Regularity of Fractional Integrals on Product Spaces

by Zipeng Wang

Abstract

Stein-Weiss inequality of fractional integrals is extended into product spaces.

1 Introduction

In 1928, Hardy and Littlewood have established an regularity theorem of fractional integrals
in one dimensional Euclidean space [1]. Ten years after that, Sobolev extended this result
into higher dimensions [2]. It is well known today as Hardy-Littlewood-Sobolev inequality.
The investigation of this inequality in weighted norms begun by Hardy and Littlewood
themselves, in one dimensional space where the weights are suitable power functions [1].
This weighted inequality was later extended into higher dimensions by Stein and Weiss [3]
and now bears the name of Stein-Weiss inequality.

In the present paper, we give an extension of this classical result [3] by studying so-called
strong fractional integral operators, satisfying certain characteristics on the product space

RN = RN xRN x ... x RN", 1. 1)

Let
0 < a; <N, i=1,2,...,n and o= 01 +0p -+t 0. (1. 2)

The strong fractional integral operator I, is defined by

n 1 Ni—a;
(1f)@) = fR fw) H (lxi = yil) dy (1.3)

whose kernel has singularity appeared on each of the coordinate subspaces. It is clear that

(i)Ni_ai . (1. 4)

|

1 N-«a n
— <
(le) ~ 1:1[

The weighted norm regularity theory of such product operators, commuting with a multi
parameters family of dilations, has seen little in progress since the 1980’s after a number of
pioneering works accomplished by R. Fefferman and Stein. See [10]-[12] and many references
cited there . The area remains largely open for fractional integrals. We hereby consider

{fIRN (wlaf)q(x)dx}% < { fR ) (fa)p(x)dx}% @5

2 . .
for f >0and 1 < p < g < 0o, where w7 and o' are nonnegative, locally integrable functions.
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Let Q; to be a cube in RN for every i = 1,2,...,n and

Q=01 xQ X -+ X Qu (1. 6)
Letr>1land1 <p<g<oco. Wesay w,0 € Ay, if
p-1

P

ﬁ|Qi|§—i‘(%‘%){|1@ fQ w‘”(x)dx}% {fa fQ (%)’H (x)dx} D e (1.7)

i=1
for every Q C RN. For r = 1, we write qu for qul.
Observe that (1. 7) is a parameter-variant of Muckenhoupt characteristic [8]-[9] , testing over
all rectangles Q ¢ RN. The assertion of r > 1 is analogue to Fefferman-Phone’s condition,
initially introduced for p = q. See C. Fefferman [6]. On the other hand, we shall find that
w,0 € Ay, is an necessity for the norm inequality to hold in (1. 5). Conversely, the A},
characterization is not sufficient in general, unless appropriate side conditions are assumed

P
on w7 and 0™7. In such product setting, it is natural to require the side conditions satisfied on

every coordinate subspace, uniformly in other variables. In particular, if w9 and o1 satisfy
product As-property, then Af, is equivalent to A7, for r sufficiently close to 1. Nevertheless,
given the weights to be power functions, they are not necessarily locally integrable on the
coordinate subspaces. This distinguishes our regularity estimates on the product space,
whereas Stein-Weiss inequality stands as the first nontrivial and sharp result.

2 Statement of Main Result

Theorem A: Lety,0 € R. For1l <p < g < oo, we have

fRN f(y) (|17|)y lli[(pci i yi|)Ni_ai (ﬁa)é dy

L7(RN)

if and only if

f[@ﬁ—i‘(%-%){'la fQ (%)”qu}%{lla fQ (;_l)é(”‘l)dx}T < oo

i=1

for every Q c RN,

Remark 2.1 In the case of n = 2, the theorem above is proved by Sawyer and Wang in [7]. However,
the delicate method used there relies on the solvability of a linear system, and cannot be generalized
when the number of parameters n exceeds 2.

In order to prove the theorem, we develop a new framework where the product space is
decomposed into an union of Dyadic cones. The consisting partial sum operator defined
on each cone is essentially an one-parameter fractional integral operator. Under certain
conditions, its norm decays exponentially as the eccentricity of the cone getting large.



Sketch of Proof: In Section 3, we introduce our invented framework and show that every
partial sum operator defined on a Dyadic cone satisfies the desired regularity. In Section 4,
we give certain characteristic estimates for w,0 € Aj,. By letting w(x) = |x|™” and o(x) = [x]°,
we find necessary constraints on the indices p, 4,7, 0 and a. In particular, we have y + & > 0.
In Section 5, we prove Theorem A in the case of y > 0,0 < 0 and y < 0,0 > 0, within the
philosophy of iterations, by replacing the weights with appropriate product functions, after
a decomposition of the operator wI,o~!. This appears to be the original idea of the method
applied in [7]. In section 6, we show that for y > 0,8 > 0, it is suffice to prove the theorem for
strict subbalanced indices: a;/N; > 1/p—1/gq, i=1,2,...,n.In Section 7, we prove a decaying
estimate on the variant of Muckenhoupt characteristic in (1. 7), as Q varying its eccentricity,
for some r > 1 sufficiently close to 1 and y > 0,6 > 0 except on some permissible endpoints.
The proof can be then completed by interpolations.

