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WEIGHTED INEQUALITIES FOR PRODUCT FRACTIONAL INTEGRALS

ERIC SAWYER AND ZIPENG WANG

ABSTRACT. We investigate one and two weight norm inequalities for product fractional integrals

s = [ [l ul® T = 0P f () dudt
R™ xR™
in R™ x R™. We show that in the one weight case, most of the l-parameter theory carries over to the
2-parameter setting - the one weight inequality

| (i) wl|, < NG Yl g0,

is equivalent to finiteness of the rectangle characteristic

o B
AR (w) = sup |1]7 7t g //“’ //wfp/ ’
I,J

IxJ IxJ

Q|-

which is in turn equivalent to the diagonal and balanced equalities
«@ B 1 1

0<—=Z=—-——,

'
Moreover, the optimal power of the characteristic that bounds the norm is 2 + 2 max {%, ﬁ

However, in the two weight case, apart from the trivial case of product weights, we show that virtually
none of the standard results carry over from the l-parameter setting - the two-tailed characteristic

—~ o B
A (0,0) = sup 115 ]2

X // (Brxgw)? dw ' // (gli’U_l)p/dU

R™ xR™ R™ xR™

.
o7

fails to control the operator norm of I, g : LP (vP?) — L9 (w?) in general, and even when both weights

v~ and w? satisfy the rectangle A; condition in the case of strictly subbalanced diagonal indices 0 <

L_ 1 o _ B8 Apg finally, not even the rectangle testing conditions are sufficient for the two weight
P q m n

inequality when both weights satisfy the rectangle A1 condition. Nevertheless, the Stein-Weiss extension
of the classical Hardy - Littlewood - Sobolev inequality to power weights carries over to the 2-parameter
setting with nonproduct power weights using a ‘sandwiching’ technique, providing our main positive result
in two weight 2-parameter theory.
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1. INTRODUCTION

The theory of weighted norm inequalities for product operators, i.e. those operators commuting with a
multiparameter family of dilations, has seen little progress since the pioneering work of Robert Fefferman
[Fef] in the 1980’s involving covering lemmas for collections of rectangles. The purpose of the present paper
is to settle some of the basic questions arising in the weighted theory for the special case of product fractional
integrals, in particular the relationship between their norm inequalities and their associated characteristics,
two-tailed characteristics, and testing conditions. Our four main results can be split into two distinct parts,
which are presented largely independent of each other:

(1)

(2)

In the first part of the paper, we consider the general two weight norm inequality ;" : L? (vP) —
L7 (w?) for product fractional integrals I(TB” when the indices are subbalanced:

We focus separately on the three subcases where the indices are balanced ;- = % = % — % > 0, half

subbalanced min{%, %} = % - % > 0 with = # %, and finally strictly subbalanced, min {ﬂ é} >
11

5—7> 0. It turns out that the one weight theory in 1-parameter carries over to the product setting
in the balanced case, some of the familiar two weight theory in 1-parameter carries over in the half
balanced case, and finally, none of the familiar two weight theory in 1-parameter carries over in the
strictly subbalanced case. More precisely, we prove:

(a) In the balanced case, the one weight inequality in the product setting is equivalent to finiteness
of the product Muckenhoupt characteristic.

(b) In the half balanced case, we use the iteration theory and Stein’s interpolation of analytic families
of operators to show that the two weight inequality holds if in addition to the Muckenhoupt
characteristic, we have one of the side conditions, v» € A, x A, or w? € A, x A,.

(c) In the strictly sub-balanced case, we give a construction of a family of counterexamples to two
weight inequalities for product fractional integrals, spoiling any chance that conditions based
on the familiar characteristics and 71 type testing conditions - that play such an important
role in characterizing two weight theory in 1-parameter - can play an analogous role in the
multiparameter setting, and perhaps helping to explain the lack of progress in this area since
the 1980’s.

In the second part of the paper, we give a sharp product version of the Stein-Weiss extension of the
classical Hardy-Littlewood-Sobolev theorem for (nonproduct) power weights, which we establish by
a (somewhat complicated) method of iteration, something traditionally thought unlikely.
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The family of counterexamples in two weight theory requires a delicate construction of rectangle A; x Ay
weights with ‘nodes’ carefully arranged on a hyperbola. Our positive results for one weight theory and two
power weight theory are obtained using the tools of iteration, Minkowski’s inequality and a sandwiching
argument. In fact, it seems to be the case that all of the positive results in weighted product theory to date
can be obtained using these three tools. Now we begin to describe these matters in detail.

Let m,n > 1. For indices 1 < p,qg < co and 0 < « < m and 0 < 8 < n, we consider the weighted norm
inequality

/ / 5 f(,y)?! w(z,y)! dedy E < NfeRman) (4 4p) / / f(u,t)? v (u,t)? dudt

R™ xRR™ R™ xRR™

3 =

for the product fractional integral

I f () = / / @ — ™y — " f (u ) dudt,  (z,y) €R™ x R,
R’rerRn

and characterize when one weight and two weight inequalities are equivalent to the corresponding product
fractional Muckenhoupt characteristic,

1
o B _ /
8 A ) = s 1 EE [ [ o)
ICR™, JCR®

IxJ IxJ

and its two-tailed variant,

A(m,n),(a,B

(1.2) Almn) (@8 (y,ap)
1 4
= sup |7 |J\771 / / (Srxgw)? dw / / (§1XJU*1)p do ,
IXJCR™ xR"™
R™ xR™ R™ xR™
where
| | a—m | ‘ B—n
N Tr—c —c
(1.3) Sixg (z,y) = <1+1I> ( y—< > .
1] b

For the one weight inequality when v = w, we show that the indices must be balanced and diagonal, i.e.

1 o B

1
p q m n

)

and that p < ¢; then the finiteness of the operator norm N,Sf:;’") (w) is equivalent to finiteness of the
characteristic AZ(,T,Z’") (w), where as is conventional, we are suppressing redundant indices in the one weight
diagonal balanced case. In addition, we characterize the optimal power of the characteristic that controls the
operator norm. These one weight results are proved by an iteration strategy using Minkowski’s inequality
that also yields two weight results for the special case of product weights.

For the general two weight case, we show that in the absence of any side conditions on the weight pair
(v, w), the operator norm N(O‘ 8, (mom) (v, w) is never controlled by the two-tailed characteristic A m n) () (v, w),
not even the weak type operator norm of the much smaller dyadic fractional maximal functlon Maf'ﬁ (see
below for definitions). On the other hand, new two weight results can be obtained from known norm inequal-

ities, such as the one weight and product weight results mentioned above, by the technique of ‘sandwiching’.
Lemma 1. If{(Vi, Wz)}jil is a sequence of weight pairs ‘sandwiched’ in a weight pair (v,w), i.e.

N i
) > W (z,y) 7
V? (u, t)

i=1
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then!

