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Abstract

A large class of initial-boundary problems of linear evolution partial differential equa-
tions formulated on the half-line is analyzed via the unified transform method. In par-
ticular, explicit representations are presented for the generalized Dirichlet to Neumann
maps. Namely, the determination of the unknown boundary values when an essential set
of initial and boundary data is given.

1 Introduction

In this paper, we study a class of initial-boundary value problems of linear evolution equations
formulated on the half line, by using so-called the unified transform method introduced in [1].
A major difficulty of solving certain initial-boundary value problems stems from the fact that
the solution representation requires all boundary values, whereas only a subset of them is
prescribed as boundary conditions. The determination of the unknown boundary values in
terms of given data is often called the Generalized Dirichlet to Neumann maps.

In particular, we consider the P.D.E
(0 + w(=id))q(t,x) =0, 0<t<T, O<x<oo (1. 1)

where w is defined by
() = ap&" + a1 &+ mE+a, 1. 2)

for which {a ]'}’].1:0 are complex constant coefficients.
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We assume that the initial condition

q0(x) = 4(0,x) (1.3)

has sufficient decaying as x — oo, as discussied in [1]-[3]. Here, we analyze the generalized
Dirichlet to Neumann maps for the following initial-boundary value problems:

(a) Let
w(&) = a,&" (1. 4)

where a subset of n — N boundary values is prescribed as boundary conditions. The exact
value of N will be specified later. We set

uuv ={0,1,...,n-1| (1. 5)
where
U:{u1,u2,...,un_N}, V:{vl,vz,...,vN}. (1 6)
Let
gl(t) = a;cllq(tr O)/ U € u (1 7)

which are given smooth functions, and are compatible with g,(x) at x = 0. Namely,

810) = 4,00, wel (1. 8)
We will present explicit formulae for the remaining unknown boundary values

d7q(0,t),  vjeV (1. 9)

-N
in terms of { gl(t)};; . Some examples were computed in [3] for n = 2, 3.

(b) Let w in the general form (1. 2) for n < 5 but assume the canonical boundary conditions.
Namely, q(t,0) and its first n — N — 1 derivatives are prescribed as boundary conditions:

K0 = g,  wel0,1,2,...,n-N-1}. (1. 10)

-N
We will present explicit formulae for the unknown boundary values in terms of { gl(if)}?:1 .
These formulae involve the solution of an algebraic equation of order n — 1, which in general
can be solved in terms of radicals only when n < 5.

The unified transform ( or Fokas transform) was introduced in [1], [2] ( see also the book [3]
and the reviews [4], [5] ). The implementation of the unified transform to evolution equations
on the half-line and the finite interval is discussed in [6], [7] and [8]-[11] respectively. The
case of periodic initial condition is discussed in [12]. The large t asymptotics of evolution
PDEs on the half-line is analyzed in [13]-[15]. The numerical implementation of the unified
transform to evolution PDEs is discussed in [16] and [17]. Rigorous results are presented in
[18]. The implementation of the unified transform to evolution PDEs in the two dimensional
space is discussed in [6], [20] and [21]. Implications of the unified transform in the area of
spectral theory are discussed in [22]-[27]. The implementation of the unified transform to
several problems of physical significance is discussed in [24]-[28]. Systems of evolution PDEs
are considered in [25] and [26].



2 Formulation on the Main Results

In this section, we introduce our main results after certain preliminary settings, for which
more background discussions can be found in the book [3].

Observe that equation (1. 1) admits the family of explicit solutions:
exp{ixé - w(§)t), O<x<oo, 0<t<T 2. 1)

where & € C . The convergence of the solution is provided by & € C* U R and Rew(&) > 0.
Taking into consideration that w(&) asymptotes to 2,E" as || — oo, we thus assume that
Rea, > 0if nis even, and Rea,, = 0 if n is odd. Without losing of generality, we let |a,,| = 1.

Let D to be the principal domain:
D = {g €C: Re(anén) < 0} 2.2
which is an union of n sectors in C.
Throughout the rest of the paper, we fix the notations
a, = cos@ +ising and & = R(cos § +isinI). (2. 3)

Notice that Res,&" < 0 implies cos(¢ + 1n9) < 0. The n sectors of D are characterized by

2
g 0TI (L ST 01, -1, 2. 4)
n 2n " 2n

Moreover, Rea, > 0 if n is even and Rea,, = 0 if n is odd together imply that
T T
-, =. 2.5
¢ € [ 2 2] @-5)

A direct computation shows that there are exactly N sectors of D lying in C~, whereas

n ifni
5 is even,
n-—1 e . .
N = > ifnisodd a4, =1, (2. 6)
”;’1 ifnisodd a, = —i.

The solution 4(t, x) of the initial boundary value problems (a) and (b) is well-poseded provided
that there are essentially N boundary values given. See [3] and [18] for references.

We write
n—N

 Df @.7)

N
D-=DnC =[] D; and D*=DnC" =[]
=1
where D/ and D; represent the sectors as subdomains of D N C* and D N C™ respectively.

These sectors are pairwisely disjoint. We number them consecutively by starting with the
one with the smallest degree.



