Singular Integrals of Nonconvolution Type

on Product Spaces

by Zipeng Wang

Abstract

A new class of symbols is investigated. These symbols satisfy a differential inequality
which has a mixture of homogeneities on the product space. We show that pseudo
differential operators with symbols in this class are L”-bounded for 1 < p < co. Moreover,
they form an algebra under compositions.

1 Introduction

The LP-regularity of singular integrals defined on the product space has been studied by
Robert Fefferman and Stein [1] and later by Nagel, Ricci and Stein [2] for some convolution
operators, commuting with a multi-parameters family of dilations. Their kernels essentially
satisfy the Calderén-Zygmund condition on each of the coordinate subspaces. In this paper,
we generalize the result into a variable coefficient setting, by studying singular integrals
with nonconvolution kernels satisfying the desired size estimate and cancellation property.
On the other hand, they can be characterized as a class of pseudo differential operators
whose symbols satisfy certain characteristic property on the product space. We prove the
LP-boundedness of these operators for 1 < p < co and show that they form an algebra under
compositions.

Let RN = RNt x RN2 x ... x RN" and define the inner product
x-&=x1-& +x- S+ +x,- &y (1.1
where &, is the dual variable of x; € RN: for everyi=1,2,...,n.

Let f € S be a Schwartz function. A pseudo differential operator T, is defined by
(Tef)) = f L oln O f(e)de (1.2)
R

with symbol o(x, &) € C (RN x RN).

We always write A as a positive, generic constant with subindices indicating its dependences.
Our class of pseudo differential operators is defined by classifying o(x, €) in the following
symbol class.



Symbol Class S;: Let 0 < p < 1. A symbol ¢ € S,, if it satisfies

) “ % ¥ 1 |
‘(a_g) (@) aﬁn(m) (1 + ()PP (1. 3)

for every multi-index a = (a1, a, ..., &) and .

For p = 0, the symbol o(x,-) belonging to S, is essentially a product symbol, as was first
investigated by Nagel, Ricci and Stein [2]. In general, S, forms a proper subclass of the exotic
symbol class S . It is well known that the Fourier transform of Riemann singularity belongs

to S? : and the correspondlng Fourier multiplier operator is bounded only on the L2-spaces.

See chapter VII of the book by Stein [7]. Apart from that, 0 € S, satisfies a variant of the
Marcinkiewicz condition [3]:
a [0
( &—5) o(x, &)

for every multi-index a, uniformly in x. By applying Marcinkiewicz multiplier theorem [6],
if o = 0(§) € Sy, then T;; is bounded on LY (IRN) forl <p < co.

(1. 4)

On the other hand, by taking singular integral realization, the kernel of T, defined in (1. 2)
coincides with a smooth function

Q, y) = f D g (x, ) (1. 5)

away from its singularity.

Let z = x — y and omit the notations Q(x,y) = Q(x,z). Recall that an normalized bump
function is smooth and equals 1 near the origin, supported on the unit ball with all its
derivatives bounded upon to a sufficiently large order. Consider IUJ = {1,2,...,n}. Let ¢;
to be an normalized bump function for i € I and zj is the projection of z on the subspace
P i RNi. The following estimates hold, if and only if, o € S,,.

Size Estimate: For every multi-index o = (a1, o, ..., o) and p, Q in (1. 5) satisfies

o\ (oY . 1
(92) (3 ) () aﬁg(lzilﬂzl”p

atz#0when0O<p<landz #0,i=1,2,...,n when p = 0, and decays rapidly as [z| — oo.

N;+lol[+plpl
) (1. 6)

Cancellation Property: For every multi-index a;, j € Jand B, Q in (1. 5) satisfies

(&z]) f f@ (( )Q(xz))Hcp(Rzz)dzz

i€l
pIBl
R,.)

Nj+lajl+plpl
< 1+
Ag] ] (|z]| + |zJ|1/P) ( >

j€l i€l

jel
(1.7)

for every R; > 0,i € I, at zy # O when 0 < p < 1 and z; # 0,j € J when p = 0, and decays
rapidly as |zj| — oo.



Observe that when p = 0, the kernel of T; for 0 € S, has singularity appeared on each of the
coordinate subspaces. It is essentially a product kernel introduced in the first section of [2].
Our main result is stated in below.

Main Theorem: Let 0 € S,,. Pseudo differential operator T, in (1. 2), initially defined on S, extends
to a bounded operator on LP (]RN) forl<p < oco.

Sketch of Proof: In section 2, we prove a principal lemma. As a corollary, we show that
T, with 0 € S, form an algebra. In section 3, we introduce an appropriate Littlewood-Paley
projections and give certain combinatorial estimates on the regarding Dyadic decomposition.
In section 4, we give a classification for 0 € S, and Q2 satisfying (1. 6)-(1. 7). In section 5, we
show that every partial sum operator in the framework is bounded by the strong maximal
function. In section 6, we further prove a decaying estimate on these partial sum operators.
We conclude the main theorem in section 7. We add an appendix in the end for the required
Littlewood-Paley inequality.

Abbreviations:

o Unless otherwise indicated, we write f = f]RN’ f f = f f]RNX]RN and L7 = I¥ (]RN).

2 A Principal Lemma

Our analysis in this section shares the same sprit of the work by Boutet de Monvel [8] also
Beals and C. Fefferman [9].