3 Cone Decomposition and Eccentricity Summability

Lett;,i=1,2,...,n to be nonnegative integers. The partial sum operator A¢, is defined by

n N;—q;
1 1 1
AL f) (%) = d 3.1
(M) = | f H (lxi - w) y (3. 1)
where
Te(x) = {y eRN . gt < i Uil 2—ff+1}. 3. 2)
Ix — yl

Observe that each I't(x) is a Dyadic cone centered on x € RN with given dilation t.

In particular, we write
Fo(x) = Te(x) 3. 3)

fort1:t2:---:tn:O.

Define the n-parameters dilation

tx = (2—f1x1,2—f2x2, . .,Z_t”xn). (3. 4)

1 1
Let Q' to be a dilated variant of Q, such that |Q{[% = 27%|Q,|N fori=1,2,...,n. We have

ﬁlQil%_(%_‘l’){équr(tx)dx}% {EL(%)% (tx)dx}W

p

] .“—?—(%—%){ﬁ thwa(x)dx}a {Ié_*l th (%)’ﬁ (x)dx}W
.n zti(“i_%Jr%)ﬁ@ﬂ%‘(%‘%){ﬁ th w‘”(x)dx}% {Ié_fl f((l—;)” (x)dx}w.

i=1 i=1
(3.5)

p-1

—
o



For given t, consider Q c RN such that

1
. N
Q¥ = max |QIY, QI _ 1,2,...,n (3. 6)

i€{1,2,....n} |Q1|NL’

Let1 <p <g < ooandr > 1. For each t fixed, we define

Ay, (tiw,0) = supHIQIN b {llaj(;coq’(x)dx}a {éj(;(%)ﬂ (x)dx} . (3.7)

where the supremum is taking over all Q c RN satisfying (3. 6).

Letw,0 € A, asin (1. 7). We indeed have

par
supqur( tw,0) < oo, (3. 8)
Suppose that
1 1 1
QCRYN, QM = Q% = - = Q% (3.9)
From (3. 5)-(3. 7), we have
1 pr E
[Tt L [(aread L [ (2 wal
i1 = | @ — | |=
i1 Q| 0 Q| Q\0
(3. 10)
i ti(a, ﬁ)
< Hz rAG, (tw,0)

for every given t.

We now recall the weighted inequality for one-parameter fractional integrals proved by
Sawyer and Wheeden [9]. Let r > 1. For each t fixed, Theorem 1 in [9] implies

(Ll ]

1
N s

il o= pl #)qur (t :Q),G) {f]RN (f(x))pgp(tX)dx}P

(3. 11)

N
Nﬁh

forl <p<g<oo.

By carrying out the proof of the applied theorem, given in section 2 of [9], we find that the
implied constant in (3. 11) depends only on p, g,7, & and N.



By using (3. 5)-(3. 11), we have

{ f (Ads f)q(x)wq(x)dx}a
RN

n 1 N;—a; q %

q

N fr«x)f(y)l:[(m—%l) dy} v (x)dx}
- 7~tiN; (—1 )Ni_ai dy qwq (tx)ﬁZ_thfdx [l]
‘ 27tix; — il 1
d —ti(ai+%) (
[12 IRIRLC

N-a q %
) dy} w (tx) dx} .12
=1 yl
ot [ o]
i=1

I I
—_—— —_——
T 5o
—_— —_—
—

2
~~
e~
N
—_——

A

A

= A;‘q,(t:wo)HZ e ¥yl NNN){f fo) (x)Hszfdx}
Aj (t:w,0) {LN (fg)” (x)dx}’_’.

Observe that for each t fixed, A, is essentially an one-parameter fractional integral operator,
and satisfies

“w (Ady) 0!