N
Nz()iélvﬁ)a(mrn) ('U,'LU) S ZNPS,C;’B)’(m’n) (Vi7 WZ) .

i=1

Proof. This follows immediately from setting g = fV in the identity,

_ _ t
NP mm) (VW) = sup / / (2, ) W (2,9) |z —u|* ™ |y —¢)* ™ g(u.?) dzdydudt.
lgllop <libl o<t S V (u,t)

O

We mention two simple examples of sandwiching, the first example sandwiching a one weight pair, and
the second example sandwiching two product weight pairs:

(1) In the case of diagonal and balanced indices % - % = 2 = £ if there is a one weight pair (u,u) with

Aﬁjﬁ)’(m’n) (u) < oo sandwiched in (v, w), then N( (m n) (v,w) < A ﬁ) (mn) (1) < 0.

(2) fw(x,y) = |(z,y)| " and v (z,y) = |(x,y)\ are power weights on ]R"““” then N( o), (m.m) (v,w) <
oo provided the indices satisfy product conditions corresponding to those of the Steln Weiss theorem
in l-parameter (see below), that in turn generalize the classical Hardy-Littlewood-Sobolev inequal-

ity. In this example there are two weight pairs {(V,W),(V’',W’)} depending on the indices and
sandwiched in (v, w) where each weight is an appropriate product power weight.

a _
B),

On the other hand, we exhibit examples that show that even if both weights satibfy the product A; x A;

condition, the operator norm NISO‘ )i (min) ( (a A),(m.n) (

v, w) still cannot be controlled by A, v, w) when % - % <

- = g Moreover, under these conditions, not even the testing conditions, Where the norm inequality and its
dual are tested over rectangles times w? and v respectively, are sufficient for the weighted norm inequality

to hold.

Problem 1. A basic open problem remains - that of finding a new type of condition to characterize the two
weight norm inequality for product fractional integrals, given that all of the traditional candidates fail. For
example, testing over all indicators of sets is not yet ruled out.

Thus we see that the two weight product situation turns out to have striking differences from that of the
1-parameter theory, and to highlight this, we begin by briefly recalling the 1-parameter weighted theory of
fractional integrals.

2. 1-PARAMETER THEORY

Define Q™ (x) = |z|*™™ and set I™g = Q™ % g. The following one weight theorem for fractional integrals
is due to Muckenhoupt and Wheeden.

Theorem 1. Let 0 < a < m. Suppose 1 < p < q < oo and

(2.1) T l_o

p g m

Let w (z) be a nonnegative weight on R™. Then

{/ I f (@) w(x)! dw} < Npg (w ){ f @) w(z)” dw}
m R‘Vﬂ.
for all f >0 for N, 4 (w) < oo if and only if

(2.2) Apqg(w)= sup <1/w(m)q da:)q <1/w(:p)_p, dm)p < 00.
cubes ICR™ |I| I |I| I

1n the case N = 1, the hypothesis is implied by w < W' and V! < v, hence the terminology ‘sandwiched’.
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In fact, assuming only that 1 < p, ¢ < oo, the balanced condition (2.1) is necessary for the norm inequality
(2.2). See Theorem 14 in the Appendix for this.

A two weight analogue for 1 < p < ¢ < oo was later obtained by Sawyer [Saw] that involved testing the
norm inequality and its dual over indicators of cubes times w? and v P respectively, namely for all cubes

Q CR™,
{/}1ﬁy(1Qv_ﬂ)(xf w (z)° dw};

1
m ! —p’ F o,m 11 %
{/mLquwﬂ@y’v@)P(n} < TMW(w%)|Qm“

Later yet, it was shown by Sawyer and Wheeden [SaWh], using an idea of Kokilashvili and Gabidzashvili
[KoGal, that in the special case p < g, the testing conditions could be replaced with a two-tailed two weight
version of the A, , condition (2.2):

IN

1
T;f;]'m (’U,w) |Q‘5,p/ )

1
/ o7

ey s 0F (g [E @) dac)é (7 [[Fr@v@]" @) = g o) <

ICR™
| | a—m
~ r —cC
sr(x) = (1 + LI ) )
|I|7n

and ¢y is the center of the cube I. Note that in Sawyer and Wheeden [SaWh], this condition was written in

where the tail 57 is given by

terms of the rescaled tail s; = |I| ot S1, and it was also shown that the two-tailed condition leyq condition
(2.3) could be replaced by a pair of corresponding one-tailed conditions.

Theorem 2. Suppose 1 <p < g < oo and 0 < a <m. Let w(z) and v (z) be a pair of nonnegative weights
on R™. Then

(2.4) {/:nLTf(mV w (z)? dw}éféNﬁfluuw){ f(xy>v(zy;d$};

an
for all f > 0 if and only if the A\g”g" condition (2.3) holds, i.e. A\g)’;” (v,w) < 0. Moreover, the best constant

Ny (w,v) in (2.4) is comparable to Ay (w,v).

The special case of power weights |z|” had been considered much earlier, and culminated in the following
1958 theorem of Stein and Weiss [StWe2].

Theorem 3. Let w, (z) = |z|”7 and vs (z) = |:v|‘S be a pair of nonnegative power weights on R™ with
—00 < 7,8 < 00. Suppose 1 < p < g < oo and a € R satisfy the strict constraint inequalities,

(2.5) 0<a<mandgy<m and p'd <m,
together with the inequality
Y+62>0,
and the power weight equality,
I 1 a—(y+9)
p a  om

Then (2.4) holds, i.e.

{[ ey w o < v w0 {

The previous theorem cannot be improved when the weights are restricted to power weights. Indeed,
a > 0 follows from the local integrability of the kernel, both ¢y < m and p’d < m follow from the local

integrability of w? and v™?', and then both v+ 6 >0 and % — % = w follow from the finiteness of

(@ Jal" dsf’

RrRmM
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the Muckenhoupt condition A, , (v, w) using standard arguments (see e.g. the proof of Theorem 9 below).
These conditions then yield

1 1 1 1 m o m
a=m|-——]+y+d<m|-—=-|+—+5=m
p q p g q p

A routine calculation shows that the aforementioned conditions on the indices «,m, ", d, p, q are precisely
those for which the characteristic Ag" (w,,vs) is finite. Finally, the necessity of the remaining condition
p < g is an easy consequence of Maz’ja’s characterization [Maz] of the Hardy inequality for ¢ < p. See
Theorem 15 in the Appendix for this. Altogether, this establishes the succinct conclusion that the power
weight norm inequality holds if and only if p < ¢ and the characteristic is finite.

Next, in the one weight setting, we recall the solution to the ‘power of the characteristic’ problem for
fractional integrals due to Lacey, Moen, Perez and Torres in [LaMoPeTo]. See the Appendix for a different

proof of this 1-parameter theorem that reveals the origin of the number 1 4+ max { %, ﬁ} to be the optimal

1+max{ E

exponent in the inequality 4, , (w) < A4, , (w) 7§} where A, ; (w) is a one-tailed version of 4, , (w).

Theorem 4. Let 0 < a < m. Suppose 1 <p < g < oo and
1 1 o
p g m
Let w (z) be a nonnegative weight on R™. Then

{/ I f (@) w () dz}q <N, () { e dm};

]R’m
where
p/

14+ maxq & %
NZ%Q (’lU) < Cp,q,n Ap,q (’UJ) Fma {‘1 P }

The power 1 + max {%, ﬁ} is sharp, even when w is restricted to power weights w (z) = |z|”.