Let ¢ = @(x, y, &, 1) to be a smooth function with norm bounded by the norm function 3(E, n).
Let 0 < p < 1. We consider

a 0(1 a 0(2 a Bl a ﬁz
5e) (o) \5x) 5y IO 1)

2. 1)
L 1 |OL11| 1 |Ot12| |61| |B2|
< p P
< Aa1a261ﬁ28((§,ﬂ) H (1 e+ |£|p) (1 n mzl n |n|p) (1 + |<t-»|) (1 + |T]|)
for every multi-index al = (ai, cxé, e, oc,11), a? = (cx%, oc%, ceey oc%) and p!, 2.
Define
A ) = [ @D e v @2

The main objective of the section is to prove the following:

Lemma 2.1 Suppose that @(x,y, &, 1) is bounded and satisfies the differential inequality in (2. 1).
Then, A(x, €) defined in (2. 2) satisfies

o\ (a\ L 1 lod| "
() (5] 0] < AT lrrgieg) 0 e

for every multi-index o = (a1, a2, . .., ) and P.



Corollary 2.1 Let 01 o 02 to be the symbol of which Tg 05, = T4, © Ty,. Suppose that 1,02 € Sg.
Then, 61 0 0 € Sg.

Proof: A direct computation shows

((71 oaz)(x, &) = f f eV EM g, (x,m)02(y, E)dydn.

The function o1(x,n)o2(y, &) satisfies the differential inequality in (2. 1). By Lemma 2.1, the
symbol o1 o 07 satisfies the differential inequality in (1. 3) for m = 0. m]

Remark 2.1 We will momentarily assume that ¢ has a compact support in y. But, our estimates are
independent from its size.

Let 0 < p < 1. Define the differential operator

1 1 1\ 1
b= I‘(H)(Hmz " 1+|n|z) Ay~ () L+ 17+ 0P) 2. 4)

and respectively the quadratic function

p
Qx,y,&m) = 1+ ) &=l +(1+1EP+mP) x—yP  (2.5)

1
(1+|a|2 T e

Let L = Q7'D. We have LN (eZﬂi(x—y)’(E_”)) = 2MEYE for every N > 1. Integration by parts
with respect to y and n inside (2. 2) gives

f f (‘L)" (x, v, &)™ EDdyan 2. 6)
where /L = 'DQ71.
Lemma 2.2 Let ¢ satisfying the differential inequality in (2. 1). We have

|£|2 |.r]|2 pN 1 N
1+|n|2+1+|<z|2) (é) (. y,&m) 2.7)

AN
|( L) oy, Em)| < ANS(E N1+

forevery N > 1.

Proof: Let
_ 1 1 P _ 2 2 p
a(e ) = (1+|&|2+1+|n|2) b = (1P IP) @.8)
From (2. 4)-(2. 5), we have
N 1 b\Y
(L) oty &n = (@—Ayé—A@) ox, ¥, &) 2.9

for every N > 1.



Observe that

a(n)|(Aye)r v, & | < a@n) (@ + D SE W

(2. 10)
5 P\’
S (1 FrmE T laQ) S(&m)
and 2
1
b@mﬁA@ﬂnmam]sb@m%1+mJ S,
2. 11)

Ha P\
: (1 TTemE 1 |E|2) SE:

If all differentiations fall on ¢ in (2. 9), then (2. 10)-(2. 11) would imply the differential
inequality in (2. 7).

Turn to the general case. We aim to show

o\ (a\ (1
‘(%) (a—y) (a)"“%ﬁ'”)

for every multi-index « and f.

1 1\ olf
< (é)(x,y,é,n)(rm') (T +I[E]l+ ) (2. 12)

From (2. 5) and (2. 8), Q(x, v, &, 1) = 1 +a(&,n)IE — nI* + b(E,n)lx — y|*. Tt is easy to verify that

loe o]
'(9na)a(€,n>’ S (1 +1 Inl) a(s,n), ‘(c%b)a(é,n)) S ( ) bE ) (2.13)

L+ [E] +nl
for every multi-index «.

The differential inequality in (2. 7) can be obtained by applying the estimates (2. 12)-(2. 13)
inside (2. 9), together with ¢ satisfying the differential inequality in (2. 1). We next develop
a series of preliminary results:

Suppose |E — 1| < (1 +[&] + [n])P. Since 0 < p < 1, we necessarily have || ~ [n] and

(o) © = ()
1+1E2 " 1+ mP M= A\1¥m)

(2. 14)
1 1\ 1\
+ S | — .
(o o) = ()
Suppose |E —n| > (1 +|&] + ). We have
1 1 1\ 1 1\
(éym%am%1+ﬁp+l+mp)m—nls(Etﬁﬂ s(1+mJ,
(2. 15)

()esen(Fe i) < () = (Fw)
Q) W\ 1vier T 1 me) S \ie—ap) * \T+mi) -



Suppose |x — y| < (1 + [E] + n|)7°. We have

(1+1EP+mP) e =yl < (1 +[El+ M),

(2. 16)
(1+1EP+mP)" < (1 +1El+m)>.
Suppose [x = y| > (1 + [E] + [n])"P. We have
(l) (y, &) (T+1ER +P) -yl < (L) < (L+ e+,
Q e =yl
(2. 17)
1 P 1 2
— ey, En) (1T +IEP + P s( )s L+ [+ ™.
(Q)< y, &) (1+1EF + nP) o) S (kD
Notice that for [x — y| and |€ — 1| small, we have Q(x, y, &, 1) > 1 from (2. 5).
In order to prove (2. 12), observe that 8%‘85(2_1 consists a linear combination of
o H( 1980 gf ) 2. 18)

where |a| = Z]- Iaflj and || = Zj IBij. In particular, we have 8ﬂQ‘1 = (-1)Q7! (Q—lan) and

d,Q7' = (-1)Q™! (Q‘18yQ). By writing out the expansion for 8%85@, and using the estimates
in (2. 14)-(2. 15) and (2. 16)-(2. 17) respectively, together with (2. 13), we have

1\ 9\ (a)\
\(5)(;) (@) QLo y &) = (1+|n|

for every multi-index a and . O

pla
) (1 + [&] + [n))°F! (2. 19)

Proof of Lemma 2.1: 1. We consider (dg)" (835)B A(x, &) consisting a linear combination of

d o P B! ! a2 P p
27ti(x—y)-(E-1) a a9 9
ff y q{(aa) (ax) (811) (ay) ‘P(x'y'glﬂ)}dydn (2. 20)

gl g2 — gl 42 =
where a; = a; +af and B = f; +p; foreveryi=1,2,...,n

2. When £ — 1| < %(1 + 1€l + Il), we necessarily have || ~ [n|. The function 82‘18%‘28?(1 852([)
satisfies the differential inequality in (2. 1), with its norm bounded by

n 1 i
- - pIpl
Aaﬁg(lﬂalﬂap) (1 + €], 2. 21)

Recall 'L = fDQ™! as (2. 4)-(2. 5) after integration by parts with respect to y and 1 in (2. 20).