L/(RN)—LI(RN) ™ qur( ‘W, 0). (3. 13)

By applying Minkowski inequality, the norm inequality holds in (1. 5) for 1 < p < g < oo,
provided that r > 1 and

ZA";‘W (t:w,0) < oo. (3. 14)
t

4 Characteristic Estimates

Let Q c RN and Xq to be its characteristic function. Consider

f) = xo)o(x)™ € I (RN) 4. 1)
provided that o7 is locally integrable.
It follows that

fRN (fo ) w) ﬁ(lxl : yl|)Ni_aid HIQJN {fQ(%)p 1 (y)dy}m( ). 4. 2)

i=1




Let w1 to be locally integrable. The norm inequality in (1. 5) together with (4. 2) imply
p-1
) p-l

st o] { [ ol

=1
(4. 3)

p1
v

= ﬁ|Qi|%_(%_%){llaqu(x)dx}% {é‘fg(%)% (x)dx} < oo,

i=1

Hence that w,0 € Aj, is necessary. Holder inequality implies Aj,, C Aj, for r > 1in (1. 7).

Consider 1 to be any nonnegative, measurable function satisfying the product A«-property.
Write (xi, x:r) € RNi x RN"Ni for i = 1,2,...,n. By applying the reverse Holder inequality
introduced in chapter V of the book by Stein [5], on each of the coordinate subspaces, we have

. ’ % = @ % L r %
{@fgn(x)dx} i (|Q|) {f®?_2Qi{|Q1IL1ﬂ (Wi)dxl}dx{}

Qi)' 1 Nk
) (ﬁ) {‘ﬁé?—zQi{@ an(Xl,x-lr)dm} dx{}

1

il 1 AL s
(|Q|) |Q1| Ql{ ®?=2Qiﬂ (X1,X1)dx1} dx1

by Minkowski integral inequality

A

A

é L n(x)dx
4. 4)

for some r > 1 and every Q ¢ RN. Therefore, if 07 and o1 satisfy the product Ac-property,
A, is equivalent to A7, for r sufficiently close to 1.

By taking into account that w(x) = |x|™, a(x) = |x|° for y, § € R, their integrabilities require
-1
y <N s N(”—). 4. 5)
q p

Notice that the power functions are not necessary to satisty the product A-property. Indeed,
the Aw-property satisfied on each coordinate subspace which is uniformly in the variable
belonging to the complement subspace respectively require y < min{N;,i =1,2,...,n}/q and

5 <min{N;,i=1,2,...,1} (%)

Let w(x) = x|, 0(x) = |x° € qu where the inequality holds in (4. 3) for every Q ¢ RN.
1

Suppose that Q; shrink to a single point in RN and |Qj|Nf =1 for all j # i. By applying

Lebesgue Differentiation Theorem, it is necessary to have

L T 4. 6)
Ni ~p ¢q



On the other hand, by carrying out an one-parameter dilation estimate in (4. 9), we have

1 1 y+d  «
I;—E‘FT—E. (47)
This together with (4. 6) imply
y+0 > 0. 4. 8)

1 1
Let Q" to be a dilated variant of Q such that IQ;‘IE = AQ;|Ni foreveryi=1,2,...,n.

HlQIN (3 ){éfQ(l%l)wdx} {llafg(l%l) dx}
L 4 (1.1 y g 5(351) 4
UlQilNi (P q){IQl_AI . (%) qu} {|Ql_7‘| o (%) dx} (x — x/A)

p-1

N(1-1 11 ] (i) ) 7
ol s (s (g

i=1
(4.9)

Consider |Q1|NL1 = IQQINLZ =...= IQnINLn = 1. The first line of (4. 9) is bounded from below.
Suppose (4. 7) fails, either by letting A — 0 or A — oo, the last line of (4. 9) vanishes
provided that the inequality holds in (4. 3) for every Q c RN. Therefore the characteristic in
(4. 9) is invariant under one-parameter changing of dilations. In the remaining of this section,
we consider Q to be centered on the origin.

p

Let S tobe any proper subsetof {1,2,..., n}. Define the truncated cube Q¢ = Q;\{|xil < ¢} C RN
for some ¢ > 0 and every i € S. We write Q° = ®ies Q; x ®iesf Q;. Let0 < A < 1. We set

€ €
|Qi|Ni =1 foreveryieSand|Q;|Ni = A for everyi € S°. Suppose that there exists at least one

i € S such that a; — N; (% - —) > 0. We have

i [Tt 0 [ 8" i [ (0
e ) f )
(hm(mz,esca, N1 {f f SQ{( 1€s|xl) JE }

= =

(4. 10)

i€S

1 (+4)
i
f f®ies Q; (ZiES || ) H X

=0 for every ¢ > 0.