Finally we recall the extremely simple proof of the equivalence of the dyadic characteristic
QL (10l
a1 1 q p’
A2V (g,w) = sup |Q|mFa ( w) < a) ;
P QCR" dyadic |Q‘ |Q|

where the supremum is taken over dyadic cubes, and the weak type (p, q) operator norm Ng‘;};y (o,w) of the
dyadic fractional maximal operator M3 with respect to (o,w):

M| { Mmdy A 1
Ng,,;iy (O’,w) = sup SUPA>0 H a (ff) > }’w '
= (J frdo)?

This proof illustrates the power of an effective covering lemma for weights, something that is sorely lacking
in the 2-parameter setting, and accounts for much of the negative nature of our results (c.f. Example 1
below). Recall that the 1-parameter dyadic fractional maximal operator M2 acts on a signed measure y in
R by

MY (z) = sup |Q|a_n/ dlu| .
Q dyadic Q

Lemma 2. Let (o,w) be a locally finite weight pair in R™, and let 1 < p < q < oo. Then MY : LP (o) —
L9 (w) if and only if ASI (0,w) < oo.

Proof. Fix A > 0 and f > 0 bounded with compact support. Let Q) = {x eER” : MY fo > )\}. Then

o=, Q" [ gdo >
k Qk
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and we have

()\|QA|E)p

P (Zmu) <N (QulE =YW Quls
k k k

p P —n P 1 P —
< Y (lczk”/ de> Qrls = (|Qk| |Qrl% |Qk|5> 1Qxls / fdo
& Qk & Qk
< S o) [ 1o < Az 0.0 11
& Qk
which gives
IME oy = SIS < A5 (0,0) [l
(w) >0 (o)
for all f > 0 bounded with compact support.
The proof of the converse statement is standard, similar to but easier than that of Lemma 3 below. ]

3. 2-PARAMETER THEORY

Define the product fractional integral 15" on R™ x R™ by the convolution formula I]'}'f = Q7" * f,
where the convolution kernel Q" is a product function:

Qg (x,y) = 2" 7", (w,y) €R™ X R™

Let v (z,y) and w (z,y) be positive weights on R™ x R™. For 1 < p,g<ocand 0 < a <m, 0 < f < n, we
consider the two weight norm inequality for nonnegative functions f (x,y):

(3.1

{/ / Im nf .T y (m,y)q dxdy}q < ngzﬁ)v(m,n) (’U,U)) {/ 5 f(ib,y)p ’U(l‘,y)p d.]?dy}p

If we define absolutely continuous measures o,w by
(3.2) do (z,y) = v (z, y)fp, drdy and dw (z,y) = w (z,y)? dedy,

then the two weight norm inequality (3.1) is equivalent to the norm inequality

sy [ [ e ey dw<xy>};<N<Wm"> e [ [ 1@y ao@n}’

where now the measure o appears inside the argument of I';", namely in I}';" (fo). In this form, the

norm inequality makes sense for arbitrary locally finite Borel measures o, w since for nonnegative f € LP (o),
the function f is measurable with respect to o and the integral [ Qu (x —u,y — 1) f (u,t) do (u, t) exists.
Note also that the best constants N( o), (m.n), (v,w) and Nﬁjﬁ)’(m’n)’ (0,w) coincide under the standard
identifications in (3.2), and this accounts for the use of blackboard bold font to differentiate the two best
constants.

A necessary condition for (3.3) to hold is the finiteness of the corresponding product fractional character-

istic Aﬁl’m)’(g’n) (o,w) of the weights,

" IxJ|, [T x J|,
3.4 Al (mn) (5 ) = su I Fas | g|nt (| ) <
B AW = e HET ) <)

1 a1

q p’

= sup |I|771\J|771 // dw // do ,
ICR™, JCR™

IxJ IxJ

1
o7
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as well as the finiteness of the larger two-tailed characteristic,
(3.5) 1&;%’5)’(”1’") (o,w)

1
a B _ —~ ~ !
swp  E T [ saewrtasen | | [ ] S ey
IxXJCR™ xR™
R™ X R™ R XRn
where Sy, (z,) is the ‘“tail’ defined in (1.3) above. When (3.2) holds, we write A%%7™™ (4 w) =

AL (6 5y and AL (9 ) = AP (5 w), and in the one weight case v = w we simply
write Ag" (w) and AS" (w).

Lemma 3. For1 <p,g< oo and 0 < a<m, 0< S <n, we have

(3.6) AL (mm) () < NGO (5 )
Proof. To see this, we begin by noting that for any rectangle I x J we have
)™ |z —u| < <|I%+|$—CI|) (|I%+|u—c[|) and \J|%|y—t| < (|J%+|y—cj|> (|J%+|t—cﬂ),
1 - ~ 1 t—
e o —ul < (0% (e B} (pp el gy g <t (o e (1 el
17 17 717 I
and hence

o —u*7" |y — 177"

a—m a—m B—n B—n
o — — B8_ t—
gt (14 lEmal g4 ezl et (14 =l g4tz
e e 1 1
B

o
m 1

Y

m S (2,y) S1x (uyt)

-1

Thus for R > 0 and fr (u,t) = 1o r)xB(0,r) (U:t) Sq (u,1)” ", we have

170 (fro) (z,y) = / / lz—u|* " |y — 7" Sy (u, )P do (u,t)
B(0,R)x B(0,R)

It

m

Y

Y51 (,9) S1r (uyt) Sre s (u, ) " do (u,t)

B(0,R)x B(0,R)

a B_1 < —~ /
5715 S0 (2,9) / / Srvs (u, 1) do (ust).
B(0,R)x B(0,R)

Substituting this into the norm inequality (3.3) gives

a_ 5_ —~
e 1\J|" ! / / Srxg (u,t)? dcrut // Srx (2, 9)! dw (2, y)

B(O)R)XB(O,R) R™ xR"™
1
= // Lo (FR) o (2,9)" dw (2,y)
R™ xR™
1
< N (o, w) // fr (u,t)" do (u,t)
R'VYLXR?’L
%
= Ny (o,w) / Srs (ut)” do (ut) |

B(0,R)x B(0,R)
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1

and upon dividing through by / / SixJ (u, t)pl do (u,t) | , we obtain

B(0,R)x B(0,R)

Y / [ st aown| ([ [ S @y
B(0,R)x B(0,R) R™ X R"
< Nz(,f“f)’(m’”) (o,w),  forall R >0 and all rectangles I x J.
Now take the supremum over all R > 0 and all rectangles I x J to get (3.6). O

Remark 1. We have the ‘duality’ identities Né o), (m.m) (o,w) = Né‘if)’(m’n) (w,0) and A ’B) (m.n) (o,w) =
A((,l é man) (w,0).