We write the boundary of D* by JD*, whereas

8D+=LJ

with a counterclockwise orientation. Each JD; consists of the rays Ri and R]% with R;
emanating from the origin and 7?% directed towards the origin. Geometrically, we always
have 73; on the right of R,% foreveryk=1,2,...,n—N.

n—N

+
o1 JdD;

@. 8)

By using the notations

8,1 = arg Ri and 8% = argR?, (2.9)
Equations (2. 4)-(2. 5) imply respectively that
1 _on_¢-2k-Dn » _ 3n_¢-2(k=1)m
O = o ” , O = o - (2. 10)
fork=1,2,...,n— N. In particular, we have
-2 -2
i nis even, L nis even,
2n 2n
1 _ 2 _
9 = — nisodd, a, = —i YN = w— — nisodd, a, = —i (2. 11)
0 nisodd, a, =1 e nisodd, a, =1i.
Let i
p = exp (%) (2. 12)
Define the N X N Vandermonde matrix
- pn—vl—l pn—vz—l pn—vN—l
p2("—01—1) p2(n—vz—1) pZ(n—vN—l)
V(p) = (2. 13)
i pN(”_Ul_l) pN(n—vz—l) pN(ﬂ—vN—l) ]

whose determinant is nonzero.

Let Vj; to be the (i, j)-th principal minor of V. When the matrix is a scalar, we take its (1, 1)-th
principal minor to be 1. From (2. 13) we have

N

detV(p) = Z(_l)j+idetvji(p) pi(n—v]-—l)/

i=1

j=1,2,...,N. 2. 14)

Let V/' to be the matrix obtained from the matrix V, after replacing its j-th column by the

column vector (pi(”‘“l‘l))1<i<N.

Our first main result regarding problem (a) is given below.
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Theorem One: Let (¢, x) satisfy the PDE in (1. 1) with w(§) defined in (1. 4). Given
90,7) = go(x), 0<x<oo;  g(t,0) = gi(t), 0<t<T, yel (2. 15)

where q,(x) and g(t) are defined in (1. 3) and (1. 7), the unknown boundary values can be determined
by the following formulae:

219 t0) = — 1 g i(_l)iﬂ' detvﬁ ( n—N+1—k)n’\( n—N+i—kg)(i£)vj
x T n—N D+ detv )P 1olp

k=1 k i=1

N .
det V7 o
(detV)(Pn_NH_k)H%(O)(lE)f =1pm@(@tgg

k U<v;j

t

. vi—u+ny (f g (r)d j— U Ji(T)dt
+ Z i%i ul+1Aj]r( ] - ) : 8 U_u]+n _ Z s0j— ul+1A lr( - ) 8 =

vj<u; (t U<vj 0 (t - T)

(2. 16)
for every vj € V, where T is Gamma function and
det V/ _ ) v det V7 v
= (e ) o e e (¢~ ) (e e e =0 (. 5.)
2. 17)
Let w in the general form (1. 2) but assume n < 5. Consider the domain

= {£ € C: Re(w(¥)) < 0}. (2. 18)

Since w(&) ~ a,&" as & is asymtotically large, the domain D coincides with the principal
domain D in (2. 2) at infinity. We define
={¢eD: g2} D =D.NC = il D, Df=DLnC" = UZ;D;,(
(2. 19)
for some L sufficiently large. Again, we number them consecutively by starting with the one
with the smallest degree. Moreover, we write the boundary of D} by dD}, whereas

n—-N
oD} = Uk:l D}, (2. 20)

with a counterclockwise orientation, for L sufficiently large. By fundamental theorem of
algebra, there are exactly n — 1 functions z;(€),i = 1,2,...,n — 1 other than ¢ itself, determined
implicitly by
w(zi) — w(&)
zi= &
such that w(z;(£)) = w(&) foreveryi=1,2,...,n—1. Let £ € D; fork=1,2,...,n— N, there
are exactly N such functions

=0 2. 21)

22 ©), 2£©), ..., 2K © (2. 22)

whose values lie inside C~ for £ asymptotically large. See [18] for more discussions.

Let w,(&) = w(€) and define inductively

wm(&) = (wm+1(a) tpma1),  m=1,2,...,n-1. (2. 23)



The N x N alternant matrix

[ W12 (E)) Onepy-1(ZE(E)) -+ Wnmon-1(Z(E)) ]

Ak &) = AGEE),2Q),...,258) = | ©n-01E5(E) 0nmo,-1(F5(E) - Wnoy-1(Z5(E))

| 0nr1 () it () - o (25,(E)) |

(2. 24)
Let Aj; to be the (i, j)-th principal minor of A. From (2. 24) we have
N . .
det A(k, E_,) = Z(—l)]"’l det A]l(k/ E_,) wn—v/-—l (Zf(&)), ] = 1/ 2/ sy N. (2 25)
i=1
Let A/ to be the matrix obtained from the matrix A after replacing its j-th column by the
column vector (wn_ul_l(zzf(é)))lsisN. Define
Tt

Our second main result regarding problem (b) is given below.
Theorem Two: Let q(t, x) satisfy the PDE in (1. 1) with w(&) defined in (1. 2) and n < 5. Given

7(0,x) = go(x), 0<x<oo;
(2. 27)
dq(t,0) = git), 0<t<T, wefo,1,...,n-N-1}

where q,(x) and g(t) are defined in (1. 3) and (1. 7), the unknown boundary values can be determined
by the following formulae:

2n(n = N)74(:,0) = —‘”]Z fw Y 9 Gt 0 2 €)Y

Lk i=1

n—N n—N ;
_ f it (detA”) ) oy
k=1 YD, =1 detA w(&)
n—N ;
. “[(det A/ det A/ W’ (&)
s0i—u+1 k k-1 w(&)(t—t)
A R v [ o A
=y o1 ) det AT det AT
+ )17 gilh) - 91(0) [2n e L a6 0| (>0
kI1=1 w(C)=0,arg CeOf w(C)=0,arg Cellx
n—-N . il
. uz+l Tti ) det A/ _
+ kl:llf gz(f gz(O))(n_N (detA (k,0)  (w(0)=0)
(2. 28)
where O = {8 € [0,2m): E° dnYand T = {9 € [0,2n): 9 = E3F and 8 = S5}, for

every v; € {n -Nn-N+1,...,n— 1} and L sufficiently large.
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3 Novel Integral Representations

In this section, we develop the main framework of unified transform method, known as the
novel integral representations. It has been used for obtaining certain results in evolution P.D.E.
See [1]-[2] and [6]. An introduction can be found in [3] and [5].

