplicial tree A, then the Alexander dual Z(A)Y is componentwise linear. Then,
by Theorem 3.34, R/I(A) is SCM. This approach was also used by Francisco and
Van Tuyl to prove that R/I(G) is SCM when G is chordal.



CHAPTER 4

The Simplicial Complex associated to [;(I') is a

simplicial tree

In this chapter, we will study the properties of the path ideal of a tree. In
particular, we will show that R/I;(T") is sequentially Cohen-Macaulay.

1. The path ideal of a tree is sequentially Cohen-Macaulay

Recall that in a rooted tree the length of a path is the number of edges in the
path, and is denoted by length(F), where F' is a path of a rooted tree.

DEFINITION 4.1. (height) The height of a rooted tree I', denoted height(T),
is the length of the longest path starting at the root of the tree.

EXAMPLE 4.2. For the tree in Figure 1, vivovavg is a path of length 3, and the
edge vsvr is a path of length 1. The height of this tree is 3 since the length of the
longest path is 3.

FIGURE 1

DEFINITION 4.3. (path ideals of a directed tree) The ideal generated by all
paths of length ¢ — 1 in a rooted directed tree I', denoted I;(I"), is the monomial

43
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ideal:

L) = ({xy @i, | xiy ---x; 18 a path of length ¢ — 1 in T'}).

t

It follows that if T is a tree with height(T") < t — 1, then I(T") = (0).

We can associate to I' a simplicial complex. Define the simplicial complex
AT = {®iyy...ymi,} | @iy -, is a path of length ¢ — 1 in T).
The simplicial complex A;(T") and ideal I;(I") are related as follows.
LEMMA 4.4. Let I' be a rooted tree, t > 2 and consider the simplicial complex
AT = {miy, . smi,} | iy x4, i a path of length t — 1 in T').
Then T(A¢(T)) = I(T), d.e., I(T) is the facet ideal of A(T).

PROOF. The simplicial complex A;(T") is pure (Definition 1.19) and every facet
has dimension t—1. Take a facet {z;,,...,2;, } € A¢(T'). By the definition of A.(T"),
, is a path of length ¢t — 1. So z;, ---x;, € I;(I'). This implies
Z(A¢(T)) C I(T"). Take a generator x;, ---x;, of I;(T') and we have {x;,,...,x;,}
is a facet in A¢(T"). So {@iy, ..., 2} € Z(A4(T)). Then Z(A(T)) D I(T). O

we know x;, - x;

In the following lemma we prove the intersection of any two paths must start

at the first vertex of one of these two paths.

LEMMA 4.5. The intersection of any two distinct paths F' and G in a directed
rooted tree T is a path of length |F' NG| — 1 starting at the first vertex of either F
or G.

PROOF. First we want to show that the intersection of any two paths must
start at the first vertex of one of these two paths. Assume F N G starts at vy,
which is neither the first vertex of F' nor G. So, there is a vertex u € F and w € G
such that wv,, is a directed edge in the path F' and wwv,, is a directed edge in G.
We know all the paths start at the root vg. Then there are two paths between vg
and v, through F' and G respectively. This contradicts the definition of a tree. So
F NG start at the first vertex of F' or G.
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Second, we will show F'N G is a connected path of length |[FF'N G| — 1. Let F
be a path in a tree I', and suppose F' = v;, ---v;,. Suppose F'NG = v;,, - Vi,
for some path G. We claim that F' N G is a connected path in I'. Suppose F' N
G=v, Wiy, Ui, oo Vg, ATC WO disjoint paths in I'. Thus there is a path
G = Vi, Vi, Vg;iy Vg yVig, * Vi, i I, where G # F. But then there are

two different paths v,,

er " Um_, C Fand vy, -+ vg,_, C G between Vi, and

Vi, - This contradicts the definition of a tree because for any two vertices there is
only one path connecting the two vertices. Thus the intersection of F' and G is a

path with |FFN G| — 1 edges, i.e. length(FNG) =|FNG|—1. O

DEFINITION 4.6. (level) The level of a vertex v in a rooted tree I', denoted

level(v), is the length of the path starting at the root and ending at v.
From Lemma 4.5 above we get the following corollary.