Remark 2. Since S;xy ~ 1 on I x J, we have the inequality A(Q’B) (mm) (o,w) < &fﬁf)’(m’") (w,0). In

particular, we see that in the case
1 1
- == >min{04,/8}7
P q m’'n

say%f%f%:5>0, wehavegflzfsfﬁf%, and so
= 1
1 ’ -
- a,B),(m,n a,3),(m,n

IxJ IxJ

for all rectangles I x J. Thus the finiteness of A(a A),(mn) (o,w) implies that the measures o and w are
carried by disjoint sets. We shall not have much more to say regarding this case.

4. STATEMENTS OF PROBLEMS AND THEOREMS, AND SIMPLE PROOFS

In the 1-parameter setting with one weight and balanced indices, the characteristic A4, , (w) arose in
connection with the operator norm N, , (w), while in the 1-parameter setting with two weights and general
indices, the two-tailed two weight characteristic &g‘,’q’” (o,w) arose in connection with the operator norm
Ny (o, w).

Thus the 2-parameter questions we investigate in this paper are these.

(1) Is the finiteness of the one weight characteristic A, , (w) in (4.3) below suPﬁcient for the one weight
l a 5

= m
the dependence of the operator norm N, , (w) on the characteristic Ap q (W)?

(2) Under what conditions on the indices p, g, @, 5, m,n is the finiteness of the two-tailed characteristic
&(o‘7ﬁ)7(m)n) ( ( 7ﬂ) (m n) (
D,q
(3.3)7
(3) If the operator norm o,w) fails to be controlled by the characteristic o,w),

what additional side conditions on the weights o,w are needed for finiteness of the two-tailed char-
,B),(m,n) (

norm inequality (3.1) with w = v when the indices are balanced, % — , and if so what is

o,w) sufficient to control the operator norm Ny o,w) in the norm inequality

N{@8):(mn) Aled)mn)

acteristic A(a o,w) to imply the norm inequality (3.3)7

(4) If the operator norm N,(D 2:8):(mm) (5 ) fails to be controlled by the characteristic

is it controlled by the corresponding testing or 7'1 conditions?

AL (0,w),

4.1. A one weight theorem. The special ‘one weight’ case of (3.1), namely when v = w, is equivalent to
finiteness of the product characteristic, and we can calculate the optimal power of the characteristic.

Theorem 5. Let o, 8 > 0, and suppose 1 < p,q < co. Let w (x,y) be a nonnegative weight on R™ x R™.
Then the norm inequality

(41) {/m /n IZ,LI’B"J(‘ ($7y)q w(x,y)q dl‘dy}q < Np,q (’w) {/m o f(l‘,y)p ’w(l‘,y)p dxdy}p
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holds for all f > 0 if and only if both

(4.2)

S|

SN
Q| =

and

1
43) A, (w) = sup (// w(z,y)? dmdy) ( // w (z,y) - dmdy) < o0,
W a0 =, 2 o\t ] ey Y 1071 s

if and only if both (4.2) and

(4.4) sup { sup (1/wy (z)? dx) ' (1/wy (x)fp/ dx)p < Ay g (w),
yern | rcrm \ 1] Jg 1] Jz
1 q % 1 —p' ﬁ
sup ¢ sup | — [ we (v)" dy | (755 [ wa(y) " dy < Apg (w).
zerm | gcre \|J] Js 11

(4.5) Npg(w) < Ay (w)2+2“‘a"{%%} ,

Moreover

and the exponent 2 + 2 max {%, ﬁ} 18 best possible.

There is a substitute for the case @« = = 0 due to R. Fefferman [Fef, see page 82], namely that the strong

maximal function
g [l dsay,

is bounded on the weighted space L? (w?) if and only if A, (w) = A4, , (w) is finite. This is proved in [Fef, see
page 82| as an application of a rectangle covering lemma, but can also be obtained using iteration, specifically
from Theorem 12 below as M is dominated by the iterated operators in (5.1). Another substitute for the
case a = f§ = 0 is the boundedness of the double Hilbert transform

Hf (z,y) //xfuﬁf(u t) dudt,

on LP (wP) if and only if A, (w) is finite. This result, along with corresponding results for more general
product Calderén-Zygmund operators, can be easily proved using Theorem 12 below, and are left for the
reader.

Before proceeding to state our main two weight theorems, we point out that, without any side conditions at
( ,B) (m,n) (

(4.6) Mf (z,y) = sup

all on the weights, the two-tailed product characteristic Ay o,w) never controls the operator norm

N,(fqﬁ )»(m n)( o,w) for the product fractional integral, and not even for the much smaller product dyadic

fractional maximal operator Miyﬁ defined on a signed measure p by

d a1, 8
Mo = s (IE ] g,
R=IxJ dyadic
(zy)ER IxJ

(note that ./\/liy st < 107 i when g is positive). This failure of ALt mm) ¢ control NP ™™ in general
is proved by a famlly of counterexamples in the Appendix below, but we content ourselves here by presenting
a simple precursor of this family to show that the smaller product characteristic A(a m),(8n) (o,w) doesn’t

control the weak type operator norm of M ayB (c.f. Lemma 2 in the 1-parameter setting).

Example 1. Let 0 < a,3 < 1 and 1 < p,q < 00. Given 0 < p < oo, define a weight pair (o,w,) in the
plane R? by

(4.7) 0 =000 andw, = Y 6p where P = {(2",277%)} 7 .
pep
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If R=1xJ is a rectangle in the plane R x R with sides parallel to the azes that contains (0,0) and satisfies

RNP= {(2’“, 27pk)}£+iv+1 for some L > 0 and N > 1, then it follows that

o— 1 -
P [ [ ao / [aw] 5@ (o i)' i,

IxJ IxJ
This expression is uniformly bounded, and hence AI()%’B)’(LD (5(070),(,()) is bounded, provided p < i—g On the
other hand, the function f (x,y) = 1 satisfies f € LP (o), while the strong dyadic fractional mazimal function
satisfies
d N 9—pN Nyl —pNy |81 N(a—1-p(B-1
MEfo (@M27%) 2 (02N o) [ [ g g 2y
[0,2V) x[0,2—7N)

for all N > 1 provided p > i:—g Thus if p = i—o‘, the weak type operator norm of./\/l 5[ is infinite:

1

dy _ n dy
= sup )\HxGR s MY f0>)\}
H op L3 (w)) A>0 B wp
Hf”Lp(o‘)Z]‘

1
1 . N 1S _
= 2Hx€R 'Mdﬁfa>2}‘wp:2(1vz_:1‘(21v’2 pN)‘“”’) o

Remark 3. It is easy to verify that when o = 00,0, the operator norm N(O‘ A)(myn) (6(070),w) is in fact

equivalent to the two-tailed characteristic A( ’6) (m,n) (5(070), ) for all measures w. Indeed, as shown in the

Appendiz below, N(a’ﬁ) (m.n) (5(0)0),w) and Ag‘,’f) (mun) (5(070),1&1) are each equivalent to

1
{ L[ ey dw<m7y>}q.

We refine the above example in the Appendiz to show that A(a”@) (M) Joesn’t control the strong type operator
norm of Ma 5

4.1.1. Application to a two weight half-balanced norm inequality. Here is a two weight consequence of the
one weight result above when the indices satisfy the half-balanced condition.