The PDE (1. 1) can be rewritten in the following divergence form:

n-1
(e ®lg(t, x)), ~ (e‘ix&w(éﬂEcm@axmq(t,x)) =0, @1
m=0 X
where ¢;,,(&) can be explicitly computed by
n-1
Zcm(é)ﬁm = M . (3. 2)
m=0 E) rl T]:_iax
From (3. 2) and (2. 23), we have
cm(&) = i3m+1mn—m—l(€)- (3. 3)

Employing (3. 1) and using Green’s theorem in the domain {0 < x < o0, 0 <5 < t}, we find
the following global relation:

n—1 t
SOTE) = D) = Y enl®) [ OO, 0 6. 4

m=0

which has an analytic continuation into the lower half plan for Im¢ < 0, where

70(&) = L e g, (x)dx and gt ¢&) = f(; e q(t, x)dx. (3. 5)

We define the following ¢-transforms:

T T
Gi(t, &) = f @D gy(t)dr, w el and Qjt, &) = f e©N97g(0,t)dt, vjE V.
0 0
(3. 6)
By using the notations a; = ¢,; and b; = ¢, equation (3. 3) implies

aj(&) = "MW 1(8),  bi&) = P w1 (E). (3.7)

Evaluating (3. 4) at t = T and multiplying the resulting equation by e~“®*, we have

N ne
aj(©)Qj(t &) = —e*OTIGT,E) + @' G(E) - Y bOGILE).  (.8)
j=1 =1

By replacing ¢ in (3. 8) with zi.‘(E,,), we obtain the following linear system of N equations:

N
aj(zi(£)Qj(t, &) = — e WINPT 2i(e)) + e Go(z(©)) - sz(zk(i))Gz(t £),
i=1
] i=1,2,...,N.
(3.9)



The inverse of the matrix A defined in (2. 24) can be written as
adjA
detA

ATk E) = ( )(k, &) (3. 10)

where adjA is the adjugate of A whose (i, j)-th entry equals the determinant of the (j, i)-th
principal minor of A, denoted by A ;i multiplying (~1)/*'. Recall from section 2 and (3. 7). The

matrix A’ is constructed from A by replacing its j-th column by column vector (b l(zi(E)))
By solving the system of the N-linear equations in (3. 9), we have

1<i<N’

Qj(t,&) = i Z( f“( ot A)(k &) (" OTIRT, 2§(8) - e 1o(z{(©))
(3. 11)

)(k &)Gi(t, &), j=12...,N

for every k = 1,2,...,n — N. Suppose that we are given the canonical boundary values, i.e:
U={0,1,...,n = N—1}. Then,

detAk€) = a [] () -Z©) (3. 12)

1<i<j<N
which is not vanishing for ¢ asymptotically large, as was discussed in [18].
The expression in (3. 12) can be observed as follows. By (2. 24), if z; = z; for any pair of i # ,
then det A = 0. The determinant is a polynomial of z,z,...,zx in an order of N(N — 1)/2.

Therefore, it must be devisable by the product in (3. 12). On the other hand, the number of
the factors in the product equals to N(N — 1)/2 which is a combinatorial fact.

Recall that A7 is the matrix obtained from A after replacing its j-th column by w;,_,,-1(z;) for
every i-throw. If z; = z; forany pair of i # j, thendet A/ = 0. This implies that the determinant
of A/l is devisable by the product in (3. 12) as well. Whenn <5, eachz; = z;(¢), i=1,2,...,N
can be computed explicitely by radical formulae, which is analytic for £ asymptotically large.
From all above, the quotient det A/'/ det A for every j,I has possibly finitly many removable
singularities, and is analytic for € € Dz provided that L is sufficiently large.

By multiplying equation (3. 4) with —iw’(§) and integrating along the contour dD] defined
in (2. 19), we have the following novel integral representation:

T
L ) (f —jw’(£)e“®hy q(T O)dT) g =

N (detAj .,
L X Zl -1y (d A )(k &’ (E.)( OTDGT, 2:(£)) — e O G (zi(E )))

n—N n—N jl T
B (5[ (e [ oo

forevery j=1,2,...,N.

(3. 13)



4 Proof of Theorem Two

Our estimation will be carried out in the general setting where the given boundary conditions
prescribed in (1. 7) are not necessary in the canonical form. We assume that

det A/
det A

)(k,a) kl1=1,2,...,n-N, j=1,2,...,N @ 1)

have only finitely many removable singularities, and are analytic for £ asymptotically large.
If (1. 7) is in the canonical form and n < 5, then this assumption can be removed. The proof
will be accomplished within several steps.

1. Recall the definition of Aj, A/l and (2. 23) in section 3. Since w(§) =~ a,&" for & is
asymptotically large, we shall have

detAj; - det A/l
(oe] <o)

det A
as |E] — oco. From (2. 21)-(2. 22). We have [z;(¢)| ~ |&| with Imzé‘(&) < 0 as ] — oo for
i=1,2,...,Nandk=1,2,...,n— N. Consider the Fourier transform

S e[ (4.2)

7(T,259) = f " e = ) (T, x)dx 4. 3)
0

where (T, x) has sufficiently decay as x — oo. See [1], [3] and [18].