€L 1
Case One: Considery > 0,0 < 0. Let |Q;|Ni =1 for somei € {1,2,...,n}and |Qj|N/' = Afor all

other j # i. Suppose j — N; (% - %) = 0 for every j # i. We have

(ot ) (o )

p

7 (741) 3 .
. {Li (ﬁ)yqui} {fg(ﬁ)b dxi} (4. 11)
< {]):<Ixilsl (7\ +1 |Xz'|)w dxl}a '

A direct computation shows

1 )Vq 1+A . N;

dx; =~ ln(—) if = — 4. 12
£\<|x1|§1 (7\ + [xi] l 2A v q *12)

and N N

1 )W 1 77N 1 yaNe N;
— ) dx =~ (—) _ (—) iy > 4.13
j):<|x,~|§1 ()\ Iy e UV A+l vy (4 13)
From (4. 11)-(4. 13), by letting A — 0, we need

y < % (4. 14)

to satisfy the inequality in (4. 3).

On the other hand, suppose that there exists at least one j # i such that aj — N; (% - —) > 0.

We have
st {5 (57" e (')

o w-N(1-1 / g =) 2
(W= N q){Li(AJ}'le) quz} {Li (|;_z|) dxl} 15
e[ () dxi}%

()7L N(])

4%

4%

4%

Recall the estimate in (4. 10) and take S = {i}. We have (4. 15) converging to zero as A — 0.
The last line of (4. 15) together with (4. 14) imply

N; 1 1
y < _Z+Zaj—Nj(———), i=12,..,n (4. 16)



The formula in (4. 7) implies that (4. 16) is equivalent to
ai—% < 9, i=1,2,...,n. 4. 17)

1
Case Two: Considery <0,8 > 0. Let |Qi|NLi =1forsomeiec{l,2,...,n}and |Q]-|Ni = Aforall

other j # i. Suppose aj — N; (%

[l 9 ) f o
AL (e
AL )

A direct computation shows

- %) = 0 for every j # i. We have

.

1 )5(p-1) 1+A\ | (p—l)
dx; ~ ln( ) if 0=N;[— 4. 19
j):<|xi|sl ()\ + |xil 2A p ( )

p

() ()N )~ .
[ R M A L

From (4. 18)-(4. 20), by letting A — 0, we need

and

p-1
5 < Ni[— (4. 21)
p
to satisfy the inequality in (4. 3).

On the other hand, suppose that there exists at least one j # i such that a; = N; (l - —) > 0.
We have

P
1

o 9 ) {5
H(A)aj—Nf(%-%) {fQi (%)quxi}%{f()i()\jlxil)b(p])dxz}T

j#i

j#i

Vv

(4. 22)

3%

( )\)(%)Nf‘mzm 4-Ni(3-1)

1%



Recall the estimate in (4. 10) and take S = {i}. We have (4. 22) converging to zero as A — 0.
The last line of (4. 22) together with (4. 21) imply

-1

5 < Ni(p—)+zaj—Nj(1—1), i=1,2,...,n (4. 23)
p e P q

The formula in (4. 7) implies that (4. 23) is equivalent to

-1 :
o; — N; T <y, i=1,2,...,n. 4. 24)

Case Three: Consider y > 0,0 > 0. Recall from (4. 9). The characteristic in (4. 3) for
w(x) = x|, 0(x) = |x[? is invariant under one-parameter dilations.

Define the subsets U and V by

U = {16{1,2, B al—% > 0},
(4. 25)
. g-1
V = <%i€ell,2,...,n}: a; — N; T > 0;.
Let IQZ-IN%‘ = A1 for everyi € Uand |Q1-|Niz‘ =1 for all other i ¢ U. We have
o o\ ) )7
[T G- {L f () dx}q 1 f (2]
1 QI Jg \Ix| QI Jg \Ix|
Y N; vq g
. (l) ey i~ ff (;) dei
A Riev Qi 1+ ZiEU il icU
p-1
- a() ”
% H()\)Nz ff ()\) p—1 dei
ieU ®erQi ieU
y N; i ;%1
L 0 1)
A Ry 0<kil<1 Gy ieU Riev Qi ieU
e
57
(4. 26)
By letting A — 0, we need
Zal—% < (4. 27)

to satisfy the inequality in (4. 3).
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In the case of U = {1,2,...,n}, since y satisfies the first strict inequality in (4. 5), the formula
in (4. 7) implies

0= ——-y+ al—&
q py p
(4. 28)
n
N; N;
> aj—— = o — —

Suppose that U is a proper subset of {1,2,...,n} and there exists at least one i € U such that
a; —Nj (% — %) > 0. Recall from (4. 9). By applying the estimate in (4. 10) with S = U, we have
(4. 26) converging to zero as A — 0. The last line of (4. 26) further implies

Zai—% < b (4. 29)

ieU

1 il
Let |Q;|N = A~ for everyi € Vand |Q;|N =1 for all other i ¢ V. We have

p-1

HIQAN (---){lélj;(ll;l)wdx}%{éfQ(ll?l)é(”%)dx}p
[T f f A)Wdei}%

S 1 Yiev Q= qT
2 (5) |
i€V zeV Qi eV
) 7
» P
1
dx;
f f eVQ;(l +21€V || ) ];/[ :
1 ZiGVO‘I qT {H H % H pp%l
> () s f f W T dx, f . f dx;
A iev Riev Qi iev ey 0<lril<1 jey
. 1 \Ziev Oéi—(q;—l)Ni—V
2 (3) -
4. 30)
By letting A — 0, we need
-1
Z“i_(qT)Ni <. (4. 31)

to satisfy the inequality in (4. 3).