Theorem 6. Suppose that 1 <p,q <oo and 0 < .-, = 81 satisfy the half-balanced condition

1 . a
(4.8) ;—6—ml {m n}

(1) Suppose that v? € A, and Aﬁjﬁ)’(m’") (v,w) < 00. Then the two weight norm inequality (3.1) holds,
and moreover

(4.9) {// I f () w (e, y)° dxdy};

< Chaori,, ALHm <v,w>{ [ [ s oy dxdy}

(2) Suppose that w? € A, and Agf,’,jﬁ)’(m’") (v,w). Then the two weight norm inequality (3.1) holds, as
well as the estimate (4.9).

m JRn

This theorem shows in particular that in the half-balanced case, the (smaller) characteristic A, 4 (v, w)
controls the two weight norm inequality (3.1) under either of the side conditions (i) v? € A, x A, or (ii)

w9 € Ay x A,. This is in stark constrast to the strictly balanced case % — = < min { & 5} where not even

the much stronger side conditions v ' wl e Ay x Ay are sufficient for control of the norm inequality by
Ag,a,jﬁ)’(m’n) (v, w).
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4.2. Two weight theorems - counterexamples. In the case % — % <=
and even under the additional assumptions that both o and w are absolutely continuous and satisfy the
product A; x A; condition, and that the two-tailed characteristic A, , (v, w) is finite. Recall that the strong
maximal function M f of f is defined by

1
Mi@w= sp o [ [
(@9) IxJ: (J;,y)EIXJ|IXJ| | J| |
X

and that a nonnegative weight u (z,y) satisfies the product A; x A; condition provided there is a finite
constant C' = [[uf| 4, , 4, such that the strong maximal function Mu of u is pointwise dominated by Cu, i.e.

= %, the above theorem fails,

Mu (z,y) < Cu(z,y).

We state and prove the following negative result only for m = n = 1, leaving the extension to higher
dimensions for the reader. Given 0 < v < 1 define the (product) weight

(4.10) 7 (2,y) = Mo (2,9)" 7 = |2 |y,

and the (nonproduct) weight

(4.11) w (@) =D [Mbarsn] =D |z - " |y —2 k[
= k=1

k=1

Note that both s (z,y) and w” (x,y) satisfy the product A; x A; condition by Proposition 2 of Coifman-
Rochberg [CoRo]|, and have reverse product doubling exponent 7 - a weight u has reverse product doubling
exponent € > 0 if

|sI x tJ|, < Cs*™t" |I x J|,
for all rectangles I x J C R™ x R™ and all 0 < s,t < 1.

Theorem 7. Suppose that 1 < p,q < 0o and 0 < a < 1 satisfy

1 1
-——<a.
p q

There exists 1 — a < v < 1 such that if s7 and w" are as in (4.10) and (4.11) above, then we have:
(1) the weights s7 and w? each satisfy the product Ay condition and have reverse product doubling
exponent vy.
(2) the weight pair (s”,w?) satisfies the fractional Muckenhoupt condition

qu,a),(m) (s7,w7) < o0,

and even the larger two-tailed version

1&}()?3&),(171) (s7,w") < oo.

(3) the operator morm N;,?q’a)’(l’l) (s7,w") is infinite, and even the strong dyadic fractional mazimal
operator Mgga fails to be weak type (p,q) with respect to the weight pair (s7,w").

4.3. Two weight theorems - power weights. We will see below that in the special case that both weights
are product weights, i.e. w(x,y) = wy () w2 (y) and v (z,y) = vy () v2 (y), then the one parameter theory
carries over fairly easily to the multiparameter setting. Despite the highly negative nature of the previous
theorem for product A; x A; weights, the 1958 result of Stein and Weiss on power weights does carry over to
the multiparameter setting using the sandwiching technique of Lemma 1 - where here the power weights are
not product power weights (the theory for product power weights reduces trivially to that of the 1-parameter
setting).

At this point it is instructive to observe that the kernel of the 1-parameter fractional integral IQ”J:FB” is

trivially dominated by the kernel of the 2-parameter fractional integral IZBR’ and hence the corresponding
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1-parameter conditions in Theorem 3 are necessary for boundedness of I;"ﬁn - namely p < g and

O0<a+B<m+nandyg<m-+nanddp <m-+n,

v+6 >0,
1 1 a+B—-(y+9)
D q m-4+n ’

where the displayed conditions are equivalent to finiteness of the 1-parameter Muckenhoupt characteristic
AptBmFn (ys ap.). The boundedness of I3 is instead given by finiteness of the rectangle Muckenhoupt

characteristic Aé?‘q’ﬁ)’(m’") (

product setting.

vs,w~). Here now is our extension of the classical Stein-Weiss theorem to the

R

)
- 2 2\~ 5 2 2\ 2
Theorem 8. Let w, (z,y) = |(,9)| " = (lef* +1of*) " and vs (w,9) = |(,9)" = (o +19I*)" be a
pair of monnegative power weights on R™T" = R™ x R™ with —co < 7,6 < oo. Let 1 < p,q < oo and
—o00 < a, B < oo. Then the following three conditions are equivalent:

(1) the two weight norm inequality (3.1) holds, i.e.

(4.12)
1 1
m.,n — a o m.n 5 P
([ mprew 1wl doan < 5?0 @) { [ par (@)l doy}
R™ xR™ R™ xR™
forall f >0
(2) the indices p,q satisfy
(4.13) P =4q,
and the Muckenhoupt characteristic A;ﬁjm’(m’") (vs,w~) is finite, i.e.

1
7

1
(4.14) s ATE (el dwdy) ([ [ Jwnl dude)” <o,
ICR™  JCR"™ IxJ IxJ

(3) the indices satisfy (4.13) and

(4.15) L 1, a%d _oath
p q m+n m-+n
and
(4.16) Y+62=>0,
and
(4.17) ﬁ—% < 5anda—%<6wh6n72026,

ﬂ—ﬁ, < 'yanda—@,<'ywhen62027.
q q

In the absence of (4.13), a charactertization in terms of indices of the finiteness of the Muckenhoupt
characteristic A,(,‘ijﬁ ),(mm) (vs,w~) is given by the following theorem, not used in this paper. For any real
number ¢ let 1 = max{t,0} and t_ = max{—t,0} be the positive and negative parts of ¢t. Note that
t =t, —t_. For the statement of the next theorem, we will use the notation 04 < A to mean the inequality

0 < A.

Theorem 9. Suppose that
1<p,g<ooand — o < a,f < oo,

and wy (z,y) = |(z,y)|” " and vs (z,y) = ((z,y)|° for (z,y) € R™ x R" with —o0 < 7,8 < 0. Let
1 1 1

r

P

1
p q g

7/7

p
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and set
st = (-3) +(-3),-
Pﬂ( ) v q n p/ 4
n n
Ay = (- +<5—> .
o = (1-2) +(-3).

Then the Muckenhoupt characteristic is finite, i.e.