Integration by parts with respect to x inside (4. 3) gives
F(r4©)| <@, cenp, @ 4)
Recall the principal domain D in (2. 2) and (2. 7). Define
M(R) = max {F,(T,zf(a)ﬂ . £eD,i=1,2,... N:k=12,...n —N} (4. 5)

which tends to zero as R —> oo.

2. By writing
a, = cos@ +ising and & = R(cos§ +isind),

we have cos(¢ + n9) < 0 whereas ¢ +n9 € [g, 37”] from (2. 4), for & € D.

Consider the norm of

N
Zf D! J¢=k] Z ]H( JotA )(k S’ (£)e @I "(T Zk(a)) . . 6)
&eD;: e}

Let [] = R. From the first inequality in (4. 2) we have

> [Gex)e

< M(R)RY as R — oo. 4.7)




Recall that cos(¢ + n9) < 0 is concave for ¥ € arg D* as defined in (2. 4). Forevery t < T,

Z fED+ &= R

M(R) RU]-+1€—R” cos((p+n\9)(T—t)d8
arg D*

A

( tA”)(k )0’ ()7 (T, 25(8))| eRe@TNdg

A

(4. 8)

A

M(R) Rvj+le—R”(T—t)Sd8
arg D*

o ()

Since v; is at most n — 1 and M(R) turns to zero as R approaching to infinity, we have [I| — 0
as R — oo. Since D* in (2. 18)-(2. 19) coincides with D™ at infinity, by applying Cauchy’s
theorem on D; we have

Z fa ) 2 )f“( = A”)(k £ (€N (T, 2{(2)) de (4.9)

Lk i=1

A

3. Consider the left hand side of equation (3. 13). Since the integrant is analytic, we can
deform back the contour from QDZ to dD*. Recall that dD = {£ € C:Rew(§) = 0} and D*
coincides with D* at infinity which consist of # — N sectors. By changing variables w(&) = i,
we have l € R and —iw’(&§)d§ = dl. Therefore,

T 00 T
f ( f _iw'@)ew@)“—”a?q(w,ow)da = (n—N) f e”“—”dl( f aZf’q(nO)dr)
oD+ 0 —00 0

T 0 4.10
= 27n(n — N)f o(t — 1)d,/q(t, 0)dt ( )
0
= 2n(n — N)d,/q(t,0)
where 6 is Dirac delta.
4, For the remaining terms in (3. 13), suppose v; < u; and consider
& pp j
n-N i T
det Al , W(E)(T—
Y, f ( Y )(k, £)a’ (&) ( f e t)gl(T)dT)dé
k=1 V9 Z,k 0
(4. 11)
= det AT T
Z f ( )(k £w’(8) ( f O gy ()dr + f e‘*’@)“—f)g,(x)dT)dg
— t
Let
det Al )
k, &)’ (£)e” O g, 4.12
Zf€D+|E|R(detA< ) (2 @ 12
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From the second inequality in (4. 2), we have

det A/l
detA

Recall that cos(¢ + n9) < 0 is concave for ¥ € arg D*. For every t > ¢,
jl
{eeD}1g|=R}

detA
f RU]'—MH-ne—Rn COS((P"'nS)(T_t)dS
arg D*

f RU—t+n =R (1=1)3 7 g
arg D*

R (T — )7L,
By applying Cauchy’s theorem on D;, we have

n—N i
Z fa . (C:;’X )(k Ew (E)( f @)= (T)d”c)dé = 0. (4. 15)
k=1 Lk

5. From (2. 2)-(2. 4), £ € D} 1mphes 13, <argé < k” . Let

det A/
M = f ( ) (k, )’ ()N, (4. 16)
jl= Z £eCH\D}E|=R, bm org ESIL_HN} det A

We have cos(¢ + n9) > 0 is convex for 9 € arg (C* \ D*). Forevery T < t,

S [Pt as g — oo, (4. 13)

)(k, E)w’(E)

Rea(€)(t—1) 7 ¢

) (k, )’ (E)| e

A

(4. 14)

A

A

det A7
1| < f ( )(k, £)w’(8)] R de
| ]' Z £eCH\D*jgj=R, & 1)”<arg } det A
< f Rvj—u;+ne—R” cos((p+n\9)(t—1)d8
arg(C*\D™) 4. 17)
< f Rvj—u;+ne—R”(t—’t)8d8
arg(C*+\D¥)
< RU™(t—1)7L,

By assumption, det A’/ det A has only finitely many removable singularities. By applying
Cauchy’s theorem on C* \ D}, and Residue’s theorem on { € D*: || < L}, we have

n—-N i
det A/ '
5[ (ool [ o)
k=1 Ly
= detAl\, .\ (detAll\ t
f [( )(k,A a)—( o A)(k,rla)]w’(a( f e‘““”“‘”gﬂw)dw)d&
0

k=1
(4. 18)
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where A is defined in (2. 26).

6. Suppose v; > u; and consider

n—-N ;

det A/ !
5 () [ e rucon
k=1 Lk

4. 19)
-N ji T f
Z (fﬂett’; ) (k, a>w'<a>( f e O g () + f e‘“@“‘”gz(ﬂdi)dé
k=1 ! °
Integrating by parts with respect to 1 yields
WeN T
det AT W' (&) [ weyT-p) w(E)(t—t)
kZ:: ( - tA) L&) "a e gi(T) —ft gi(t)dr |d
(4. 20)

n—-N det Aﬂ (U’(E) —o®) t o)t
Z LD* ( det A )(k’ é) w(a) (e tgl(o) +f(; e tgl(T)dT) dE&.