Inthecaseof V = {1,2,...,n}, since d satisfies the second strict inequality in (4. 5), the formula

in (4. 7) implies
p- q- 1)
= N-0+ o; — N;
V= ( p ) Z Z ( q

. -1 -1
fen(t) gl

eV

(4. 32)

11



Suppose that V is a proper subset of {1,2,...,n} and there exists at least one i € V° such that
a; —N; (% - %) > 0. Recall from (4. 9). By applying the estimate in (4. 10) with S = V, we have
(4. 30) converging to zero as A — 0. The last line of (4. 30) further implies

g-—1
Zocv - (T)Nv <. (4. 33)

veV
Remark 4.1 Fory > 0,6 <0andy <0,0 > 0, we have y and 0 satisfying the strict inequalities in

(4. 16) and (4. 23) respectively. Fory > 0,0 > 0, we need additional constraints on the indices in
order to obtain the strict inequalities in (4. 29) and (4. 33). For example, the strict subbalance indices:

ai—Ni(%—%)>0,i: 1,2,...,1n

5 Iteration Estimates

Let w(x) = x|, 0(x) = |x° € A}, . We write p =y + b. The formulae in (1. 2) and (4. 7) imply

1 1 - 1 1
=a-N[--=| = ai —N;[=-—=]. 5.1
P (P ‘1) ; (P Q) G-
Recall from (4. 6). Let
p=pr+p2t-tpu 5. 2)
where
p-—a~—N'(1—1)>0 i=1,2,...,n (5. 3)
1 1 1 p q = 7 gLy rL. .
By applying Young’s inequality, we have
p1+tpn
p 7z n pi
e N
Jx peaf? + e Jxal? Jxi

i=1
provided that p; > 0 foreveryi=1,2,...,n.

Case One: Consider y > 0, 6 < 0. We writen = =0 > 0. Recall that 6 satisfies the strict
inequality in (4. 17). By using (5. 3), we have

Oéi—Ni(1+1)—6
q

pi+1

p
(5. 5)
= (ai—&—6)+E<&, i=1,2,...,n

q

From (5. 3) and (5. 5), the two pairs of weights
@ = () o = (L) ad e = () ew =1 6o

w(X;) = |— , O0WX;) = |— an wl\x;) = |— ] , o) = .
o i i :

both satisfy the sufficient conditions of Stein-Weiss inequality [3], defined on RN for every
i=1,2,...,n.

12



Let j€{1,2,...,n} and write x = (x], ) € RN) x RN"Ni. By applying Stein-Weiss inequality

[3] on every subspace RNi,i=1,2,...,n, we have

{fR {LW o) T A7 |]/|”dy}q dx}%
LLw 1 ] o]

Ll Lol ) G ) =) dx}% e
i )l ]

A

A
—N— —_—— —_——

1
1 q

1 Ni—a; 1 pi p 4
< xfll;NNf \[]RNf LNNjf(x]' y])g(bcl yzl) (|X1|) dy] dx] dx]
1
N;—q; . q q :
ot L (L)p’ L
s fnsz {fuzNNf {fRNN/ f(x] &4 ) 1;[ (|xi = yil | dyjr dxjr dx;

by Minkowski integral inequality

{f (f(x))pdx}p for fe 1’ (RY) and 1<p<q<oo.
]RN

N

5.7
Case Two: Consider y < 0, 8 > 0. We write n = —y > 0. Recall that y satisfies the strict
inequality in (4. 24). By using (5. 3), we have

1 1
i+ = o —N;j|l-—--]-
pren = o)
5. 8)
- -1 -1
= ( Nl(q )—y)+Ni(p—) < Ni(p—), i=1,2,...,n
q P P
Observe that by (5. 3) and (5. 8), the two pairs of weights
o) = Il o) = k™ and o) =1, o(x) = |l (5.9)

both satisfy the sufficient conditions of Stein-Weiss inequality [3], defined on RN for every
i=1,2,...,n

13



Letje{1,2,..