Aé‘f‘qm (m,n) (vs, wy) < 00,

tf and only if the power weights wl and vy ? ? are locally integrable,

(4.18) vg <m-+mn and dp' <m +n,
and the following power weight equality and constraint inequalities for a and 3 hold:
—7—94
(4.19) r = u7
m+n
0 6
F+Az,q(n) < 2 p y+6 qu(m)7
m m m
5 5
F+Ag’q (m) < §§F+7+6 AYg(n)
n n n n

For the proof of Theorem 9 see the arxiv.

4.4. Two weight theorems - product weights. When both v (u,t) = v; (u) v2 (¢) and w (z,y) = wy () w2 (y)
are product weights, the one-parameter theory carries over fairly easily, and also for product measures
0 =01 X 09 and w = w; X wa. Recall that

1 1
q p’/
[kéaq,,@),(mm) (o,w)= sup |I|™ / / 59, dw / / §’;;Jda ,
’ ICR™, JCR™

R™ xRR™ R™ xRR™

and so for product measures 0 = 01 X 03 and w = wi X ws, we have

1 1
Az(fqﬁ) (m.n) (c,w) = sup |I|%_ (/ dw1> (/sIldm)p - sup \J|%_1 (/ ’sgdUJg) (/ é\f’,/d@)
ICR™ JCR® J J

= Ay (on,w1) - AYY (02,).

L

Theorem 10. Suppose that 1 < p,q < oo and 0 < =, n < 1. If both 0 = 01 X 09 and w = w1 X wa are
product measures on R™ x R™, then the norm inequality (3.3) is characterized by the two-tailed Muckenhoupt
condition (3.5), i.e.

N(@B).(mn) (5 ) ~ gﬁimmm (o,w) .

p,q

As we will see later, the proof of this theorem follows immediately from the 1-parameter version, Theorem
2, together with the measure version of the iteration Theorem 13.

4.5. Two weight theorems - T'1 or testing conditions. Our final theorem shows that not even the
testing or T'1 conditions are sufficient in general for the weighted norm inequality in the strictly subbalanced
case % - % < a. Recall that a weight u satisfies the product doubling condition if [2R|, < C'|R|, for all

rectangles R, and that this condition implies the weaker product reverse doubling condition.

Theorem 11. Suppose that 1 <p < g <oo and 0 < 2= = < 1 satisfy

and suppose that the locally finite positive Borel measures o and w satisfy the product doubling condition and
have product reverse doubling exponent (e,') that satisfies

! 1-= B 1-2
(4.20) 1_E<E<l ”i/andl—ﬁ<5’<l ’i/
e p a P
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(e ’B) (m.n) (

Then if the two weight characteristic Ap., o,w) is finite, the following testing (or T1) conditions

hold: for all rectangles R C R™ x R™,

m7l n 1
(4.21) [ ] mpae) @ de@o < GualyCn @w) R,
R™ xR™
Igf’; (1gw) (z,y)* do (z,y) < Cp,qAZ(fqm) (B, ") (o, w) |R|
Rm xR

Remark 4. The testing condition in the first line of (4.21) only requires the reverse doubling assumption
on o, while the testing condition in the second line only requires reverse doubling of w.

Corollary 1. Suppose that

1 1
0<-—--<o.
p q

Let the weights s7 and w} be as defined in (4.10) and (4.11), and suppose that the conclusions of Theorem 7

hold with 1 —a < v < f:i . Then the two-tailed characteristic A5 "™™ (57 w?) is finite, and the testing

conditions (4.21) hold with constant A(a m)-(8:m) (s7,w"), but the norm inequality (3.3) fails.

11—

Proof. The assumption 1 —a < v < P implies (4.20) with ¢ = ¢/ = 4 and m = n = 1, and so both
Theorem 7 and Theorem 11 apply. ' O

This corollary points to the almost complete failure of the familiar 1-parameter two weight theory to
extend to the 2-parameter setting. In the 1-parameter two weight setting the norm inequality for p < ¢ is
characterized by the two-tailed characteristic and also by the testing conditions. In the 2-parameter setting,
both characterizations fail, and even when both weights are assumed to satisfy the product A; condition,
the strongest of the Muckenhoupt conditions that can be imposed on an individual weight.

The proofs of our positive results in the one weight case involve the standard techniques of iteration,
Lebesgue’s differentiation theorem and Minkowski’s inequality, and the proof of the product version of the
Stein-Weiss two power weight extension involves the sandwiching technique as well, while the proofs of the
negative results in the two weight case require delicate constructions of counterexamples and a quasiorthog-
onality argument to derive the testing conditions from the characteristic and reverse doubling assumptions
on the weights. We begin with the simpler one weight norm inequality and the special case of the two weight
inequality when the weights are product weights. Some of this material generalizes naturally from product
fractional integrals to iterated operators to which we now turn.

5. ITERATED OPERATORS
The product fractional integral I} f = Q7" * f, where
QF (@y) =la” " ", (@) €R™ xR
is an example of an iterated operator. In order to precisely define what we mean by an iterated operator, we
denote the collection of nonnegative measurable functions on R™ by
N (R") ={g:R" — [0,00] : g is Lebesgue measurable} ,

and we refer to a mapping 7' : A (R™) — N (R™) from A (R™) to itself as an operator on N (R™), without
any assumption of additional properties. If T} is an operator on N/ (R™), we define its product extension to
an operator T ® dp on N (R™ x R™) by

(Ty @ d0) f(z,y) =T fY(x), feNR™xR"),

and similarly, if T5 is an operator on N (R"™) we define its product extension to an operator dy ® T» on
N (R™ x R™) by
Co®@T3) f(z,y) =Tofa(y), fENR™ xR").
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Definition 1. If Ty is an operator on N (R™) and Ty is an operator on N (R™), then the composition
operator

= (0o ®@Ts) o (T} ® &)
on N (R™ x R™) is called an iterated operator.

To see that I))';" is an iterated operator, define Q7' (z) = [=|*™™ and Qf (y) = ly|°~™ and set I¥g = QF xg.
Then extend the operator I from R™ to the product space R™ x R" by defining

/n/QO z —u)do (y —v) f (u,v) dudv

[ ome—w i@y

= I3 (x),
where f¥ (u) = f (u,y), and similarly define

where f; (v) = f (z,v). Then from Q7" (z,y) = Q7 (z) Qj (y) we have

Iosf(@y) = / | @y — o) f (wv) dudv

_ /an(y—v){/mQZL(x—u)f”(u)du}dv

Qs (y — ) {15 f* ()} do

2

5 (=) {IF ®do) f (z,v)} dv

J.
J.

Qf (y — ) {7 ® 8o) f], (v)} dv

R™

I3 (13 ® o) [, (y)
= (0o®I3) o (I3 ®do) f (z,y).