Notice that w’(£)/w(&) has possibly simple poles which can occur only on the boundary JD
whereas Rew(&) =

From the second inequality in (4. 2), we have

det Aﬁ ' vi—u—1
‘( ot A )(k,é) E) < |E as |&] — oo. (4. 21)
Let
det A/ W’ (€) _
II; = k, eEHge 4. 22
"= Z‘ fgem €|=R) ( detA )( % W (&) ; . 22)

Recall that cos(¢ + 1n9) < 0 is concave for 9 € arg D*. For every t > ¢,

w’(€)
Z‘ faew {€|=R)

w(&)
f Rvj—uleR” cos((p+nS)(1—t)d8
arg D*

f Rvj—ule—R"(T—t)SdS
arg D*

< R‘U]'—u[—n(,_c _ t)—l

eRew(E)(’c—t) d E

N

11|

(det Al

A

(4. 23)

A

The result holds for T — t replaced by T — .
By applying Cauchy’s theorem on D;, we have

n—N il T
k=1 YD/ :
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7. Let

W'(E) (@) -
(k, &) E) e de. (4. 25)

n—-N
v = Y f
= Ve

Recall that cos(¢ + 1n9) > 0 is convex for 9 € (argC* \ D*). For every T < t,

(det Al )
eC+\D;:|£|:R,(’;-_113]ﬂSargggnli_nN} det A

n—N '
det AT ’
|IV]‘[| < Zf . ( ; ~ )(k, E,-)w (€) eRew ()t 7
= Jleec\Drg=r M <arg e< ) [\ det (&)
< f Rv]-—u,e—R" cos(<p+n8)(t—1)d‘9
arg(C*\D¥) . 26
s f Rlij—llle—R"(t—’[)SdS
arg(C+*\D™)
< RUTW( — )7L,

By applying Cauchy’s theorem on C* \ D}, and Residue’s theorem on { € D*: || < L}, we
have

n—-N ;

d A]l ’ t
Z f(;m ( deettA )(k, é)(;))((;) (f(; ew(é)(T—t)gl(T)dT) g
k=1 Lk

— [ (detA” k det A/ 1| @ ([ @(E)(T=t) 5
= pV‘L [( det A )(k, A E) - (m) (k, A E,)] E (‘f(; e tgl(’[)d"() dE,.

det A/l
svi—up+1 _ : :
+Y AT (g () gl(O))[Zm ) ( - A)(k,C)+n1
1 w(C)=0,arg CeO

S
Z

T
(A

T
z

det A/l
A )(k, c:)} (> 0)

w(C)=0,arg CeITy (

>~
1l

T
z

: il
c0—u+1 3 Tti ) det A/ _
+ L. i% (gl(t) gl(O)) (—n N (—detA (k,0) (w(0) = 0)
4. 27)
where *-1)
-Dn km
O = {SG[O,Zn). TN <8<n_N} (4. 28)
and k- 1)
B a4 (k=Dm _ km
I = {SG[O,ZR).S— p— and S_n—N} 4. 29)
foreveryk=1,2,...,n—N.
Remark 4.1 In (4. 18) and (4. 27), we deform the contour aDz . to
_ kn o (k=Dm k7t _(k=1m
{arg& = n_N}U{Iél =L, — <argé < n_N}U{argé =N (4. 30)

foreveryk =1,2,...,n— N with the same orientation.
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Lastly, recall that g;(0) = 4,(0) for every u; € U. By combining all above estimates, we have

n—-N
27(n —N)azfq(t,O) Z {0 faD+ Z( 1)z+]( A )(k O’ (E)qo( k(g)) 0Ot g5

=1 Lk i=1

) i detAZ) ko ey
B[, Lo () os@uoe o

-N i t
NG [(detAﬂ)(k Mg - (?;til)(k,?\k‘lé)]w'(i)( [ eorngey)ae

U>v; k=1

n— 00 il il
.iv]'—u1+1 ) p'vf(; [((ze;AA] )(k kg)_(ciiettAA )( AR 15)]0)((;) (f w(é)(T—f)gl(T)d’c)dE

k_

Z

+
D1

<

n—N
det AJ det A/
+ Z uz+1 gl(t) €(0) [ ( dettA )(k Q) +mi ( (f(:t )(k C)] (€ >0)
w<v; k=1 w(Q)= OargCeG)k w(C)=0,arg CeITy
H_N —u +1 detA
w3 Y (g0 - 20) () (S | €0 @) =0)
u<v; k=1
] (4. 31)
O

5 Proof of Theorem One

Let w(€) = a,&". Domain D in (2. 18) is replaced by the principal domain D in (2. 2)-(2. 4),
which is an union of n sectors, as oriented in (2. 7). The following quotients of determinants
can be computed explicitly :

detAji detV;

(detA] )(k,é) = a, (det\; )( n—N+1— k)gv] n+1 £ €D+, (5 1)
det A/ det V7!
oo = (S )y ceni 62

By permutations, we can assume that z; € D]T. By definition in (2. 22), we have
z]]‘.(é,) = pltn=N-kg ¢ D; whenever EeDf (5. 3)

foreveryk=1,2,...,n—N,andevery j=1,2,...,N.

From (4. 27) in the previous section, the contour D; is replaced by D, together with the
explicit expressions in (5. 1)-(5. 2) and (5. 3).