[3] on every subspace RN;,i =1,2,...,

]

{Lw {flRN FRt H (

A

lxi — v

vl

1

n, we have

p+N q %
) dy} dx}

Jx;

{fw{fwﬂy)ﬂ(

lxi — v

) G 5

lyl

Jof <}

: {fm {fmf ‘y){ﬂ(lxiiyil)Ni_m(lylzl) }(:y;:) dy}qu}% oD
ol G Y G

A
< { [ oo}

By applying Minkowski inequality and summing overall j =1,2,...,

|- { Jos { Joson 7)) L1 (o yz|)Ni_ai(

1

il

+

)pi
p
pi ! !
t t
) dy].} dx].}

1

il

1 Ni—ai
yz|) (

Py
} dx]} dx}

dx]‘

.,n} and write x = (x], ) € RN) x RN"Ni. By applying Stein-Weiss inequality

1

4

1
q

S

by Minkowski integral inequality

for er’(lRN) and 1 <p<g<oo.

(5. 10)

nin (5. 7) and (5. 10),

we prove the main theorem in the case of y > 0,0 <0andy < 0,0 > 0 respectively.

6 Reduction to Strict Subbalanced Indices

Case Three: Consider y > 0,6 > 0. Recall from (4. 6). We partition the set {1, 2,...

such that
o 1 1
I = {iefl,2, ,n}.—l:———}
{ Ni p ¢

and

o 1 1
y = {ie{l,z, ) & ——-}.
Ni p ¢

n}intoIU]

6. 1)

6. 2)



We then write x = (xl,x]) € RN x RN where RN = ), RN and R = &), RN

Let Q; to be centered on the origin of RN for every i € I. We define

Q = ®Q] ®]RN]' = RN, (6.3)

i€] i€]

By shrinking Q; to the origin for every i € I and applying Lebesgue Differentiation theorem,
we have

~(1-1 ¥ g o(31) 7
o [Tt 0 [ o) o ()

p-1
P

- ool o i o]

i€J

6. 4)

for every Qj € RN.
Hence that we have w(xy) = |xj|™, o(xy) = |x]|6 € Aj, on the subspace RN. Set the hypothesis:
(H) Suppose that Theorem A can be proved under the assumption of the strict subbalanced indices:

ai—Ni(%—%)>0,i: 1,2,...,n

LetfeLP(]RN)for1<qu<oo. We have

{fm { f f(y)(le )Y H (m 1 yi|)Ni-ai ( |ly| )a dy}q dx}%
{ f(y)( 1 )y H (lxi i yil)Ni_ai (|y17)6 dy}q dx}ﬁ (y >0,6>0)

{f ol B e ]«

] 1 (6. 5)
Ni—oci p 1_7 1
£y l_I[(Ix —yz) dyl} dx]} dxy by (H)

1
g v

Ni—a; q q
, d dxyy dx
j]I;NJ ]RNI ]RNI yI I—II (Ix = yil ) yl} I} J

by Minkowski integral inequality

A

]RNI

A

N
—N— —N— /—’_\/—’A
@’

by the estimates in the previous section fory = 6 = 0.

N
—
Z

=

3_3
\,_/
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7 Decaying Estimates and Interpolations

Let w(x) = x|, 0(x) = |x|° € A fory > 0,0 > 0. We prove Theorem A in the case of

q
a1 1o n
Ni p ¢
1
Recall from (3. 6) where IQZIN% = maXie(1,2,..q) 1QilN . Let 0 < A; < 1 such that
1
NG
A= Qi -, i=12,...,n
QN

We aim to show that
p-1

< % (11 r > (ppTrl) — .
o [ () o {é L) dx} < oo

1

for some ¢ > 0,7 > 1 and every Q c RN satisfying (7. 2).

7. 1)

7. 2)

(7. 3)

The implied constant in (7. 3) depends only on p,q, 7,0, «,n and N. The estimate in (4. 9)
shows that it is suffice to take |Q,|NL1 =1. LetQ; C RN to be centered on the origin and

1 1 . . .
Q1N = 3|Q;N = 3A; for every i = 1,2,...,n. By taking necessary permutations, we can

assume 1 = A > Ay > --- > A, without losing of the generality.