Thus
Iy = (60 @ If) o (I ® bo)
and similarly we have
I3 = (17 @ 60) o (60 © 1)
which expresses I;”B" as an iterated operator, namely the compostion of two commuting operators I7)* ® dg
and dg ® Iy.
More generally, we can consider the operator

1) =K D= [ [ K@=y o).
where K is a product kernel on R™ x R"™,
K(z,y) = Ki(2) K2 (y),  (z,y) € R™ xR,
and obtain the factorizations
T = (K1 ®0dp) 0 (6o @ Kz) = (6o ® Ka) o (K1 ® o)

of T into iterated operators where
(K1 ®d0) xg(z,y) = / Ky (z —u)do (y —v) g (u,v) dudv
n Rm

= Ki(z—u)g(u,y)du
]Rm

= KixgY(x),
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and
(00 ® K3) x h(z,y) = K2 % g, (y) -

As a final example, let 77 = Mrm be the Hardy-Littlewood maximal operator on R and let T, = Mg~
be the Hardy-Littlewood maximal operator on R™. Then the iterated operator

(51) T = (50 X TQ) e} (Tl X (50) == ((5(] ® MRn) o (M]Rnl (29 (50)

is usually denoted Mgn (Mg ), and the other iterated operator by Mgm (Mgn). They both dominate the
strong maximal operator M given in (4.6).

5.1. One weight inequalities for iterated operators. Define the iterated Lebesgue spaces LP:? on

R™ x R" by
i
= Fa,y)ldeb dyb .
Lo {/{/ (z,y) x} y}

In the proof of the next theorem we will use Minkowski’s inequality for nonnegative functions,

1Fllzg, = 1Pl o cam)

[Fllgee < Fllpas , forall F>0and 1<p<gq<oo,

n,m

which written out in full is

{/m {/"F(lﬂ?y)pdy}gdz}; = {/ {/mF(:z:,y)q dw}sdy};.

Theorem 12. Let 1 < p < g < oo and Ty : N (R™) — N (R™) and Ts : N (R") — N (R™). Suppose that
v(z,y) >0 on R™ x R™ satisfies

(5.2) 119l pawyay < Crllgllpeoyey - for all g =0,
uniformly for y € R™, and

(5-3) TRl Lo (v,)y < Collbll Lo, yry - for all h >0,
uniformly for x € R™. Then the iterated operator T = (8o ® Tz) o (T1 ® dg) satisfies

”TfHLQ(vq) < Clc? Hf”LP(UP) ) fmn all f > 0.

Proof. We have

1

ITflpagoay = {/ (8o @T) o (Ty @ 6o) f (=, ) v (z,y)" dydx}q
U
L

1
q

L i a0 1, ot 0 ) as

1
||T2 T1®(50) ]:c”%q((vz)q)dx}

1

Cof [T 00 ALl gy}

2 {/ {[ @ @%)f(x,y)"v(:c,y)”dy}gd:c};,

IN
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where we have used h = [(T} ® 60) ] > 0 in (5.3). Then by Minkowski’s inequality applied to the nonneg-
ative function F = (T} ® do) f (z,y) ,Y), this is dominated by

/ T1®50)f(z7y)qv(z7y)q dz}qdy}
Rn

- o[ [ arwr (@Qdm}‘q’dy}‘l’
L
CyCy

= G [ 1Dy

1

<

{1y} = GO Uy
where we have used g = f¥ > 0 in (5.2). O

The following porisms, or ‘corollaries of the proof’, of Theorem 12 will find application in proving Theorem
6 below.

Porism1: If we replace (5.3) with the more general two weight inequality
(5.4) ||T2h||Lq((w$ yay < < Cs ||h||Lp((UT)p) , for all h > 0,

for some weight w (z,y) > 0 on R™ xR™, then the iterated operator T' = (dg ® T3)o (11 ® d¢) satisfies
the two weight inequality

”Tf”LQ(wq) < ClC? Hf”Lp(yp) ) for all f > 0.
To prove this Porism, we modify the first display in the proof of Theorem 12 to this,

1

”Tf”Lq(wq) = {/m . (60®T2)O (Tl ®50>f(x7y)qw($7y)q dydx}q

{/” U 172 [(T1 ® 60) £, ()" we (y)qdy} d:c};

1

{00 80) £y

Cy {/m (71 ® o) f]xH(ip((vz)P) dx} ‘1

2 {/ {[ @ @%)f(x,y)”v(x,y)”dy}zdw};,

and then the remainder of the proof of Theorem 12 applies verbatim.
There is also the following symmetrical porism whose proof is left to the reader.

IN

Porism2: If T = (Th ® dp) o (6o ® T») is the composition of the two iterated operators in the reverse
order, and if

1729l Lo (wvyey < Crllgllioouyry »  forallg 20,
uniformly for y € R™, and

||T2h|\Lq((vw)q) <y Hh||L,,((%)p) , for all h > 0,
uniformly for z € R™, then
”Tf”LQ(wq) < GGy Hf”Lp(vp) ) for all f > 0.

In the special case that

(5.5)

D=
Q| =



WEIGHTED INEQUALITIES FOR PRODUCT FRACTIONAL INTEGRALS 19

we can exploit the equivalence of the product A4, , condition (4.3) with the iterated A4, , condition (4.3) to
obtain a characterization of the one weight L? — L7 inequality for I.';". In fact, condition (5.5) is actually
necessary for the product A, , condition (4.3) to be finite.

Definition 2. We set

a1 1 8 I xJ|,. [T x J|,»
ACOnD) ()= sup AT R 1(' ) (
pa W)= s ML 7] T

1
I

Claim 1. If ngi}’m’(m’")’ (w) < oo for some weight w, then (5.5) holds.

Proof. Following the proof of Theorem 14 in the Appendix, we apply Holder’s inequality with dual exponents

% and p’ + 1 to obtain

p/+1

1 I
- wr i pPH+1
|I X<]|j[JCxJ }
< 1 // )Jil( 1 // _p>+1
w w
11 % J| IxJ | x J| IxJ

1
il )
_— w
|//I><J >(|I><J| IxJ
( ) (e L)
|1 x J| IxJ |1 x J| I><J
Then we conclude that
|I|%+%_% |J|§+§—
a ;11 B.1_1 1
et (g ) b )
d o |1 x J| IxJ |I><J| I><J
e () (/ [Lo) =
IxJ IxJ

for all rectangles I x J, which implies % =

P41

IN |
/—\/—/A —
3

><

1
I’

IN

=

1
7/

IN

L_ 1 _ D5 a9 required. O
p g n

5.2. Proof of Theorem 5. Now we turn to the proof of Theorem 5.

Proof of Theorem 5. By Claim 1 the balanced and diagonal condition (5.5) holds. Thus we have the necessity
of (4.3) follows from Lemma 3 above:

(] /e M”) (/[ d“’dy) < Npq ().

By letting the cubes J and I shrink separately to points y € R™ and = € R™, we obtain (4.4). Then
from the one weight theorem of Muckenhoupt and Wheeden above, Theorem 1, we conclude that both (5.2)
and (5.3) hold with Thg = Q' * g and Toh = Qj x h. Then the conclusion of Theorem 12 proves the norm
inequality (4.1).