By applying Lemma 2.2, we have

2

1 1 2

7) () ) G
p2mi(x=y)-(E-n) il Z “Z (x,y,&n) S dyd
fL—ﬂlsl(l+lél+lnl) {(3€ ax) \on) \ay) ©% =18

2
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1 1 2

: N (N (a\ (o)
ity (1) (—) (—) (—) (—) (x,y,&m) ¢ dyd
ff|a—n|sl<1+|a|+|n|> ( ) oe) \ox) \an) \oy) PH¥ =y

2

Ao {ff Qe ”)dyd”}n(l e+ |<z|o)| “aemm, Nzl

3. Suppose that [ —1| > %(1 +|&|+Inl). We proceed an M-fold integration by parts with respect
to y in (2. 20). The resulting function AIyVI (82‘1 agzaﬁlaf(p) /I = nI*M satisfies the differential
inequality in (2. 1) with norm bounded by a constant Aupy multiple of

IA

(2. 22)

o] 1 o 1 2
(12l + )" l)MH(1+|<z|+|<z|p) ey ARG

By applying Lemma 2.2, we have
M 2 2 \pPN N
W (1 M( ol a2 3B 552 ) || nl 1

n o la| : ,
><(1+IE|+|n|)2(p_1)MH( : ) ( : ) (1 + [ENPPICL + )PP
i=1

T+l&il + g L+ nil +nf°
(2. 24)
where the implied constant depends on «, , M and N.

By letting M to be sufficiently large, depending on «, p, p and N, we have

M ol 61 a2 ﬁZ
ey (e (1 )V (L) AM(i) (i) (i) (i) & mdyd
ffla—n|>§(1+|a|+|q|)e ( ) { 1€ = v\2e) \ox) \on) \ay) © 0,y & mdydn
loxil
< Aagpn {ff@ Yy En dydn}]_[(“lélﬂap) (1+ 1),

4. Our estimates above are independent from the size of ¢’s support in y. Its compactness
can be removed by taking the approximation as discussed in 1.3, chapterVI of [7].

(2. 25)

From (2. 5), we have

1\ p
Q,y,&m) = 1+ (m) &=l + (1+1ER) | -yl (2. 26)



By changing variables

/2
n o () ey ad oy — () wew e
1+]EP '
we have dd
f f QN(x,y, & ndydn < f f =l (2. 28)
(1+mP+ Iyl2
The integral converges provided that N is sufficiently large. m|

3 Combinatorial Estimates

Let t; be nonnegative integers for every i = 1,2,...,1n. We write q = 1/p for which0 < p < 1.
Consider the n-tuples

o= (270, ..., 270, 27, 2T ) (3. 1)

where 27" is located on the i-th component. We define the nonisotropic dilations

6E = (278, .., 27%E, 270, 27, L, 27, (3.2)
foreveryi=1,2,...,n. On the other hand, we write simultaneously
t = (2—t1, 27 z—fn), t1 = (zfl, 2t ., ztn), (3. 3)
te = (271, 2718, 270g,), e = (20, 228, 2E,). (3. 4)
Letp € C=(RN) such that ¢ =1for || <1and ¢ =0 for || > 2. We define
PE) = @(&) —p(28) (3. 5)
and .
58 = [[o®o). (3.6)
i=1

Its support lies inside the intersection of n elliptical shells, with different homogeneities of
given dilations. In particular, at p = 0 the support of 6¢(¢) lies inside the Dyadic rectangle
|E)l| ~ ztil l = 1/2/“ o n

We define the partial sum operator A¢ by

(Af)E®) = 0e(8) ()
" _ (3.7)
= [To(@ ey .., 2%, 2708, 27% 8, 27%E,) f(2).
For each n-tuple t: (H) There exists at least one i € {1,2,...,n} such that
1
bz g (2+1log,n). 3. 98)



Lemma 3.1 Let tsatisfying (H) in (3. 8) and 0 < p < 1. Consider 1UJ = {1,2,...,n} such that

(tj+2+logyn)/a < t; < atj—(2+logyn)  forall i,jel (3. 9)
and
qatj — (2 + log, n) < t, = max (tl-:i € I) forall jej. (3. 10)
For & € suppd(&), we have
|Ei] ~ 20 for every i €1 (3. 11)
and
€l < 2", & ~ 2% ~ 2% for every je€]. (3. 12)
Proof : We write
&= (&&) e RMXRVN,  i=12,..,n (3. 13)
Let & € suppdi(€). By definition of &(€) in (3. 5)-(3. 6), we first have
€] < 2t i=1,2,...,n and
(3. 14)

&l < 2%, for j#i.

On the other hand, we either have
t,‘-l zqti—l

2
&l > — &
. V2 or 5 V2

(3. 15)

foreveryi=1,2,...,n.

