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Consider a differential game for two players in infinite time horizon, with exponentially
discounted costs. A pair of feedback controls (u}(x), us(z)) is Nash equilibrium solution
if u] is the best strategy for Player 1 in reply to w3, and w3 is the best strategy for
Player 2, in reply to uj. The aim of the present note is to investigate the stability of
the best reply map: (u1,u2) — (R1(u2), R2(u1)). For linear-quadratic games, we derive
a condition which yields asymptotic stability, within the class of feedbacks which are
affine functions of the state x € R™. An example shows that stability is lost, as soon as
nonlinear perturbations are considered.
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1. Introduction

Consider noncooperative differential game for two-players, where the state of the
system evolves according to

T = f(z,u1,us). (1.1)

Here, © € R™ while the control functions u;(-) and us(-) range over the domains
up € Uy CR™ uy € Uy C R™2, The upper dot denotes a derivative with respect
to time. The goal of each player is to minimize his own cost functional

Ji = Ji(z,u) = / e Li(x(t), ur(t),uz(t)) dt, i=1,2. (1.2)
0
This corresponds to an infinite horizon problem, with exponentially discounted cost.
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Given a feedback strategy = — wuq(z) implemented by Player 1, we say that the
feedback strategy x — ug(x) is a best reply for Player 2, and write ug € Ra(ur), if
ug() is optimal for the problem

minimize: ng/ e Lo(z(t), ui(x(t)), uz) dt, (1.3)
0

with dynamics
&= f(z,ui(x),uz). (1.4)
More precisely, we are here requiring that
(i) for every initial state zop € R™, the Cauchy problem
& = f(z,u1(2),ub(x)), x(0) = wo, (1.5)

has at least one Carathéodory solution, defined for all times ¢ > 0.

(ii) Every Carathéodory solution of (1.5) is optimal in the sense that, given the
initial state xo and the feedback wy(-), the control ug() minimizes the cost J,
among all strategies us(-) available to Player 2.

Given a feedback strategy x — wuo(z) implemented by Player 2, a best reply u’i €
R1(us), for Player 1 is defined in a similar way.

Two feedback strategies u; = uj(x), ug = us(z) constitute a Nash equilibrium
solution to the differential game (1.1)—(1.2) if at the same time one has

uj € Ri(u3), us € Ra(uj). (1.6)
One can regard the Nash solution as a fixed point of the “best reply” map
(u1,uz) = (Rai(uz), Ra(ur)). (1.7)

Assuming that this “best reply” is unique, a natural question is whether the fixed
point is asymptotically stable. In other words, let (u§0)7 ug))) be a pair of feedback

controls sufficiently close to a Nash equilibrium (uj, u}), and define the iterates
k+1)  (k+1)\ k k
(0", u™) = (Ras”), Rai”).

Is it true that (ugk),ug’c)) — (uf,ub) as k — oo? In the present note we provide
a positive answer for a class of games with linear dynamics and quadratic costs,
as long as the feedback controls ugk)(-) are affine functions of the state z € R™.
In general, this convergence is not expected to hold for nonlinear systems. Indeed,
we show by an example that, even for a linear-quadratic game, the fixed point of
the best reply map is not stable with respect to nonlinear perturbations of the
feedback controls, even if these perturbations have uniformly bounded support and
are arbitrarily small in any C* norm.

The paper is organized as follows: Section 2 reviews the basic theory of linear-
quadratic optimal control problems in infinite time horizon, focusing on how the
optimal feedback changes as a consequence of small variations in the dynamics and
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in the cost function. In Sec. 3, we briefly review the equations determining a Nash
equilibrium solution to a linear-quadratic differential game.

After these preliminaries, Sec. 4 analyzes the stability of the best reply maps
for linear-quadratic games, within the class of feedback controls which are affine
functions of the state. Finally, in Sec. 5, we provide an example showing that, even
for a simple linear-quadratic game, the Nash equilibrium feedbacks are not stable
with respect to nonlinear perturbations.