COROLLARY 4.7. The intersection of any two paths is a path starting at the
lower starting vertex of the two paths. Equivalently we say it starts at the starting

vertex with larger level.

LEMMA 4.8. Let F' be a path of length t —1 in T that contains a leaf of I'. Then

F corresponds to a leaf in the simplicial complex A¢(T).

PRrROOF. Let F' = v;, ---v;, be a path of length t — 1 in I and suppose v;, is a
leaf. For any facet G; € A((I'), G; is a path of length ¢ — 1. Since v;, is free, we
have G;NF Cv;, ---v;,_,, for any j. If there is a vertex v;, with smaller level than
that of v;, and connects with v;, , we choose the facet G = v;, - - -v;, , and we have
G;NFCGNF =uw, ---v;,_,. This implies F' is a leaf in A(I").

If there is no vertex with smaller level and connects with v;,, then the vertex
v;, is the root of the tree I'. Set UG#F’Gjpath(Gj NF) = v, v, m<t.
There must be a path G; of length ¢t — 1 through v;,,. The path looks like G; =
Vij Vi Uy Uy 1L < J <m <t < kandk=t+j—1since G; is of length
t—1. Since G;NF C v v, length(G; N F) < m — 1. So the length of
the remaining part vy.,,,, ---v,, of the path G, which is not in the union of the
intersections of F' with any other facets, is bigger than ¢ — m. Now we get a path

N =wv; -4, Vp,.,, -+ U, of length greater than . We pick a subsequence of N to
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get a path G =v;, -+ -4,V ;- Uy, in I such that G;NF CGNEF =vy, -5,

Thus F is a leaf of A(T). O

THEOREM 4.9. Let T' be a rooted tree and t > 2 a positive integer. Then Ay(T)

is a simplicial tree.

PROOF. There are 3 cases to consider:

Case 1: If height(T') < t — 1, then I;(T") = (0). This is the trivial case.

Case 2: If height(I') =t — 1, then all the generators of I;(I") have a leaf in I" and
start at the root of I Then by Lemma 4.8, all the paths correspond to leaves
of the simplicial complex A. Thus A is a simplicial tree in this case because all
subcomplexes will have a leaf.

Case 3: If height(I') > t — 1, we want to show that the simplicial complex A(T")
is a simplicial tree, i.e. every subcomplex of A;(I") contains a leaf. By Definition
1.30 we need to show that given any subset (G1,...,G;) of the facet set of A(T),
the corresponding subcomplex has a leaf (this is the definition of a simplicial tree).

We do induction on n = height(T").

The base case is true since if heigth(I') = n <t — 1, we have already seen that
A¢(T) is a simplicial tree. Assume the statement is true when n = k. That is to say
that for all trees I with height(I") < n, the simplicial complex A;(T") is a simplicial
tree, i.e., every subcomplex of A¢(T") has a leaf. So assume T is a tree of height
n+ 1.

If (G1,...,G1) C A(T) is a subset that contains a facet G; that contains a leaf
of ', then G, is a leaf by Lemma 4.8.

On the other hand, suppose every G; does not contain a leaf of I'. Then G is
still an element of A4(T") where IV = T'\ {v;,,...,v;,, }. The vertices v;,,...,v;,
are all the leaves of I". Now I" is a tree of height n. By the induction hypothesis, we
have A(I") is a simplicial tree, i.e. there exists a facet in (Gq,...,G) that must be
a leaf since height(I”) = n. This shows there exists an facet in (G, ..., G) that is
a leaf. So the simplicial complex A;(T") is a simplicial tree since every subcomplex

(G1,...,G}) has a leaf. O
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The above theorem shows that when we view the path ideal I;(T") of the tree
I" as the facet ideal of a simplicial complex, this simplicial complex is a simplicial

tree. We will apply a result of Faridi’s paper [11, Corollary 5.6] to prove:

COROLLARY 4.10. If I(T') is a path ideal of a tree ', then R/I:(T") is sequen-
tially Cohen-Macaulay for all t > 2.