Leti € Iin (3. 9). If &; does not satisfy the first inequality in (3. 15), there exists at least one &;
for some j # i such that

TR 5.16)
| > — . .
! V2 V-1
Together with the first inequality in (3. 14), we must have
1
ati —2 — 5 log,2(n—1) < t;. (3. 17)
Suppose j € I'in (3. 9). We have
ti < qti—(2+1log,n). (3. 18)
The inequality in (3. 17) cannot hold because
(1/2)log,2(n—1) < log,n for n>2. (3. 19)
Suppose j € Jin (3. 10). Since i € Iin (3. 9), we have
1
qat; — (2 + log, n) -t >t - a(tZ + (2 + log, n))
= tl(l— 1)—1(2+logzn)
a4 (3. 20)

\

(5 G=)- 3] o



where the second inequality follows from (H) in (3. 8). Notice that (3. 20) implies (3. 18)
again. Therefore, &; necessarily satisfies the first inequality in (3. 15). Together with the first
inequality in (3. 14), we have |§;| ~ 2 for every i € Lin (3. 9). On the other hand, from (3. 10)
and the second inequality in (3. 14), we have [§,| ~ 2 ~ 29 for every j € . m]

Remark 3.1 Let 1UJ = {1,2,...,n} defined with respect to (3. 9)-(3. 10) and t, = max (t;:i € I).
For & € suppd(E), Lemma 3.1 implies

€] ~ |&] ~ 20 ~ 2% < 29 ieland je]. (3. 21)

Lemma 3.2 For every given t, we can partition the set {1,2,...,n} into I U J such that (3. 9)-(3. 10)
hold respectively.

Proof: Consider 1 to be a permutation acting on the set {1,2,...,n}. We can assume that
tr) < the) < --+ < try. Let ke{1,2,...,n}such that

tn(k) = min (71(1) : tn(n) < qtn(i) - (2 + logz 1’1) ) (3 22)

We thus define
I = {n(k),nk+1),...,n(m)} and J = {n(1),n(2),..., (k- 1)}. (3. 23)
O

Lemma 3.3 Leto € Sg. Suppose t satisfying (H) in (3. 8). We have

I1 (%) 5i(E)otx, )

i=1

n

< Ag H o tiledd (3. 24)
i=1

for every multi-index o = (a1, 2, . .., Q).

Proof: Certainly, for every t satisfying (H) in (3. 8), d¢(§) defined in (3. 5)-(3. 6) satisfies the
differential inequality in (3. 24). On the other hand, 0 € Sg satisfies the differential inequality
in (1. 3) for m = 0. At each i-th component, we have

pa] Qi 1 Jox;]
(E) o e) = (1+|£i|+|a|p) (5-25)

fori=1,2,...,n.
Let 0 < p < 1. From Lemma 3.1 and Remark 3.1, we either have
&l ~ 24, |&] < 24/P for iel or g < 24, [g] ~ 24P for je]. (3. 26)

Therefore, we have
T+ (& +EfP ~ 2% (3. 27)

foreveryi=1,2,...,n.
When p = 0, by definition of & in (3. 5)-(3. 6), we have
€] ~ 28 (3. 28)

foreveryi=1,2,...,n. m]

10



4 Classification of Symbols and Kernels

Suppose that o(x, &) € S, satisfies the differential inequality in (1. 3). Letz = x — y and
Q(x, y) = Q(x,z) in (1. 5). We have

(3] (3 o - ()" o e (3 o
N 2n1 _MZ f 2”‘2“’]_[@ (( )6t(é>o(x 5.>)

It is suffice to take the summation in (4. 1) over all t satisfying (H) in (3. 8). By definition of &
in (3. 5)-(3. 6), the remaining term has an integrant compactly supported for 0 < p < 1, and

4. 1)

belongs to C* (IRN) with rapidly decays in all derivatives as |z| — oo.

Let £ € suppd¢(&). By Lemma 3.3, every ds, acting on 8¢(&)o(x, &) gains a constant multiple of
27% foreveryi=1,2,...,n. First, let 0 < p < 1. By Lemma 3.1, every 9y acting on 8¢(&)o(x, &)
gains a constant multiple of 2, whereas || ~ |€,| ~ 2" as discussed in Remark 3.1.

Consider the norm of

B
ey [ a5 ool

4. 2)
_1 \il+yjl N Vil g \Vi (2 p
= (E) fn;N (351) (3_51) 0¢(€) (&) ((a) o(x, E,-)) d&;
for every multi-index y;, 7, a; and 8.
Suppose that i = 1. The norm of integral in (4. 2) is bounded by a constant multiple of
Z_h/i|ti_h/j|tj+(N[+|a[|+P|ﬁ|)ti. 4. 3)

By Lemma 3.1, we have t; < tj/p for every pair of i, j € {1,2,...,n}. Therefore, the norm of
integral in (4. 2) can be further bounded by a constant multiple of

2—(I7/z’|+pl)’j|)ti % Z(Ni+|ai|+P|6|)tz‘. (4. 4)
Let |y/| to be fixed, we consider separately for Z and Z .
2li<|z;|~1 2ti>|z;~1
For 2! < |z;|™!, we choose [yil = 0 so that
Ni+lail+plBl—ply;l
Z o (Ni+lail+plpl=ply; )t < ( ) HbrPely; ) (4. 5)
zil

2ti<|z;|71

For 2% > |z;|™1, we choose lyil > N; + la;| + plBl — ply;l so that

lyil 1 \Netlail+plpl=plyjl
(Ni+lail+plBl-plyjl-tyil)ti « [ 2
(| |) Z 2 j ( ) . (4. 6)

i
2ti>|z;|-1 | |

11



On the other hand, let |y;| to be fixed. We consider Z and Z separately.