For a general introduction to differential games we refer to [1, 5]. Linear-
quadratic games have an extensive literature; see for example [6, 11] and references
therein. For nonlinear problems, the papers [7, 8] analyze the relations between
solutions to differential games and optimal feedback controls. Examples of feed-
back solutions to nonlinear differential games in infinite time horizon were studied
n [4, 9]. For a special class of “nearly decoupled” games, an iterative procedure
yielding a Nash solution can be found in [10].

2. Review of the Linear-Quadratic Optimal Control Problem

Consider a system on R™, with dynamics
t=Ar+ Bu+c (2.1)

and a cost functional

J:J(x,u)i/ e [ TPx+xTQu+|2‘ +alz + blu|dt. (2.2)
0

Here, z € R™, u € R™ are column vectors, while the superscript ¥ denotes transpo-
sition. Moreover,
APeR"™" B,QeR"™™, aceR" beR™

Without loss of generality, we can assume P = PT. We also remark that, if R €
R™>™ ig a symmetric, strictly positive definite matrix, then the more general cost
functional

J = / [ ' Pz + 2T Qu + uTRu—i-aac—i—bJr dt

can be reduced to (2.2). Indeed, it suffices to use a new set of control variables
v = Au, with ATA = R. This yields
[v> = ufATAu = ' Ru.

Let V' be the value function for the optimization problem (2.1)—(2.2). More precisely,
let t — x(t,u, ) be the solution to (2.1) corresponding to the control function u(-)
and the initial data

x(0) = T. (2.3)
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We then define
V(z) = 11(11; J(x(u, ), u). (2.4)

Calling ¢ = VV(z) = (Vay, ..., Vi, ) the row vector describing the gradient of V/,
the optimal feedback control u* is provided by

2
u*(z,§) :argmin{éT Bw + 2" Qw + % —|—bTw}. (2.5)

Differentiating with respect to w, we obtain
§B+2'Q+uT+bl =0, wi(x,&)=—-(BI¢+Qlz+b). (2:6)

It is well known that, if the value function V is a continuously differentiable function,
then it provides a solution to the Hamilton—Jacobi equation

YWV =VV.i"+ L(z,u"), (2.7)

where
" = Az + Bu* +c, (2.8)
L(z,u") = %Z‘TPJZ—FJZTQU* + %P +alz +blu*. (2.9)

After some calculations, this yields
AV =VV - [Az — B(BF(VV)T + QTz +b) + ]

+ %xTPx +afz — (@TQ + b (BT (YY) + QT +b)

1
+§((VV)B+xTQ+bT)(BT(VV)T +Q'z +b). (2.10)
This can be written as
1 ~ ~ 1.~
W=5VV-A (VV)I +VV-Bx +VV -&+ §xfpx+fﬂx+f, (2.11)

where

A= —-BB', B=A-BQ', &¢=c— Bb,

_ 1 (2.12)

P=P-QQf, g=a—Qb, f:—ibfb.
Now assume

1
Viz) = §JZTMJZ—|—IITJZ—|—6 (2.13)

for some symmetric matrix M, some vector n and a scalar e. This implies

VV(z)=ax'M +n'. (2.14)
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Inserting (2.13)—(2.14) in (2.11), one obtains

1 ~ ~
%xTMx + iz 4 ye = §($TM +nA(Mz +n) + (z'M +n")Bz

1 .~
+ ("M +n')e + §xTPx+61Tx+F. (2.15)

Equating homogeneous terms of the same degree, and observing that afM Bz =
2t BT Mz because M is symmetric, we finally obtain

~M = MAM + MB + BTM + P,

ynt = n'AM +n'B+¢'M + g, (2.16)
|n|2 2 =
ve = N +n'c+r.

The first equation in (2.16) is a quadratic equation for the n X n symmetric matrix
M, whose solution depends on the matrices A, B, P, Q. Existence and uniqueness
of solutions is not guaranteed, in general. As soon as the matrix M is determined,
the last two equations in (2.16) yield the values of the vector n and of the scalar e.
These last two equations are linear with respect to n,e.