14



In particular, we have

n—N

Z L Z(_ )Z+]( detA )(k Eaw’ (&)%( k(E)) 0@ty

k=1 kzl

_ Zf +Z( )z+]( v )( n—N+1- k)(l&)v/i’lq (pn—N+i—k£)e—w(£)td€

k i=1

o1 [det AJ @’ (&) w(®)
ZfZ (detA)( g PO

k U<v;

. 4)

n—N
detV/
= - ZL . Z ( deettV )( n—N+1— k)(lg)v] uj— nq (0) _w(a)tdé.
k=1 <0,

On the other hand, from (5. 3) we have z’;(pé) = z’]‘.‘l(é) for every k = 1,2,...,n — N which

implies that integrations over every 8D;(r are equivalent. Recall the rays Rll and RI% defined
below (2. 8).

For v; < uj, we have

©[{det AT det A/ t w(E)(T-1)
(G oo - (S Ja o e [ e g ae
; .

detvi\ o vimtr 7 ey 0 (E)(T—b)

For v; > u;, we have

" [(detA det A/ ) (" ooy
fo [( detA)(n—N,é) (d tA)( &)] )(fo 9 tgl(T)dT)
_ detVﬂ v/-—u,(l) (&) 0O 45 s (1)d
detVl n— U] ”l ) @ NG
(detV )( N)f {le o) © © ”dé}gz(r)dx

Letn = w(&) and writen = Re'? in polar coordinates. From (2. 11),

(@& =1n = Rel?  for E€R (5.7)

and .
W@ =n =RT  for EeR> . (5. 8)
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From the estimation in the previous section, we can deform the contours by rotating R} by 2
clockwisely, and by rotating R2_, by £ counterclockwisely.
Let

= Tt

S = 8 - S = 9+ 1. (5. 9)

on’ 2n

Equation (5. 5) becomes

jl ) _ t L -
(o [{[ 7o

[o¢]

(5. 10)
det VI'\ N o), ft foo L ()
+ (deT)(p )l WA nre an ) gi(t)dt.
Similarly, equation (5. 6) becomes
det V7! 0D T ,
(oo { [ e oo
5. 11
b (BEVE) oy f t f T 0| gy o
detV p 0 0 N )& '
By letting —s = n(t — ), we find
£ 0 pi—u 0 yi—u t d
[[ rwem)ai = (75 e [ 2O5
0 \Jo 0 0 (t—1)"
(5. 12)
B F(vj—ul+n)ft gi(t)dt
n 0 (t_’-c)v]»—:frn
and simultaneously
£ 0 pi—up+n 0 yi—up—n £ ) d
f(f n%e”“_t)dn)gl("c)dﬁc = f s%e_sds‘ —gl(T)vEul
0 \Jo 0 0 (t—1)"
(5. 13)
_ r(vj—ul)ft gi(t)dt
n O (t_T)v]nlll
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By bringing the above estimates into (4. 31), we have

-N
_ l+] n—N+1-k n—N+i—k
2ryq(t,0) Z 1 ( detv)(p )1do(p £)(ig)”
k koi=1
dethl n—N+1-k s o \0i—u—1 —w(&)t
n—N Zf ;?u,; ( detV )(P )n%(o)(lé) / e dg
N Zivf_ulﬂl\jlr(vj_ul-l-n)ft 81(T)dT+n B Z R ZT( —ul)ft gl(T)iZ:
i< n 0 (t- l 1 <v; n 0 (t—f[)/TI
(5. 14)

for every v JEV, where

Aj = (le;“// )(p )exp(i(vj—ul)(s% _ %)) (iﬁ:wl)(p)exl’(( ._ul)( 2 o+ %))

(5. 15)
with 97 and 9; defined in (2. 11). m|

6 Examples
The last section is devoted to a number of examples. For brevity, we assume the zero initial
condition: g,(x) = 0 for x € (0, o).
Example 1. Our first example is the heat equation:
ge(t, x) = gux(t, x) = 0, 0<x< oo, 0<t<T. 6.1)

Regarding to (6. 1), we havea, = 1,n = 2 and N = 1. The principal domain D is shown as
below where the rotation p = ¢i™ maps D* to D".

D+

Figure 1: D" is represented as the red contour .

From (2. 11), by taking n = 2 and ¢ = 0, we find

Sl=7 = 6. 2)



Suppose that the Dirichlet condition g(¢,0) = g(t) is given. We aim to find the Neumann
boundary value g,(t, 0) in terms of g(t). In this case, we have v; = 1, u; = 0. From (2. 13), the
matrix V(p) is a scalar equal to 1 and V!(p) = —1.

Bringing all these values into formula (5. 15), we find

= (ol (e} 5))- (e el (st )

= —1-1 - (-1)(-1) = —-2.

6. 3)
By Theorem One, we have
-1_¢/1 t ¢(t)dt
t,0) = —r(—)f . 6. 4
w0 = () [ = (6. 4)

On the other hand, let Neumann condition g.(t,0) = g(t) be given. We aim to find g(t,0) in
terms of g(f). We then have v = 1, u; = 0. From (2. 13), the matrix V(p) is a scalar equal to
—1and V! (p) = 1. Direct computation shows that Aj; = -2 as in (6. 3).

By Theorem One, we have

-1_(1\ (" g(0)dr
t,0) = —F(—) . (6. 5)
90 = =13 |
Example 2. Consider a linear evolution equation with a third order derivative:
ge(t, X) + grx(t, x) = 0, 0<x< oo, 0<t<T. (6. 6)

Regarding to (6. 6), we have a, = —i, n = 3 and N = 2. The principal domain D is shown as
below, where the rotation p = s maps D* to D] and p? maps D* to D;.