Let 0 <k <n—1. A series of direct computations show that

k n
1(1 p—l) (1 1)
|-+ — E N; — +6+E o —N;|———
7(51 I o+ - P 9

i=1 i=k+1

1(1 p-1 . 1 1) 1{1 p-1\ v
N a2 () B

"\q P i=k+1 poar T\ =]

n

:1(1"‘}7—)1\]—()/"‘6)"‘2061—&—1\11( _1)(1_1)

"\q i=k+1 PP q

N 1 = 1\(1 1
N1 N 3 Mo (121 )
I L 5 S S [ RS

torwd 17 S TAAP
_ (__a)+N(1_1)(1_1)+ N _1)(1_1)

r AP AT S TP
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We momentarily consider

1 1 v
- N, <y < = N;, 1<m<n, (7. 5)
-1 !
) )
N; <0 < N;, 1<l<n. (7. 6)
)z )L

By letting r to be sufficiently close to 1, we have

p-1

[l 60 (18" & 7]

]‘[m - ﬁ(Lﬁ : (1)”%1)
i N g WA

1
1 W]”d p p ; ar
f f;@ Q1 ®m 1IRN (|X1|++|xn|) x] xm_l _’xm xﬂ

-1
1 o(7) w
f f@ |x1|+ e |) dxq---dxg_q pdx;---dxy
i= ZQ’ n
n n Ni p N; g
< JTows G (l)” (1) )
i=1 i=1 )\i i=1 )\i
1 yar-Li&i' Ni v
- Axy, - - - dx
f Lézin(lxm|+“'+|xn|) " "
8(5)-Lim N; W
f f ( 1 ) p-1 i=1 p p
X . — - - - dx
& 0\l + -+ ] S
n m N Ni(ﬂ)
ai-Ni(1-1) l)q’ (l) Z
< H(Az) H(A H -

1 yqr—z;zl N; qlr 1 6(%)_253 N; "
AL f (—) &
Q;, || Q el

7.7)
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Notice that the implied constants among all estimates in (7. 7) depend only on dimension N,
the number of parameters 1, p and g, the powers y, 6 and the fractional exponent «.

Suppose | < m. The last line of (7. 7) can be rewritten as

Lym N 1) 5 N T weN(1-1) T ( 1
(Am)q’ Lia Ni Y(Al)( pr)zl=1N’ 61_[(7\1') ! N'(P q)H(E)

i=1 i=1 i=1

p-1 Zl:lN'—f) n m Ni
= s (AN R e B () T (L)
= (At )R ™ [T NI ) 15

i=1 i=l

< T2 )az—N«p—%) " (?\m)% 5 (! )Tl—w(l—%)(%—%)w
i= LR AT
(L )<’;;f> FiNio (2 )al—Nz(; ) i (Am)ﬂf H (Am)%ﬁ(l—%)(;—;)w 7.4
i=l i=l i=1
B (Il s (R Il [E
B )\m )\m : )\m )\i
i=m i=I i=1
~ A o P _0‘1‘_(1_%)%“’ n ( A )ai_Ni(%_%) mn ()\m)%—ai—(l—%)% Il—[ ()\l)ﬁ_"“(l_% (%_%)Ni
a 7\[ " )\m " )\i . ?\z ‘
i=m i=l i=1
(7. 8)
Let U to be defined in (4. 25) where o; — N;/p < 0 for every i ¢ U.
p y
For r sufficiently close to 1, we have
Ay fi - 0 (1— )%ﬂ‘) m Ay ——Otz (]_ )
(T,) 1;[( A; )
)\ ZzeUm{l ,,,,, - 1}7 ai— (1 ')_+6 )\ ZzeUm{l AAAAA ) - —0i— (1_ )
<
(N) (N)

(7. 9)
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Because of (7. 1), d satisfies the strict inequality in (4. 29). For r sufficiently close to 1, we have

Z Ni - (1——)&+6 0. (7. 10)
i€UU{1,...,m} rrq

By bringing the estimate in (7. 8)-(7. 10) back to (7. 7), we have

(A )q,Z, 1Ni V()\)( pr)Z, 1N; 61—[()\)&1 ,(-_l)ﬁ(%)%ﬁ(%)(%l)l\]l

i=1 i=1
(7. 11)
N; N; .
- )\_m ZieUUil,Z ,,,,, ) 7_0‘1'_(1_%)7"’6 ﬁ( )&—(Xﬁ-(l——)(%—%)Nl ﬁ(ﬁ)ai_Ni(’l’_%)
- Al i= i=m )\m .

From (1. 2) and (7. 1), we have (% - %) N; < a; < N; foreveryi =1,2,...,n. Observe that
(7. 11) is bounded by a constant multiple of (A,)° for some ¢ > 0 and every A; > Ay, > A,
provided that r is sufficiently close to 1.