Next, assume that a solution of Egs. (2.16) has been found. According to (2.6)
the optimal feedback control is

u*(z) = —[BI(VV) + QTz +b] = —[Bf (Mz +n) + QTz +b].  (2.17)
The system dynamics is thus described by
i = Az — B[B"(Mz +n) + Q'z + b] +c. (2.18)

Our basic assumption will be that this dynamics is asymptotically stable. Equivalent
conditions for this to happen are:

(i) The linear homogeneous system
it=Yz, Y=A-BB'M-BQ' (2.19)

is asymptotically stable.
(ii) All the eigenvalues of the matrix Y in (2.19) have strictly negative real part.
(iii) There exist constants C,w > 0 such that norm of the exponential matrix
satisfies

e < Ce™™  forall t > 0. (2.20)
We write (2.17) in the form
u (x) =Ux +v, (2.21)
where the m x n-matrix U and the m-vector v are given by

U=-B'"M+Qf, v=-Bintb. (2.22)
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Clearly, this optimal feedback u* depends on the coefficients A, B, c of the system
(2.1) and on the coefficients P, @, a, b of the cost functional (2.2). Keeping B, Q,b
constant, we wish to understand how U,v depend on the remaining parameters
A, P,c,a. In other words, we study the differential of the map

(A,c,Pa) > (U,v). (2.23)

Assume that we replace (A,c, P,a) by (A+¢cA’,c+ec/,P+ecP’ a+cea’). Then,
the optimal feedback will have the form
ui(z) = (U +eU)x + (v +ev') +o(e). (2.24)

€

We seek an expression for (U’,v') as a linear function of A’, P/, ¢’,a’, depending on
A, P,c,a. Inserting

M. =M +eM' +o(e)
inside the first equation in (2.16) and recalling (2.12), one obtains
YM. = —M.BB'M, + M.(A+¢cA' — BQ") 4+ (A+ A" — BQ" M.
+(P+eP' —QQ").
Collecting terms of order € we find
yM' = —MBB'M' — M'BB'M + M'(A — BQY)
+(A-BQNHYM' + MA'+ A'M + P/,
M’ + [M'(BBTM — A+ BQ")] + [M'(BB'M — A + BQ")]
=(MA)+(MA) + P
We thus seek an n x n symmetric matrix M’ such that
M — MY — (M'Y) =8, (2.25)
where
Y =A—-BB'M - BQ', S=MA)+ MmA) + P (2.26)

Notice that S is symmetric, but Y may not be symmetric. Of course, the left-hand
side of (2.25) is always symmetric. The solution to (2.25) is provided by the formula

M’:/ e eY)TSetY dt. (2.27)
0

Notice that the integral is absolutely convergent, because of (2.20). Observing that
M’ is symmetric, the above formula can be verified by writing

AM' —M'Y — (M'Y)t = —/ %(e"’t(ety)TSety) dt = S. (2.28)
0
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According to (2.22), the first order variations of the matrix U and of the vector v
are computed by

U =-B'M', v =-Bin (2.29)

The symmetric matrix M’ has already been computed at (2.27). Notice that M’
depends only on the first order variations A’, P’ and not on ¢’,a’.

For future use, we seek an expression for n’ in the special case where A’ = 0,
P’ = 0. By (2.12), the second equation in (2.16) yields

n=(y[ +MBB' — A"+ QB")"'(M(c — Bb) +a — Qb).
Hence,
n' = (yI + MBB' — AT + QBY) "} (Mc' +a). (2.30)
Notice that the matrix
YT+ MBB' — A"+ QB =41 - YT
is certainly invertible. Indeed, the stability assumption (2.20) implies all of its eigen-

values have real part > ~.

3. A Linear-Quadratic Differential Game

We now consider a differential game for two players, with controls u; € R,
ug € R™2. In place of (2.1), the dynamics is now described by

T = Az + Biuj + Boug +f£. (3.1)

Assume that the cost functionals for the two players have the form

o 1 |2
J; :/ et §xTP¢x+alTac+ |U1| + Z (JSTQijUj _|_b1fjuj) dt, i=1,2.
0

2 ;
Jj=1,2
(3.2)

Assume that the value functions Vi, V5 are second order polynomials in the space
variables x1, ..., xy:

1
Vi(x) = §J;TMiac—|—anac—|—ei, i=1,2, (3.3)
so that

VVi(z) = (M;z 4 n;)T. (3.4)
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Then, the optimal feedback controls u}, u5 for the two players are determined by