Figure 2: dD" is represented as the red contour .
By taking n = 3 and ¢ = 3£ in (2. 11), we find

9l = and 9 = —. (6.7)

T
3
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Let g(t,0) = g(t) be given. We aim to find gx(t, 0) and gx(t, 0) in terms of g(t). In this case, we
have 1 = 0, v = 1 and v, = 2. Therefore,

po1 PPl PP
Vi = | , Vi) = . Vi = | (6. 8)
p~ 1 p 1 PP
From computations, we have
det V11 det V21
R AT A ©

By (5. 15), we have

Au = (dixl ) (p)exp (i(m — ) (9% - %)) _ (d;;v;l ) (0)exp (i(vl ) (sg + %))

= (—1)exp(i%) - (—1)exp(i5?n) = - V3,
(6. 10)
and

Ay = (dixl ) (p)exp (i(vz — ) (9% - %)) _ (d;;:/;l ) (0)exp (i(vz ) (sg + %))

- (_1)exp(i§) - (—1)exp(i5?n) = —iV3.

(6. 11)
By Theorem One, we have
V3 (1 (T §(u)dr
t,0) = ——F(—) 6.12
w60 = =527 (3) | o 6.12)
and % , i
V3.2 g(t)dr
But,0) = =T (5) R (6. 13)

Now, suppose gy (t,0) = g(t) is given. We aim to find (¢, 0) and g,(t, 0) in terms of g(t). In this
case, we haveu; =2,v1 =0and v, = 1.

pz P 11 ! P 21 pZ !
Vip) = , Vi) = ot VZ(p) = . (6. 14)
p p* 1 p P 1
From computations, we have
det V11 det VH 1
v P = Gav P = e T 7T € 15)

By (5. 15), we have

Ay = (det Vll)(p)exp (i(vl —u1) (‘9% _ E)) B (detvll ) (p)exp (i(Ul — 1) (8% + %))

detV 6 detV

= (—1)exp(i5?n) — (—1)exp(ig) = V3i,
6. 16)
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and

Ay = (di t\zl)m)exp (i(vz ~ 1) (s% - %)) ~ (d;;:z;l ) (0)exp (i(vz — 1) (sg + %))

= (—1)exp(i11—n) - (—1)exp(i7£) = - V3.

6 (6. 17)
By Theorem One, we have
_ V3.1 [T g(v)dt
q(t, 0) = ZF (5) . (t ~ T)% (6 18)
nd V3 (2\ [ g
_ _B2) [ s
9:(t,0) = 2nr(3)fo (t—1)3 (6. 19)

Lastly, suppose gx(t,0) = g(t) is given. We aim to find g(t, 0) and gx(t, 0) in terms of g(t). In
this case, we have u; =1, vy = 0 and v, = 2.

Pt 1 P 1 N P
Vip) = , Vi) = ) ;o Vip) = , | ©20
P o PP
From computations, we have
det V11 det V21
Tetv P = Gev @ = plp+D) = -1 (6. 21)

By (5. 15), we have

Ay = (djz tv‘;l ) (p)exp (i(vl ~ 1) (8% - %)) _ (dgz tv‘;l ) (p)exp (i(v1 — ) (‘93 + %))

= (—1)exp(iHTn) - (—1)exp(i7?n) = - V3,
(6. 22)

and

An = (d(z:cl ) (p)exp (i(vz — 1) («9% = %)) ~ (dctl%;tV;l ) (p)exp (i(Uz —u) (9% + %))

= (—1)exp(i%) - (—1)exp(i5g) = - V3.

(6. 23)
By Theorem One, we have
_ B (1) [T gt
q(t,0) = _Er(é)fo = (6. 24)
e Vi 2y (g0
_ _3 % g(t)dt
galt,0) = 2nr(3) R (6. 25)
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Example 3: Consider a second linear evolution equation with a third order derivative:
ge(t, x) — grux(t, x) = 0, 0<x< oo, 0<t<T. (6. 26)

Regarding to (6. 26), we have a, =i,n =3 and N = 1. The principal domain D is shown as
below, where the rotation p = e maps D] to D™ and p2 maps D1+ toD".

Dy Dy

Figure 3: dD" is represented as the red contour .

By taking n = 3 and ¢ = 3 in (2. 11), we find
99 =0 and 8 =nm (6. 27)

Let q(t,0) = g1(t) and g«(t,0) = g2(t) be given. We aim to find gy (t,0) in terms of g;(t) and
g2(t). In this case, we have u; = 0, up = 1 and v; = 2. Direct computations show that

Vip =1, V() =1,
Vll(p) _ pz’ Vll(pZ) = p, (6. 28)
VZ%p) = p,  V*p?) = p~

By (5. 15), we have

o = (s 1 2) (S5 ol 0+ )

= exp(iz) - exp(iS—n) = iV3,

3 3
(6. 29)
and
Ap = (di_ tV\;Z) (pexp (o2 - w) (31 - T )) - (d;; :CZ) (prexp (ite2 — 1) (85 + T )
= exp(i%) - exp(i%) = — /3.
(6. 30)
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By Theorem One, we have

(6. 31)

utt,0) = - L (2) [ BT o1y [ a0

2 \3)Jy ¢—0}  2m \3Jo ¢-o)b

On the other hand, let g,(t,0) = g1(t) and gx(t,0) = g2(t) be given. We aim to find g(t,0) in
terms of g1(t) and g»(f). In this case, we have u; = 1, u» = 2 and v; = 0. Direct computations

show that ) ,
Vip) = p~,  V(p) =p,

Vll(p) — p/ Vll(PZ) — PZ/ (6 32)

V%) =1, V() = 1.
By (5. 15), we have

A = (di’xl ) (p*)exp (i(vl —u1) (9% - g)) B (d(:;xl)(p)exp (i(m — 1) (9% + %))

= exp(iS—n) - exp(iz) = - V3,

6 6
(6. 33)
and
A = (dit‘gz) (Pexp (i(or - u2) (91 - 5 1) - (d;; txcz) (prexp (iter — ) (83 + 2))

(6. 34)
By Theorem One, we have

0 (t—1)3 2m

3

q(t,0) = (6. 35)

%r(é) ' g1()dt \/§r(1) Otgz(r)dT

“2n \3 (t—"c)%.