2li<lzj|~1/e 2li>|zj|~1/e
For 2% < |z;|7/?, we choose Iy j| = 0 so that

( 1 )(Ni+lai|+plﬁl—lwl)/p

2(Ni+lail+plpi=tyi)ti < 4.7)
e |zl
2li<|zjl~1/p
For 2t > |z]-|‘1/P, we choose [yj| > (N; + || + plpl = Iyil) /p so that
L\ 1 \(Niat+plBi=lyil) /p
(_) o (Ni+layl+plBl=Tyil-ply 1)t < (—) (4. 8)
i 2li>|zjl1/e il

By carrying out the estimation in (4. 2) for all other coordinate subspaces, and taking into
account that the component 1 varies from 1 to n for different t, we obtain

ANEAL
(5] () o

for every multi-index a and B,y = (y1,V2, - -.,Vn), provide that

n

[Tetk

i=1

< Aagy 4.9

byil + ply;l 2 Ni+ |l + plfl (4. 10)
foreveryi,j=1,2,...,n.

For p = 0, we carry out the integration by parts in (4. 2) with y/ = 0. The estimate in (4. 3)
holds for every i = 1,2,...,n. From (4. 5)-(4. 6), the estimates in (4. 9)-(4. 10) remain valid.
We can then verify the differential inequality in (1. 6).

To show the cancellation properties in (1. 7), we write

f. . .f@ - ((;—x)a Q(x, z)) H @i (Riz;) dz;

i€l

(4. 11)
— erRiZJ'éI ((%) U(x, E))) H RI_NIEEI (_Ri—léi) dé
iel
Observe that (4. 11) equals
iz J :
f@ R LIRS ((a_x) C(x, gl)) dzy (4. 12)
where
(i)ac(x, g) = (i)a f f o(x, &) | [ RN@: (-R; &) de;
Jx Jx Dia RNi i€l Z l
(4. 13)

- [f () et o) T e e

i€l

12



For the given multi-index «, define the norm function

)= Ylerd (L[ ~ @repe (4. 14)

i€l
Rewrite the integral in (4. 13) by

f f@ |£|P'“'(( )a(x £)9; 1(&))HR‘NA RE) de;

i€l

sl [ f (] o) e atrrs)a

iel

(4. 15)

Observe that (8;’(‘0)(3@ £)9;1(§) is bounded and satisfies the differential inequality in (1. 3)
provided that o € Sg. By letting & — R;&;, the sufficient smoothness of ¢; for i € I implies

that the norm of every integral in the sum of (4. 15) is bounded by A,(R;)?!*. By carrying out
the same estimation developed in step 1, on the subspace P iel RN/ with o(x, &) replaced by

C(x, &) given implicitly in (4. 13), we obtain the differential inequality in (1. 7).
Suppose that {2 in (1. 5) satisfies (1. 6)-(1. 7). Define

pi(€) = 1T+I&l+ (g (4. 16)
for0<p<landeveryi=1,2,...,n. Weshowo € Sg by proving that the norm of

« B
(oo (2 [((2) oo
= (~)(2mi) f H pi(E)z) (( ) QO(x, z)) it

is bounded by Ay (1 + |£|)pIBI for every multi-index o = (a1, a2, ..., ) and f.

(4. 17)

Let ¢; to be the normalized bump function for every i € {1,2,...,n}. (4. 17) consists of

p .
Pl 3 0 o
j€J i€l ! i

i€l

(4. 18)
o o
x [ [ (pi(0)z) " (1 - 01(pj(@)lz 1)) dz;
i€l
whereIUJ ={1,2,...,n}. Observe that (4. 18) vanishes when |zj| is small. On the other hand,
it &i .
)% ;(|z;:))ex (2711( )), iel 4. 19
(i) pi(lzilJexp pi(&) (4. 19)

is an normalized bump function. Suppose that || is small. By (1. 7), where Q(x,z) decays
rapidly as |zj] — oo, the norm of integral in (4. 18) is bounded by

pIBl n pIBI
sza) S Aaﬁ(l +Zpi<a>) < A (1+ 1D, (4. 20)

i€l i=1

Aa‘g(l +

13



Suppose that || is large. Let &, to be the largest component of . We carry out an N-fold
integration by parts with respect to z, inside the integral of (4. 18). Notice that the boundary
terms vanish provided that it is an normalized bump function in (4. 19) if 1 € I and Q(x, z)
satisfies the cancellation properties in (1. 7) if 1 € J. If the differentiation falls on any of 1 — ¢;
for j € J, its derivative is another normalized bump function. By letting N to be sufficiently
large, the resulting term has its norm bounded as (4. 20).

5 Boundedness of Partial Sum Operators

Let M to be the strong maximal function operator. Recall the partial sum operator A; defined
in (3. 7).

Lemma 5.1 Let o € S,. We have

' AT, f (x)‘ (Mf)0) G. 1)

for every t satisfying (H) in (3. 8).

Proof : A direct computation shows

(NTf)e0 = [ Fene vy
(5. 2)
- f f(y){ f PN ES (LAY, a>dz}dy
where
Alx, &) = f f 2N E gy, n)dydn. (5. 3)

We have ¢ € Sg bounded and satisfies the differential inequality in (2. 1). By Lemma 2.1,
A(x, £) is bounded and satisfies the differential inequality in (2. 3).

Let z = x — y. By changing dilations & — t7!& and z — tz, the integral in (5. 2) can be

written as
f flx-t2) { f Ly (1) Ax - 1, rlz,)dg} dz. (5. 4)

Recall that g = 1/p for 0 < p < 1. By definition of &; in (3. 5)-(3. 6), the support of
de (7€) H (217, 2T Ly, &, 257y, 20YE,) (5. 5)

lies inside a ball with radius 2. Hence that the kernel in (5. 4) is bounded. Moreover, from
Lemma 3.1 we have t; < qt; for every i,j € {1,2,...,n} whenever the support is nonempty.