2
ul(z) = argmin{VVi - Biw + % + 27 Qiw + b;riw}

(2

The strategies (3.5) yield a Nash equilibrium solution in feedback form provided
that the value functions Vi, V; satisfy the system of P.D.E’s

Vi =VV; &+ Li(z,uj,ud), i=12, (3.6)
where
& = Ax + Biu] + Bauj +f, (3.7)
Li(z,uy,us) = lePix +alz+ M + Z (z'Qi; + bl )u;. (3.8)
2 ‘ 2 P *

Inserting in (3.6) the expressions (3.3) for V1, Vo, and using (3.4), (3.7), (3.8), one
obtains

%xTMlac + an{x + vep

= (2" My +nl) - [Az — By(Bf (Myz + 1) + Q2 + by))
1
— BQ(B; (MQZ‘ + 112) + ngx + b22)] + §$TP11’ + 311-1’

- Z (2'Quj + bL‘)(BJT’(Mﬂ +ny) + Q}jx +bjj)

j=1,2
1
+ 5(($TM1 +n})By +2'Qu + b)) (Bl (Miz +n1) + Q}x + b11),  (3.9)

and an entirely similar equation holds for V5.

We regard (3.9) as an identity between two polynomials of degree 2 in the
variables x1, ..., x,. Equating the coefficients of the quadratic terms, one obtains a
system of algebraic equations for the coefficients of the symmetric matrices My, M.
A direct computation yields

1
—§MlBlBIM1 — MyByBiMy + MyC — MyBeQl, + Cy = 0,

) (3.10)
—§MQBQB§M2 — MyByBI M, + MyC — My B,Q}, + Cy = 0,

where

C=A- %I — B1Ql; — B2Ql,,

11
1 1o ot i 1 1o ot i 4y
C = §P1 — 5@116211 —Q12Q9,, (o= §P2 — 5@22@22 — Q21Q1;-
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Throughout the following, we assume that there exists a pair of n x n symmetric
matrices M7, My providing a solution to the above system. Moreover, we assume
that the resulting dynamics is asymptotically stable, so that all the eigenvalues of
the matrix

Y = A— (BB M + ByBiMs + B1Ql, + BoQl,) (3.12)

have strictly negative real parts.
Next, equating the coefficients of the linear terms in (3.9), we obtain a system
of linear equations for the vectors ni, ns:

(YT — ’)/I) —Rl n; o Tl
( —Ry (YT —7—7)> <n2> - <T2> (3.13)

Ry = MszB§ + leBg, Ry = ]\413131r + Q213L

where

T1 = —a; + Z (Mlijjj + Qljbjj + ijblj) + M2B2b12 — Q11b11~

j=1,2

Ty = —ay+ »  (M2Bjbj; + Qa;bjj + Q;b2;) + MiBibay — Qaobas.
j=1,2
Finally, equating the constant terms on the two sides of (3.9), one obtains an expres-
sion for eq, es:

1 2
Y€ = — Z HIBJ'(B}II]' + bjj) — Z szbjj + §}HIB1 =+ bJ{1| . (314)

j=12 j=1,2

4. Affine Perturbations
Now consider the differential game (3.1)—(3.2). Let the feedback controls

ul(x) =Ux + vy, i=1,2, (4.1)

3

provide a Nash equilibrium solution. Let V7, V5 be the value functions for the two
players, so that all the identities (3.3)—(3.14) hold.

We wish to understand whether this solution is stable with respect to iterations
of the best reply map. In this section we study the case of affine perturbations,
while the next section is concerned with general nonlinear perturbations. As we
shall see, the answer is quite different in the two cases.