PRrROOF. By Lemma 4.4, we know that the facet ideal of the simplicial complex
A(T) = {wiyy. - sy} | @iy -, is a path of length ¢ — 1 in T')

is It(T"). Theorem 4.9 shows this simplicial complex A(I') is a simplicial tree.
Applying the property that the facet ideal of a simplicial tree is sequentially Cohen-
Macaulay (see Theorem 3.36), we get R/I;(T") is sequentially Cohen-Macaulay. O

2. Properties of a path ideal

In this section, we investigate the graph of a line. Further properties on this

line can be found in the Ph.D. thesis of Jacques [16].

DEFINITION 4.11. A line graph L, is the graph on the vertex set V =
{z1,...,2,} with edge set Fr, = {{x1,22},{22,23},...,{Tn-1,2,}}. When the
vertex xy is assigned the root, and all the edges have the direction away from the

root, the line L,, is a directed line.

EXAMPLE 4.12. The line graph looks like:

FIGURE 2

THEOREM 4.13. Consider the line graph L,. Then the path ideal I,,(L,) =
(x1,...,2n) of the line L,, is CM, i.e., R/I,(L,) is Cohen-Macaulay.
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PROOF. Since the resolution of R/I,, (L) is
0 — R(—m) — R — R/I,(L,) — 0,

we know the projective dimension of R/I,(L,) is always 1. Then the depth of
R/I,(Ly) is n — 1 by the Auslander-Buchsbaum formula 3.20 (Theorem 19.9 [22]).

On the other hand, if we let I,(L,,) be a Stanley-Reisner ideal of a simplicial
complex A = (Fy,..., F;), each facet F; has dimension n — 2. This is because A
ison V and x; - - - x,, is the largest and the only nonface in A. All the other faces
of smaller dimension are in A. So all the facets contain n — 1 vertices. That is,
dimF; = |F;| -1 =n—-1—-1=n—2. Thus dimA = n — 2. By Theorem 3.9,
dim(R/I,(L,)) = n — 1. We thus get dim(R/I,(L,)) = depth(R/I,(Ly)). So
R/I,(L,) is Cohen-Macaulay. O

Below are some values of the projective dimensions (see the definition of pro-
jective dimension in Definition 2.52) of path ideals for lines. For each L,, the
projective dimension was computed using CoCoA. A table of our results is given

below.

S

N
—
o

O O O O O = N N s
O O O O ~ N N wW|w
O O © = N N N Ao
== NSO CR ORI R SN I
O M N N N N R oo
— NN NN W R o ©
NN N DN A RO

o O O O o o o o =
S O O O o o O = N |Ww

0({0j0]0|0]|0]| 1

In this table every column shows all the projective dimensions of the path ideals

I;(L,) of a line L,, for all ¢ > 2. When ¢ > n, there is no generator of I;(L,)
because t is greater than the number of vertices of the vertex set V. So, we get
I (L) = (0). Therefore pd(I;(Ly)) = 0, for t > n. All the entries are 0’s in the
bottom left corner.

Jacques gave a formula for the first row of this table, i.e., for the edge ideal

I>(L,). He gives the formulas of projective dimensions for all n > 2.
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THEOREM 4.14. [16] The projective dimension of the line graph is independent
of the characteristic of the chosen field and is

2?", ifn =0 mod 3

pd(I(Ly)) = %, ifn=1 mod 3

2"—3_1, ifn=2 mod 3.
In Theorem 4.13 it was shown that when ¢ = n the path ideal I;(L,,) is Cohen-
Macaulay. Also, it was shown that pd(I;(L,)) = 1. So all entries in the diagonal of
this table are equal to 1. The following theorem will show that in the 2" diagonal

all the elements are 2’s.