14



For every given t, from Lemma 3.2, we can partition the set {1,2,...,n} into I U J with respect
to (3. 9)-(3. 10). Integration by parts with respect to € in (5. 4) gives

) [ {7 w9 efe
T T —

(5. 6)

i€l j€J
atz; # 0 foreveryi=1,2,...,n and every multi-index o = (a1, a2, ..., )

Recall that A(x, &) defined in (5. 3) satisfies the differential inequality in (2. 3). By Lemma 3.1,
we have [§;| ~ 1 for i € I whenever £ € suppd: (t‘l E). Therefore

H(a%-) T[(a%) /6t (le) A - t,t71%)
i j

iel j€J

N 1 o N 1 o
e (rgms) 16 (ames)

<
iel ieJ
el 1\ o] 1 ] (5. 7)
< [1e)" () q(z)(w)
1\l 1 \Playl
<@ i)
< Aaﬁ

for 0 < p < 1 and every multi-index o = (a1, a2, . .., ).

At p = 0, the estimate in (5. 7) remains valid, provided that |g;| ~ 1 for every i =1,2,...,n
whenever t™1& € suppd; (t‘l E.).

From (5. 6)-(5. 7), we have
N
(atep)o] < ax [e-ei(g) e 6.9)

-N
for every N > 1. The function (1 + Izl) can be approximated by ) axxs, where each a; is a

positive constant and By is a standard ball in RN centred on the origin, for which Y ; ax|By| < oo
provided that N is sufficiently large.

From (5. 8), we have

1
| x—tzl( a )dz < ( a|B I)Su — lf(y)ld 5.9
[1re-o Yonwfie < (Lamdjswp s [ v 69
where the right hand side of (5. 9) is bounded by a constant multiple of (M f)(x). O

15



6 Decaying Estimate of Partial Sum Operators

Let s to be the n-tuple defined as same as t in (3. 1)-(3. 4). Suppose that T, is translation
invariant, i.e: T f(€) = 0(&)f(E). Then, A is commute with T,. From (3. 5)-(3. 6), we have
AtTsAs =0 for [t —s| = ) ;|t; — si| > const.
Lemma 6.1 Suppose that o € S,,, we have
n
(ATorsf)e] < JT270700 (Mf)o) 6. 1)
i=1

for every t and s satisfying (H) in (3. 8).

Proof: 1. Recall the formulae in (5. 2)-(5. 3). By direct computations, we have

(MT8f)00 = [ Fw0te, ity

(6. 2)
= f f(y){ f AR E) As(y, a>da} dy
where
As(x, &) = f f OV EN s ()a(y, n)dydn. (6. 3)
Suppose that &; # 1; for some i = 1,2,...,n. Integration by parts with respect to y; gives
1 1V
N 27i(x—y)-(E-1)
M) = (55) [[ e 6s<n)(|5i - ml) (Ayoty,m)dydn. (6.4
Since 0 € Sy, we have
(;)2 (Ayow )| < ( l? )2 6. 5)
1€ — il wAI W) > 1€ — il '
where
& € suppdi(&) and 1 € suppds(n). 6. 6)

We shall assume that there exists at least onei = £ € {1, 2, ..., n} such that |t; — s/| is large. Let
p = 0. From (3. 5)-(3. 6), we have |&;| ~ 2/ and |n;| ~ 2% for every i = 1,2,...,n. Therefore,
|E¢ =] ~ 2mxXtese) Tt follows that 6s(n)(AWG)(y, n)/1&¢—n¢l? satisfies the differential inequality
in (2. 1) with its norm bounded by a constant multiple of 2715,

2: Let0<p <landq=1/p. By Lemma 3.2, forgiventands,setl; UJ; =L, UJ, ={1,2,...,n}
with respect to (3. 9)-(3. 10). We write ¢; for every i € Iy U J; and s; for every i € I, U ],
respectively. Let t, = max {t;:i € I} and 5, = max {s;:i € I}.

Suppose ¢ € I; N I. By Lemma 3.1, we have |£] ~ 2/ and || ~ 25. Therefore

fc = pseple=sa) -ty > g,

1€ —Mel ~ 6. 7)
25t = pteplse—te) tr < sq.
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From Remark 3.1, the first equality in (6. 7) implies

]

m < 2 alte=sel, (6. 8)
¢ — ¢

Suppose t; < s, and gty > s,, the second equality in (6. 7) implies (6. 8) as well. If t, < s, and
qt¢ < s;, Remark 3.1 implies || < [n|. By replacing ¢ with j in (6. 4), we have

E l_ﬂln g S 2O s 27 < (©-9)
] J

Suppose ¢ € I; N]J,. By Lemma 3.1, we have [&/] ~ 2/ and |n,| < 2%. If t; > s, the first equality
in (6. 7) is valid which implies (6. 8). If t; < s¢, Remark 3.1 implies |§| < In|. By replacing ¢
with jin (6. 4), the estimate in (6. 9) follows.

Suppose ¢ € J; N I,. By Lemma 3.1, we have [&/] < 2 and ng| ~ 2%. If t; > s;, Remark 3.1
implies || 2 [n|. By replacing ¢ with 7 in (6. 4), we have

T |1]|ﬂ ; < 27Dt < p=(a-Dte tr > sp. (6. 10)
1 1

If t, < s¢ and qt; > s, the second equality in (6. 7) is valid which implies (6. 8). When ¢, < s,
and qt; <s;, Remark 3.1 implies || < In|. By replacing £ with j in (6. 4), the estimate in (6. 9)
follows.

Suppose ¢ € J1 N Jo. Remark 3.1 implies [&] ~ 2% and [n| ~ 2%¢. If t, > s;, we have |&| > In].
By replacing ¢ with 7in (6. 4), the estimate in (6. 10) follows. If t; < s;, we have || < [n|. By
replacing £ with 7 in (6. 4), the estimate in (6. 9) follows.