To state the question more precisely, consider two perturbed feedback controls

WO(2) = 0% v, =12 (4.2)

4 i
By induction on N, define a sequence of feedback controls

W@ =P =12 (3
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where ug ) is the optimal feedback for Player 1, in reply to the feedback u(k b

() is the optimal feedback for Player 2,

in reply to u ~D We seek conditions which guarantee that, if the pair (u§0)7 ugo))

is sufﬁmently close to (uf,u3), then one has the convergence

(ugk),ué)) — (uj,u3) as k— oo. (4.4)

1mp1emented by Player 2, and similarly wu,

For this purpose, we consider the two maps
U s U e, v Uy, (4.5)

and compute the differential of the composite mapping ®2 o ®; at the equilibrium
point (Uy, Us). Consider a small perturbation of the feedback for the first player:

ure(x) = (U; +eU))z + (vi +ev)).
Then, the optimal feedback for the second player will also be changed, say
uge(x) = (Uz + eUs)x + va + evh + o(e).

The perturbation U} is computed as in (2.29), (2.27). Indeed, from the point of view
of the second player, perturbing U; and v; amounts to replacing the dynamics

&= (A+ B1Ui)x + Baus + (B1vi + f) (4.6)
with
= (A+ B1(Uy + €Uq))x + Boug + (Bi(vi +evh) + ). (4.7)

Moreover, the cost functional

J2 = / eiﬁ/t |:§1’TP2$ + agx + % + (xTQQQ + b£2)u2
0

+ (27Qa1 + b)) (Ui + vl)} dt (4.8)
is replaced by

ual® s i
- + (27Q22 + biy)us

> 1
Joe = / et |:§.’ETP2.’E + a;x +
0 (4.9)
+ (27Q21 + b;l)(le +eUjz+vi+ EVll):| dt.

By the analysis in Sec. 2, the differential of the map ®5 in (4.5) is the linear map
Ui +— U} defined by

Uy = —BIM}, (4.10)

M) = / e (V) Spel dt, (4.11)
0
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Sy = (MaAb) + (M AY)T + Py = (MyB1UY) + (Ma B, UY)'

+(QU7) + (Qu U™ (4.12)

The differential of the map ®; is computed by the same formulas, (4.10)-(4.12),
permuting the indices 1, 2.

We now consider the composition of two iterations, say [7{ =D®,(US) = DPqo
D®,(U7). Observe that

Ul =BIM,, Uj=BiM, U, =BIM],

where the matrices By, B2 do not change from one iteration to the next. We have
the estimate

=] [T ey S df
0

:/ia%ﬂﬂwﬁwgum&@ﬁﬂﬁwaﬂﬁwWWWﬂ
0

<| [T emenyer dtH 2(|MuBa | + | Quall) | Ba 4]
00 2
<|[ [Tty | agmns + 1@ubunnE
0
1@l Ball B (4.13)
Calling

)

Ii‘

o0
/ e—'yt(etY)TetY dt
0

we can now state

Theorem 1. Let V;, i = 1,2 be the value functions corresponding to a Nash equi-
librium feedback solution. Assume that

4(|| My B || + (| Q2 ) (IM2Bi || + (| Q21 || Ball|| Ba| - 1* < 1. (4.14)

—1112
[y = Y) 7 I1M1 + Quz [ M2+ Q| - | Ball| Baf| < 1. (4.15)

Then, the Nash equilibrium is asymptotically stable with respect to iterations of the
best reply map, within the class of piecewise affine feedback controls.

Proof. Consider the composite mapping
(U, v1) = (Uz,v2) = Ui, ¥1), (4.16)

where uz(z) = Usx + v is the best reply for Player 2 to the feedback ui(z) =
Uiz + vy used by Player 1, while @1 (x) = Uyz + V1 is the best reply for Player 1 to
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the feedback us(z) = Usx + va. Consider the corresponding value functions

1 1
Vi(z) = §xTM1x+nJ{x+el, Va(z) = §xTM2x+n;x+eg,
X (4.17)
Vi(z) = §JZTM1$ +nlz+é.
By (3.5)
U, = —BJMZ‘ + QL, v, = —Bjni + by;.