THEOREM 4.15. For a line L, on V = {x1,...,z,}, the projective dimension

of the path ideal I,,_1(Ly,) is 2.

Proor. The path ideal I,,_1(L,) has form I,_1(L,) = (x1F,z,F), where

F = 2913+ 2,_1. Consider the map ¢y : R> — R given by

G1
¢0 =G F + Gax, F.
Ga
The kernel of ¢q is
Gl C7V1
kerog = |G1:E1F + Gaxp, =0 ) = |F(G1£E1 + szn) =0
2 Gs

Since F' = xox3 - - - Tp—1 is not a zero divisor, we have G1x1 + Gax,, = 0. From this

it follows Gi1x1 = —Gaxyp, i.e. x1|G2 and z,|G1. So

n

x
kergg = F |F € R
1

The resolution of I,,_1(L,) is
0— R R [ (L,) —0

where



Chapter 4. The Simplicial Complex associated to I, (T") is a simplicial tree 50

To see this, we need to prove that I'me¢, = kergg. For any G € R, we have

—Gxy,
S Im(bl,
G.]?l
and
—Gxy,
60(91(G)) = ¢o = -G, F + Grix, F = 0.
Gml

A
So Im¢; C kergg. If € kergg, then
B

A
oo = Az, F + Bz, F = 0.
B

This follows Az1F = —Bx, F. This shows x,|A and z,|B. Let A be Mx, and B
be Nz; and plug in Az1F + Baxp,F = Mziz,F + Nx1x, F' =0. We get M = —N.

So
A —Nz,,
= S Im¢1
B N:El
I.e. we showed Ima@1 D kergg. Hence, Im¢p; = kergg. So the projective dimension

of In_1(Ly) = 2. O



CHAPTER 5

Open questions

I gave the main results about the properties of the path ideal in a directed
rooted tree in Chapter 4. There are many interesting questions that one can still
ask about path ideals and their properties. The list below shows some of the open

questions about the properties of the path ideal.

(1) Find formulas for the projective dimension of the path ideal of lines.

(2) Study the ring R/I;(G) when G is a cycle graph or bipartite graph.

(3) Give the minimal graded free resolution of path ideals.
For the first open question, Sean Jacques, in [Corollary 7.7.35, [16]], gave formulas
for the projective dimensions of the edge ideals of the line graph L, , i.e., I;(T)
where ¢t = 2. (See Theorem 4.14). I would like to find formulas for pd(I¢(L,)) for
t> 2.

Currently it’s hard to find formulas for the projective dimension for every path

ideal in a tree. More data is still required. For my first step, I will use CoCoA to
compute more projective dimensions and give a bigger table. I then hope to prove

the numbers in the 3" diagonal are all 2’s.

Recently some mathematicians have been interested in classifying or identifying
sequentially Cohen-Macaulay graphs in terms of the combinatorial properties of the
graph. In [23] Van Tuyl and Villarreal investigate what families of graphs have the
properties that the graph is shellable. They also classify all the shellable bipartite
graphs.

THEOREM 5.1. [23] Let G be a bipartite graph. Then G is sequentially Cohen-
Macaulay if and only if G is shellable.

One can also ask the question “Are the simplicial complexes A.(I") defined by
a path ideal I;(I") of a tree I' shellable?” Since I" is a bipartite graph, answering
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this question would partially generalize the above Theorem 5.1.

In [1] Brumatti and da Silva determine for what lengths ¢ — 1 of the paths in a
cycle G = C,, the path ideal I;(G) is of linear type. I am interested in determining
when I;(G) with ¢ > 3 is SCM or CM when G = C,,, a cycle of length n. (Reference
for t = 2 is [7, Proposition 4.1]). Francisco and Van Tuyl gave

CM, iff n=3,5;
SCM, iff n=3,5.

IQ(Cn) 1S
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