3. Observe that |; — 1;| ~ max {2“,25"} for i = £,1,] respectively in (6. 8)-(6. 10). By (3. 27),
és(n)(Ain )(y,n) /I&; — il satisfies the differential inequality in (2. 1) with its norm bounded

by 2-(@-Dlti=sil/a_ By carrying out the same estimation inductively on every i whereas t; # s;,
and applying Lemma 2.1, we have

aa
(5] seomess

for every multi-index a = (a1, a, ..., &n).

o]
It, S 1
H2 (1 Tl |&|P) (6. 1)

From the same estimates in (5. 4)-(5. 7), with Q in (5. 2) replaced by Qs in (6. 2), we have

n N
1
< ~(1-p)li=si _ ( ) _
(AToAsf) () < l|:1| 2 f fle—t2) (1 = dz (6. 12)
for every N > 1.
The Lemma is proved by following the same estimates given at (5. 8)-(5. 9). m|
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7 Conclusion on the Main Result

We conclude the LP-boundedness of T, for o € S, in analogue to Carbery and Seeger [10].
Let f € L2NL? and g € L?> N L7 for which 1/p + 1/g = 1. Consider

f (Tof)@)g()dx = f {Z (AT, f)(x)} {Z (Asg)(x)}dx. (7. 1)

t S

From (3. 5)-(3. 6), the support of 6¢(E)ds(E) is nonempty only if |t; —s;| <2 fori=1,2,...,n.
By Plancherel theorem, it is suffice to consider t = s in (7. 1).

Let h; be an integer for every i = 1,2,...,n. We define the n-tuples (t + h); and t + h by
simply replacing t; with t; + h; respectively in (3. 1) and (3. 3). For each t fixed, we write
f(x) =Xn (At+h f)(x). Therefore, the right hand side of (7. 1) is now replaced by a constant

multiple of
Z{ f Z(AtToAth)(x)(Atg)(x)dx}. 7.2)
h t

It is suffice to assume that all tand t+hin (7. 2) satisfy the hypothesis (H) in (3. 8), whereas the
remaining operators (I — }.; At) Ty and Ty (I — Y41, At+n) have symbols compactly supported
in € for 0 < p < 1. By carrying out the same estimates in section 5, their kernels belong to

Cc® (]RN) and decay rapidly at infinity.
By applying Schwarz inequality and then Holder inequality, we have

f (Tof))g x5 ; f {Z (AtTUAth)z(x)}%{g (Atg)z(x)}%dx
] 1 (7. 3)
L] fired]

The restriction of the L2-boundedness can be removed by taking a sequence of functions
fi € L2N LY converging to f € L? as j — oo in L?, and then using the inequalities in (7. 3).

By taking the supremum of all ¢ with ||g]lLs = 1 on the left of inequality (7. 3), and using the
Littlewood-Paley inequality in (A. 1) on the right, we have

e

t

ITofl s 2,

h

(7. 4)

L?
By Lemma 5.1, A¢T,; f is bounded by Mf for every t satisfying (H) in (3. 8).

Let h to be fixed. By using the vector-value inequality of strong maximal function [4], and
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then the Littlewood-Paley inequality (A. 1), we have

‘{Z (AtTaAth)z}% < {Z (MAt+hf>2}

t t

Nl—

L’ L’

(7. 5)

A
NI=

1<r<oo.

o

< |f

{Z (At+hf)2}

t

Lr

On the other hand, we have (AT, As)" = ASTLAL. Recall that suppdi(£)0s(&) = @ provided that
[t; —si| > 2 forsomei =1,2,...,n. By applying Cotlar-Stein Lemma [7] and using Lemma 6.1,
for each h fixed, we have

(gnst]

t

n
< H 2700 | £, (7. 6)
i=1

L2

Letp € (r,2] and p € [2,r). By applying Riesz interpolation theorem [5], from (7. 5)-(7. 6), we

have
{Z (AToAerm f)2}

t

n
< [Tz stk @.7)
i=1

L?
for some ¢ = ¢(p,p) > 0. By summing over all the h; s in (7. 4), we obtain the desired result.

A Littlewood-Paley Inequality

In this appendix, we prove the Littlewood-Paley inequality applied in section 7. Namely

[z}

Notice that for p = 0, the inequality in (A. 1) is proved by R.Fefferman and Stein [1]. It is
suffice to take n = 2 and write (x, y) € RNt x RN2, Tet (&,1) to be the dual variables of (x, y)
in the frequency space. Recall the function ¢ given in (3. 5). Let 6 be a positive real number.
For 0 < p <1, we define

< Il t<p<oo (A.1)

L?

Dy(E,m) = ci>(6&,6%n). (A.2)

f f Ds(x, y)dxdy = 0 (A.3)

for every 6 > 0. Moreover, ® = ®; is smooth, bounded and decays rapidly as |(x, y)| — co.
The square function operator S¢ is defined by

(Sof)x ) = { fo (st y))”—f}z. (A 4)
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Its kernel, denoted by (), is a Hilbert space-value function such that

_ _ 1 x Yy
O, y) = O5(x,y) = (5, =) (A.5)
with its norm defined by
= a5 ?
2
Q@ ), = { fo |®5(x, y)| g} : (A.6)
Lemma A.1
a o a B ( 1 )N1+|D£|( 1 )N2+|f’|
—| (=] Q&, < Agl—/——— _ A7
(896) (8y) ( y)H P\l + Iy lyl + x|/ (A7)

for every multi-index o and B away from the origin.