Therefore, to prove convergence of the iterates of the best reply map, it suffices to
prove the convergence of the iterates of the composite map

(My,ny) = (M,mz) = (M, ). (4.18)
Consider the differential of this mapping, computed at the Nash equilibrium:

A (aﬁl JOM, M /8n1>

= (4.19)
(9I~11/8M1 8f11/8n1

To prove the theorem, it suffices to show that the powers of this matrix converge
to zero:

AN -0 as N — cc. (4.20)
Since OM: 1/0n; = 0, the convergence in (4.20) will follow from the two inequalities

|OM;/OM;|| < 1, ||00/0n| < 1. (4.21)

By (4.13), the first inequality follows from the assumption (4.14).
Next, applying (2.30) with

¢ =vi=-Bln|, a' =Quv|=-QxBn],
we obtain
ny = —(71 = Y) " (MaB] + Qa1 B])nf.
Similarly,
) = —(vI - Y)Y (M B} + Q:12B})nj.
Hence,

~ 1112
1051 /0ny || < [[(vI = Y)7H|" M2 + Qo [l| My + Qua| - | By ||| Bell,

and the second inequality in (4.21) follows from the assumption (4.15). m|
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Example 1. The previous result applies, in particular, to a differential game with
one weak player, considered in [2, 3]. Let the cost functionals be as in (3.2), but
assume that the dynamics has the form

T = Ax + Biuy + 0Baus + f. (4.22)

When 6 = 0, the Nash equilibrium solution is attained after one iteration. Indeed,
in this case the second player cannot affect the evolution of the system. His best
strategy is thus the myopic one:

2
o) = argmin{ 5 41 Qune + bl } = Qe + b,

regardless of the feedback w;(-) implemented by the first player.
On the other hand, for § > 0, replacing the term || Bz|| by ||#Bz]| it is clear that

the assumptions (4.14)—(4.15) are satisfied, as long as 6 remains small enough.

5. Nonlinear Perturbations

The convergence result proved in the previous section strongly relied on the linear-
quadratic structure of the game, and on the fact that all perturbed feedback controls
remained within the class of affine functions of the state x.

In this section we show that, even for a linear-quadratic game, the iterates of
the best reply map may fail to converge, as soon as we consider feedback controls
which are not affine functions of the state.

Example 2. Consider the game with linear dynamics
T = f(x,ur,u2) = —x + ug + ug (5.1)

and quadratic payoff functionals

00 u2

J1 i/ et {aac - —1] dt, (5.2)
0 2
00 u2

Jo i/ et [bx — —2] dt. (5.3)
0 2

We assume here 0 < a < b. Call Vi (), Va(x) the value functions for the two players.
Their derivatives will be written as

fivl/:‘/l,w7 77:‘/2/:‘/2,9@
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The optimal controls are then computed as

2
i (6 = argmaX<£ - %) ¢ (5.4)
w2
us(x,n) = argmax(n cw— 7) =n. (5.5)
The value functions Vi, V5 can be found by solving the system of Hamilton—Jacobi
equations
‘/1 = H(.’E, ‘/1/7 ‘/2/)7
(5.6)
‘/2 = K(IE, V1/7 ‘/2/)7
where
* * U* 1’,5 ?
H(w, &) = € (= ') + o (o) + (o = L)
(5.7)
52
v*(z,n))?
K(x7§777) =1n- (—{E + U*({E,g) + v*(xvn)) + (bx - %)
) (5.8)
n
Notice that
He=K,=—-x++n=f(z,&n). (5.9)
Differentiating (5.6), we obtain the system
=H, +H + Hyy,
& 33 0 (5.10)
n=K,+ K + Ky

In matrix notation, this can be written as

()G -G) e
n E+n—z) \n 2n—>

The system (5.11) admits the constant solution

b

p— a —
5257 n=g (5.12)

This correspond to a Nash equilibrium solution of the differential game consisting
of two constant feedback controls:

wl(z) = g w(z) = g (5.13)
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Next, we study whether there exist other solutions, possibly described by nonlinear
feedbacks uq(z), uz(z). Following [2, 3], we write (5.11) as a Pfaffian system

{w1 = (a—28)de+ (E+n—2x)dé+Edn =0,
(5.14)

wy = (b—2n)dz+ndé+ (E+n—x)dy=0.