Lastly, let q(t,0) = g1(f) and gxx(t,0) = g2(t) be given. We aim to find gx(t, 0) in terms of g1(f)
and g>(t). In this case, we have u; = 0, up = 2 and v; = 1. Direct computations show that

Vi) = p,  V(p?) = p?
Vll(p) — pZ’ Vll(pZ) — p’ (6 36)
V2p) =1,  V2p) =1L

By (5. 15), we have

Ay = (detV11 ) (p2)exp (i(Ul —u1) (‘9% _ E)) _ (det vil ) (p)exp (i(Ul —uq) (8% + %))

detV 6 detV

(6. 37)
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and

A = (dgztv\iz) (p*)exp (i(v1 — up) (S% - g)) _ (dde;t\i;2) (p)exp (i(vl — 1) (S% + g))

exp(i%) - exp(i%) = — V3.

By Theorem One, we have

(6. 38)

ﬁr(l) i@ ﬁr(%) ' g2t (6. 39)

2 \3 - 3/Jo t-v)}

t,0) = —

Example 4: We next consider an example which is an variance of first third order evolution
equation discussed previously, known as the first Stokes equation, with given canonical
boundary condition:

qe(t, x) + Guxx(t, X) +qx(t,x) = 0, 0<x<oo, 0<t<T;
(6. 40)
q(t,0) = g®),  0<t<T,

Regarding to (6. 40), we have n = 3, N = 2 and
w(&) = —i&8 +i&. (6. 41)
The domain D regarding w(&) in (6. 41) is shown as below:

D+

Figure 4: dD% is represented as the red contour .

We aim to find g,(t,0) and gx«(t,0) in terms of g(t). Letu; = 0,v; =1land v, = 2. For £ € C
tixed, the roots of (2. 21) can be determined by

O)(Z) - C‘)(E) _ ) 2 _
= —i(A+&z+8-1) = 0. (6. 42)
In this case, D] = D; ;. We abbreviate z; = zz.l, i =1,2 for which
1 1
—&+(4-382)° —& - (4-382)°
z1(§) = > , 2(8) = > : (6. 43)
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Notice that as |E] — oo for £ € D*, we have Imz1(§) < 0 and Imz;(&) < 0. Recall from (2. 23)
and (2. 24), we have

—izy —i —izd +i —i —izy i +i
A(21/ZZ) = 7 All(ZLZZ) = 7 A21(21/ZZ) =
—izp i —izg+i —i —izp —izg+i
(6. 44)
Direct computations show that
det Al det A%
oA FUR) = atm, o a 2v22) = — (1 +nz). (6. 45)

From (6. 43) we find z1 + zp = = and 1 — z12p = —&2 which are both analytic. w(&) has zeros
at =1, 0 and 1. By Theorem Two, we have

RSty () AERE Y
21,(t,0) = — p.v e fo e $(v)dr | de, (6. 46)
KIS Ll B A
2mgu(t,0) = —2mg(t) — p.v f iy ( fo el ‘E)U‘T)g(r)dm)dé. (6. 47)

Example 5: Our last example is the second Stokes equation with given canonical boundary
condition:

ge(t, x) = Gxx(t, X) +gx(t,x) = 0, 0<x< oo, 0<t<T;
q(t,0) = g1(f), 0<t<T, (6. 48)

g<(£,0) = g2(f), 0<t<T.
Regarding to (6. 48), we have n =3, N = 1 and
(1)(&) = iés +1i€. (6 49)

The domain D regarding w(&) in (6. 49) is shown as below:

Figure 5: dD* is represented as the red contour .
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Letu; =0, u; =1 and v; = 2. For & € C fixed, the roots of (2. 21) can be determined by

—‘“(‘2 - g(‘t’) = i(2+&+E+1) = 0. (6. 50)
We find that ) .
—&+(—4-382)° —&—(-4-382)°

71(8) = > () = > (6. 51)

where Imz1(§) <0as || — oo for & € DZl and Imz%(&) <0as|é| — oo for& e DZZ

In this case, D} = D‘ We abbreviate zF = z’{, k =1,2. Recall from (2. 23) and (2. 24). We
have

AGN =i, AUGEN = i@ +i, AEN) = i
6. 52
det Al ( )

det A det A
The quotients of determinants in (6. 52) are analytic for |§] > 2/ V3 > 1, for which the

discriminant in (6. 51) is nonvanishing. On the other hand, w(&) = 0 in (6. 49) at —i, 0 and i.
By Theorem Two, we have

" = 1+ "> " = 25, k=1,2.

4mgu(t,0) = 7igo(t) + pov fo (&) - 2'(i&) + 22(i&) - 2(5))3é +; ( f 0 %(w)oﬁ)
=, IN20ey (o 1\2/s 272+ 2\2 3€ +1 i(E3+E)(t-1) 5
+ p.vfO 1((2 )7(E) = (z')°(1&) + (z°)°(i&) — (z°) (E)) Sre (f 81(T)d’c) dE.
(6. 53)
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