Suppose m < I. The last line of (7. 7) can be rewritten as

(A, T Ny () (57 ) Zia N 61—[()\)% Ni(-1) ’ﬁ( ) ¥ ( )(”p—f)Nf
=1 i=1 i=1

~ =

(A

v Zlmll N; i~V (E)N, m—1 l(l+l/};1)N,‘
(3+21) £t Ni—(y+0) Am " Nai-Ni(1-1) (ﬁ) ” (l)r .
ity 7\1 | ()\l) P a H A |

1
i=m i=

|‘E

)quz 1 N -

Il
—~
>
<
N
~ =
—_~

%Jr P )Z, INAYE « Ni(%—%)—(y%) (?\_m

NG N g\ e G N
o [ I 0 (5 1 (3

Mo\ EF N i QAN L q (RN 4y S =D
) _l) i=m (_l) zlz_rg(xf) i=1 (x:) by (7 4)

Ay \F Ny iy N N(G=F) L (N DN Sa(1-3)(B- )N
- () )l [1(%)

A El(%)Ni—ai—(l__)(I%I)Nzﬂ (A “i_Nl(p_')
:(ﬁ) ﬁAT)

LA (FIN—a-(=1) (5N Hoa+(1-1)(A-1)N;
<11(3) [1G)
(7. 12)
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Let V to be defined in (4. 25) where o; — N; (%) <O0Oforeveryi¢ V.

For r sufficiently close to 1, we have

A I (S N— o= (1= 1) (B N+y ON—ai=(1-1)(ZHN;
(5:) Gy
B (ﬂ)ZieVﬂle,m—ll(%)Ni—ai_(l_%)(pTl)Ni"'V (L)Zlevmm ,,,,, l}(%)Ni_ai—(l—%)(pp;l)Ni
S\, -

(7. 13)
y ( A )Zievmu ,,,,, (55 Ni—ai=(1-1) (57 )N H ﬁ)(%)Ni—ai—(l—%)(p%)N,

Ai

B (ﬂ)ZieVﬂll,m,l;(%)Ni_o‘i_(l_%)(%)Ni‘H’
S\, .

Because of (7. 1), y satisfies the strict inequality in (4. 33). For r sufficiently close to 1, we have

(E)Ni—ai—(l——)(p; )N Ty > 0. (7. 14)

r
ievnil,...l} q

By bringing the estimate in (7. 12)-(7. 14) back to (7. 7), we have

N;

1y N Pyl N T N T (17
(o ZENT (7SN [T g NG T ()]

i=1 i=1 i=1

( A )ZieVﬂ[l,mJ)(qq_l)Ni—ai_(l_%)(’%)Ni+)) (7. 15)

S —_
Am

m N (1-1)(A-2)N; 7y e Ni(37)
o8 1 N 11 B

i= i=l

From (1. 2) and (7. 1), we have (’19 — %I) N; < a; < N;foreveryi =1,2,...,n. Observe that
(7. 15) is bounded by a constant multiple of (A,) for some ¢ > 0 and every A, > A; > A,
provided that r is sufficiently close to 1.

Notice that we have (A,)¢ < [T7; (A )i fore > 0sincel = Ay > Ap > --- A,,. From the estimates
in (7. 4)-(7. 15), we prove the result in (7. 2)-(7. 3). Recall the deflmtlon of Aj,, (t:w,0)

in (3. 6)-(3. 7). Let t; to be an nonnegative integer such that 27" L < A <27 for every
i=1,2,...,n. We have

n
[0 . —&ty
qur(t.m,a) < | |2
=1

for some ¢ > 0 and every given t, provided that r is sufficiently close to 1 and y, d satisfying
(7. 5)-(7. 6) respectively. This indeed implies the summability in (3. 14).

20



Suppose that at least one of the equalities

1v p-1 l
y = QZNZ', 5 = (T)ZNi (7. 16)
holdsfor1l <m,l<n-1.
Let w;(x) = x|, 0i(x) = |x|% for y;,0; € Rand i = 1,2. We define
Yi =Yyzte, 0j = 0F¢, i=1,2 (7. 17)
for some ¢ > 0 sufficiently small, satisfying the strict inequalities in (7. 5)-(7. 6) respectively.

Observe that y1, 61 and y3, 62 defined in (7. 17) both satisfy the formula in (4. 7) for given
p,q,&,N. On the other hand, because of (7. 1), y, 6 satisfy the strict inequalities in (4. 33)
and (4. 29) respectively. These inequalities remain to be true for y1, 01 and y», &, provided
that ¢ in (7. 17) is sufficiently close to 0. By carrying out the same estimates from (7. 4)
to (7. 15) with vy, 6 replaced by y1,81 and y»,d,, we obtain the result in (7. 2)-(7. 3) for
w1(x) = [x]71,01(x) = x> and wa(x) = |x[72,02(x) = x| . The argument below (7. 15) thus
implies simultaneously for wiI,0;": L7 (IRN) — L1 (]RN ) and wzly0,t: LY (]RN) — L1 (IRN).
By applying Stein interpolation theorem of linear operators, stated as Theorem 2 in Stein [4],
we prove the desired result fory > 0,06 > 0.
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