The graph of a solution to (5.11) can then be obtained by suitably concatenating
trajectories of the vector field

(E+n—x)?—¢&n
v=wAwr=|(E+n—x)28—a)—E2n-0) | . (5.15)
(€+n—2)(2n—0b) —n(2 —a)

Notice that the first component of v vanishes along the conical surface
U= {(z,&n); E+n—2)*—&n=0} (5.16)

At a point P € T' we either have v(P) = 0 € R3, or else the vector v(P) is vertical.
The only way to connect trajectories of the vector field v forming the graph of
a smooth function xz +— W(z) = (y(z), z(x)) is to cross the surface I somewhere
along the two curves where v vanishes, namely

yE = {(x,é,n); z=(§+m) = Vén, (2§—a)=i\/%(2ﬂ—b)}' (5.17)

Observe that the map

. a b pt +p e 1 a+b++Vab
t— P(t) = (13(75)’?5)7 x(t):W: H:\/ﬁ’ PiZf
(5.18)

describes a heteroclinic orbit of the vector field v in (5.15), connecting the two
stationary points

Pt — a+b+\/%gé T a+b—\/%gé €~
- 2 7272 77 - 2 72’2 ,7/'

Setting X (t) = a+ b — 2x(t), the Jacobian matrix of the vector field v at the point
P(t) is

Alt)=1 o X(t) —a : (5.19)
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The eigenvalues \; and the corresponding eigenvectors w; of the matrix A(t) are:

M) =—=X(t), Xo(t)=X(t)+Vab, Xs3(t)=X(t)— Vab, (5.20)

1
wi=10 , Wg = 2 , W3 = 2 . (521)
0

_2\/§ 2 b
a a

In particular, at the point P~ the three eigenvalues are —vab < 0 < 2v/ab, while
at the point P the eigenvalues are —2v/ab < 0 < v/ab. Since the eigenvectors are
constant, the general solution to the linear equation

y=At)y

can be written as

y() = e exp{/ot Al(s)ds} w1+ cz exp{/ot AQ(s)dS} W)

e exp{ /0 t Ag(s)ds} ws, (5.22)

for some constants ci, ¢z, c3. By (5.18)-(5.20), we have

. lim [|y(¢)| = +oo if and only if ¢3 #0,

(5.23)
. li+m ly(t)] = +oo if and only if ¢ # 0.

Let us call ¥t the 2-dimensional manifold of points P = (z,¢,7) such that the
solution to

P=v(P), P(0)=P (5.24)

satisfies P(t) — vT as t — —oc. Similarly, call ¥~ the 2-dimensional manifold of
points P = (7, &, 7) such that the solution of (5.24) satisfies P(t) — v~ ast — +00.
By (5.23), these two manifolds intersect transversally along the segment P~ P%.
We conclude that there can be no other solutions to (5.11), in a neighborhood of
the constant solution (5.12).

We claim that this pair of feedback controls, providing a fixed point of the “best
reply” map is unstable with respect to nonlinear perturbations. More precisely:

Proposition 1. There exists § > 0 and a sequence of smooth perturbations ¢y, €
CX(R) such that the following holds.

e The C* norms of ¢, satisfy
@ llcx — 0. (5.25)
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e For any k > 1, starting with the values

a b
u (@) =5+ o(@), w@) =3, (5.26)

the iterates (u:(LN),uéN))
(ui,u3) in (5.13). Indeed,

of the best reply map do not converge to the solution

b
lim sup )ugN)(ac) - E) + ‘ugN)(x) - =
N—o0 2 2

a+b a+b+65}
<r< —— 7 >0.
2 2
(5.27)

Proof. To construct the nonlinear perturbations ¢, choose 0 < § < 1 and let
Ty = “T“’ + 36. Consider the standard C* function with compact support

{ ! } if |z] <1
expy —— if |z ,
by =4 L=

0 if |z| > 1.

Then, define

¢>k(x)£cm<x_x0), k> 1.