Proof: 1. Suppose |x| < 6 and |y| < 51/¢. Since @ is smooth and bounded, (A. 5) implies

1
o0 1 \2N1+2Na/p-1 g5 2 1 \Ni+N2/p
0@, < { f| () 5} - () (A.8)

1
00 2pN1+2No—-1 2 pN1+Nz
1 ds 1
[, < {fH (m) —61+up} . (rm) | 9

2. Suppose [x| > 6 and |y| < 51/p. We necessarily have |x| > |y|°. Since ® decays rapidly as
|(x, )| — oo, we have

Wl 1 \2N1+2N2/p+2 3 1 \N1+N2/p
0@y, < { fo (H) 5d6} ~ (H) . (A. 10)

On the other hand, the estimate in (A. 9) implies

and

1 pN1+N2
) . (A.11)

Q@ ), < (m

3. Suppose |x| < 6 and |y| > 51/p. We necessarily have [x| < |y|°. The estimate in (A. 8) implies

1 N1+N2/p
@yl = () (A.12)
On the other hand, since ® decays rapidly as |(x, y)| — oo, we have
[ylP 1 2pN1+2Np+2 % 1 pN1+Np
Q@ )|, < f (—) 8P 1dst  ~ (—) . (A. 13)
o \lvl lyl
4. Suppose |x| > 6 and |y| > sl/e. By the estimates in (A. 10) and (A. 13), we have
1 N1+N2/p 1 PN1+N2
owaly < () o lowal, < (5] (A 14)
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All together, we obtain

N; N>
QG ), s( ! ) ( ! ) (A. 15)

xl + [ylP ) |yl + |x| /P

Observe that every dy acting on @5 gains a constant multiple of ™! and every d,, acting on @
gains a constant multiple of 6=1/f respectively. By carrying out the same estimates as above,

we prove the differential inequality in (A. 7). m]
Define the distance function
px,y) = max{lxl, lyl°} (A. 16)
and the nonisotropic ball
B, = {(x,y) e RN xR™ : p(x,y) < 5). (A.17)

Let (4,v) € B, s and (x, y) € “B, s for some r > 1. By adjusting its value, we can have
p(x,y) > 16, p(x—u,y—v) > 4. (A.18)
The differential inequality in (A. 7) implies

Q% - u,y - 0) - Qx, y)|,,

3 |u| ( 1 )N1+N2/p N |U| ( 1 )N1+Nz/p
~ ey \pty) p(x, )P \p(x, y) (A.19)
N1+N2/p
P p(u,v) ( 1 )
p(x, y) \p(x, )
From (A. 18) and (A. 19), we have
fo |Q(x—u,y—v)—Q(x,y)|dedy
k=0 Bp,2k+176\Bp,2kré
00 N1+N2/p
<Y f f pl,©) ( L ) dxdy (A. 20)
k=0 Bp,2k+1r6\Bp,2kr6 p(x’ y) p(x, y)
< 2Ni+No/p Z 2k (u,0) € By s.
k=0
By (A. 20), we have
f f ) Q(x = u,y - 0) - Q(x, )|, dxdy < A (A.21)
¢ p,ro

for (u,v) € Bys.

This is the well known condition as discussed in chapter I of [7] for which f * Q satisfies the
weak type (1, 1)-estimate as a Hilbert space-value function in (A. 5)-(A. 6).
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On the other hand, by Plancherel theorem, we have

00 . 1 2
ff {f If(éfn)lzq)(éé,éﬁn) E;—é}dédn
RN1xRN2 (Jo
for [ (oo 21 [, enPasin < L
&m Jo RN xRN2

where the second inequality is followed by the properties of ¢ defined in (3. 5).

ol

(A.22)

IA

Let A to be a positive real number and define ‘?A(é,n) = qp(A% &, An). Our estimates proving
Lemma 7.1 remain to be valid for QO = W, as in (A. 5)-(A. 6), with x and y switched in roles.
Let F = f * ®s5. By applying the LP-regularity theorem for space-value functions given in

chapter I of [7] , we have
® 2 A 5
fjl;{le]RNz {‘fo |(F*\y)‘)(x/ y)‘H T} dxdy

ff (6@*\;/ f )p (x, y)dxdy
RN1xRN2
ﬂ 'F(x, y)ﬁ{ dxdy
RN1 xRN2

ffRNlXRNZ {fom (7~ @o)cs y)|2 %6}; dxdy
fLN] - |fGx, )| dxdy.

A

(A. 23)

A

References
[1] R. Fefferman and E. M. Stein, Singular Integrals on Product Spaces, Advances in Mathe-
matics 45:117-143, 1982.

. Nagel, E Ricci and E. M. Stein, Singular Integrals with Flag Kernels and Analysis on
[2] A. Nagel, F. Ricci and E. M. Stein, Singular Integrals with Flag Kernels and Analysi
Quadratic CR Manifolds, Journal of Functional Analysis 181: 29-118, 2001.

[3] D. Miiller, F. Ricci, E. M. Stein, Marcinkiewicz Multipliers and Multi-parameter structures
on Heisenberg (-type) group, I, Inventiones Mathematicae 119: 199-233, 1995.

[4] C. Fefferman and E. M. Stein, Some Maximal Inequalities, American Journal of Mathe-
matics 93: 107-115, 1971.

[5] E. M. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton
University Press, 1971.

[6] E. M. Stein,Singular Integrals and Differentiability Properties of Functions, Princeton Uni-
versity Press, 1970.

[7] E. M. Stein, Harmonic Analysis: Real-Variable Methods, Orthogonality and Oscillatory Inte-
grals, Princeton University Press, 1993.

22



[8] L. Boutet de Monvel, Hypoelliptic Operators with Double Characteristics and related Pseudo
Differential Operators, Communication in Pure and Applied Mathematics 27: 585-639,
1974.

[9] R. Beals and C. Fefferman, Spatially Inhomogeneous Pseudo Differential Operators, Com-
munication in Pure and Applied Mathematics 27: 1-24, 1974.

[10] A.Carbery and A. Seeger, Conditionally Convergent Series of Linear Operators on LP-Spaces
and LP-Estimates for Pseudodifferential Operators, Proceeding of London Mathematical
Society, 57(3), 481-510, 1988.

23