€k

Choosing sequences of numbers numbers 0 < ¢, < € converging to zero sufficiently
fast, the condition (5.25) can be easily satisfied.
We now examine the sequence of iterations of the best reply map, starting from
the initial feedbacks
b

§oy(x) = % +Yr(x), noy(z) = 3 (5.28)

Assume &), 7(n) have been determined. By (5.11), the next iteration yields a pair
of functions § n1)(z) and n(n41)(z), respectively providing solutions to

1
6/:—'26_04—77/ x§7
§+77(N)(J;)_x ( (N)( )€)
1 (5.29)
/ = —_— . 2,’7 _ b _ é-/ T )
7 N+ () —x ( (N)( )n)
Iterating once more, we find that {(x ) provides a solution to
1 1
f/ = . <2§ —a-— [ (2
&+ TI(N+1)($) - NNt1) + f(N)(x) . ( N(N+1)
—b =& @) ”)} 5) : (5.30)

At this stage, one should observe that the system of ODEs (5.11), as well as the two
ODEs in (5.29), are not supplemented by initial data. It is the singularity in the
coeflicients that determines one particular, globally defined solution. For the system
(5.11), the 2 x 2 matrix of coefficients fails to be invertible on the conical surface I'
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at (5.16). A globally smooth solution is found by concatenating trajectories of the
vector field v in (5.15). As we have seen, these trajectories must cross I' at points
where v vanishes. Since the manifolds ¥, ¥~ intersect transversally, the segment
PT P~ is the only heteroclinic orbit, and the unique Nash equilibrium solution
is (5.13).

On the other hand, the right-hand sides of (5.29) are both singular at points
where £ +7n—x = 0. At each iteration, the only solution which is regular across the
surface where £ + 7 — 2 = 0 is the one for which

b
() = %, vy (x) = 5 forall z <xg—e, N >0. (5.31)
The functions & 1), (1) can thus be constructed by solving (5.29) on the half
line [xg — €k, +o00[, with boundary data

§(vo —ek) =0, n(zo —ex) =0. (5.32)

Observe that the Cauchy problem for the system

&\ 1 §+n—z =S 26 —a
' (4 n-2)2—¢&n —n E+n—x 2n—b

with initial data (5.32) is well posed in a neighborhood of zg, and its solution
provides a fixed point of the iteration scheme (5.29). However, this iteration scheme,
motivated by the best-reply map, is highly unstable for z close to ‘IT“’. Indeed,
contrary to the usual Picard integral map, the right-hand sides of (5.29) depend
also on the derivatives {{ ), 7). Since { ~ a/2, n =~ b/2, x ~ (a+b)/2+ 36, from
(5.30) it follows

2

1 ab
Evin (@)~ | —5— | Téw (@)
5 + 5 — T

We thus expect that fEN)(.’E) — +o0 for g — e, < & < 9. A more careful argument
is as follows. Assume

b b
g <y () < g + 4, 5~ § <niveny(z) < 3 +94, forallz € [xy—-ek, 7,
(5.33)
for some g € [xg — €k, o). Then, (5.30) yields
1 ab 1
E(nio)(T) > Gop 4 vy (@) — 5—2(277(N+1)($) —b). (5.34)
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Moreover, the second equation in (5.29) yields

1 1/0b
iy (@) = m[ﬁ(m () n—2n+0b] < 5 (5 + 25) & (@)-
(5.35)
Hence, integrating and inserting in (5.34), we obtain
1 ab 1 /b v
E(nt2) (@) = WZ&EN) () — 5 (5 +4> / vy () dy. (5.36)
To—Ek

It is not restrictive to assume that €, > 0 is so small that (% +4)e, < %’. If this
holds, for all « € [zg — &, 7], one has

ENt2)(T) — % = / §(nr2)(y) dy

0—€k

1 oab [T
> ST / &l (v) dy

0—€k

_ 51_2 (9 +4) [z — (w0 — ex)] /: &y () dy

0—€k

(9]

1 ab [7 , 1 ab .
"B /msk SmWdy =57 5 <§(N)(x) - 5) .
(5.37)

Since 0 < § < 1, the above estimate shows that, for every z¢p — e < = < 7,
the sequence & ny(z) — a/2 keeps increasing, as long as the bounds (5.33) hold.
By continuity, for any given N* > 1 we can now find y(N*) > xo — €, such that
the estimates (5.33) hold for all N < N* and x € [xg — €k, y(N¥)]. By (5.37), the
sequence &y (x) keeps increasing. Hence there exists N > N* such that one of
the bounds in (5.33) fails at some x € [zg — £k, y(N*)]. This establishes the limit
(5.27). m|
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