Finally, the estimate (4.5) follows upon using the estimate of Lacey, Moen, Pérez and Torres [LaMoPeTo,
LaMoPeTo|, which gives

C1 5 Ay ()™ VIO and 0, < 4y (g B THOR),
uniformly in z and y, upon noting that the characteristic A, , used in [LaMoPeTo, LaMoPeTo] is the gt
power of that defined here. Then using that

/ 1 1 /
qmax{l,p} (1 - g) = max {q,p'} ( + ,) = 1+max{p,q,}a
q m qa P q P
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we obtain (4.5). Sharpness of the exponent follows upon taking product power weights and product power
functions and then arguing as in the previous work of Buckley [?, Buc| and Lacey, Moen, Pérez and Torres
[LaMoPeTo]. |

5.3. Two weight inequalities for product weights. If in addition we consider product weights, then we
can prove two weight versions of the theorem and corollary above using essentially the same proof strategy,
namely iteration of one parameter operators.

Theorem 13. Let 1 < p < g < oo and Ty : N(R™) - N (R™) and Tz : N (R") — N (R"). Suppose
that w (x,y) = w1 () w2 (y) and v (z,y) = v1 (x)v2 (y) are both product weights, and that the weight pairs
(w1,v1) and (w2, v2) on R™ and R™ respectively satisfy

(5.6) 1729l oy < Crllgllpo(ury - for allg 20,
and
(5.7) ||T2hHLq( 9) < Cy ”hHLP( 7)o for all h > 0.

Then the iterated operator T = (6o @ Ta) o (Th ® d¢) satisfies
1T paguny < C1Ca I lgiuny » for all £ = 0.
Proof. We have

Q=

Sy = { [ [ G Tbo (00 60) 7 ) 00" d

1
q

L[ il o 60 1, 01w )" 0 ] e |

1
q

{18213 980 £, g 1 0}
1

Cof [ 1T 80) Py 1 0

{
= O {/R {/n (Ty @ 80) f (z,y)" va (y)" wr (x)pdy}gdw}é,

where we have used h = [(T} ® d)
ative function F = (17 ® d¢) f (z,y

IN

fl, = 01in (5.7). Then by Minkowski’s inequality applied to the nonneg-
) v (y) ws (z), this is dominated by

Cs {/ {/ (Ty ® 80) f (z, 1)  va (1) wy (2)? dm}g dy};
{/ Lo (w)quc}g% <y>pdy};

Cy {/ 171 £Y ||L<1((w1) va ( }
ool {/ ||J¢‘3/HLP((U1 } = C2C1 | fll o (ory

= 02

<
where we have used g = f¥ > 0 in (5.6). O
Corollary 2. Suppose 1 < p < g < oo and % - é == % Let w(z,y) = wy (x) we (y) and v (z,y) =
vy (x) va (y) be a pair of nonnegative product weights on R™ x R™. Then

68 [ [ mrtean ven wia} <Cu@o{ [ [ fe o da)’
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for all f > 0 if and only if
1 1
(5.9) sup ( // (Sraw) (z,y)* dwdy)
1crm, gere \|I|]J] m R

( // (5rv7") (2, y)p dxdy) = Ay, (w,0) < 00,
(ITS S s

B—n
where 51 g (x,y) =51 (x) S5 (y) = (1 + wIlcl’) <1 + llleclJ) . Moreover,

e

(5.10) Cpg (w,v) ~ Ay g (w,0).

Proof. The necessity of (5.9) is again a standard exercise in adapting the one parameter argument in Sawyer
and Wheeden to the setting of product weights.

Now we turn to the sufficiency of (5.9). Since our weights w and v are product weights, the double
integrals on the left hand side of (5.9) each factor as a product of integrals over R™ and R™ separately, e.g.

(a1 [ L G oy dmdy);
= (] G @) (5 G w)

As a consequence, the characteristic A\p,q (w,v) defined in (5.9) can be rewritten as
(5.11) gp,q (w,v) = Ap g (w1,v1) Ap g (w2, v2).

From the two weight theorem of Sawyer and Wheeden above, Theorem 2, we conclude that (5.6) holds
with Thg = Q' % g and constant C; = CA, , (w1,v1), and that (5.7) holds with Thh = Qj * h and constant

Cy = Cgp,q (we,v2). This precise dependence on Enq (w2, v2) is not explicitly stated in 2, but it is easily
checked by tracking the constants in the proof given there. See also the detailed proof in the appendix below.
Then the conclusion of the theorem proves the norm inequality (5.8), and also the equivalence (5.10), in
view of (5.11). O

Remark 5. If we restrict the function f in the norm inequality in the corollary above to be a product function
f(z,y) = f1(x) f2(y), then (QSE” * f) (z,y) is the product function Q3 * f1 (z) Qf * f2 (y), and there is a
particularly trivial proof of the norm bound for such f:

{/’" / (935 1) (@)® wiew)” d:zcdy}q
) {/W e dm}; {/ngg*fz (y)* w2 (y)? dy};

o[ newr mor o) o[ nwr wer o)

- cloz{ / f (@) w(z,y)” dxdy}p
m R’Vl

Remark 6. We have the following poinwise limit for wy above:

IN

1

1 q
(5.12) Ili <|I| / (Srwy) (x)? dz) = Cw; (x9), for a.e. zy € R™.
—To m
Indeed, with Iy = [—1, 1], the function

5 @)= (14 J2)) ™" = A4 [a)) "V, zeR™,
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r

is such that the family {Tim/s\?[) (i)}r>0 is an approximate identity on R™, and thus (5.12) holds at every
Lebesgue point of wi, since wi obviously satisfies the growth condition,

(5.13) /m (1+ \:c|)_m(1+§) wy (z)"dz = / (1 + |2)) "™ wy (2)%da < C < oo,

m

when vy 1s not the trivial weight identically infinity. Similar pointwise limits hold for the remaining three
functions ws, v1 and vs.

6. PROOF OF THEOREM 6

Suppose that 0 < a < m, 0 < 8 < n and without loss of generality that

11
o B_1 1,

(6.1) =

m
(a,8),(m;n) :
for 1 <p<gq<oo. Let Ap4 (v,w) < o0, ie.

1
7

1 p’ ?
£-G-1)7/5-G-3 < 1 // wq>q 1 // (1) e
I x Tl JJ1xs I x J| JJiss \v

for every I x J C R™ x R™.
We will show that the norm inequality

(6.3) l0Tap I ey S A5 ") (0,0) | ol @mcpn)

holds provided that v? € A,,. Recall that v? € A, if

(6.2) I

69 Grea []) (L ))<=

for every I xJ C R™ xR". This is equivalent to vP e Ap x Ay, which implies both v?, v e RH,,xRH,,,
the product reverse Holder class for some exponent rg > 1. Of course we also have vP, v € RH, x RH,
for all 1 < r <.

We begin with finiteness of the product characteristic

w (1.1 B (11 1
A(D‘fﬁ)»(m7n) v, w) = 8su 1 m_(;_}]) J ﬁ_(;_}])( // wq>
e 2

For t > 1 we define the ‘bumped up’ product characteristic

(L)

1

1 tp'\
a (1_1y 8 (11 1 a1 1

AlesB),(mon) v,w) = sup |I|™ (-7) Jﬁ (3-%) < // wtq) 7// <> )
p,q;t ( ) I><8| | 7] [IxJ J)ixs [ J| S rxs \v

whose 1-parameter version arises in [SaWh, see (1.10) in part A of Theorem 1].
We start with our assumption that 2% == — % > 0, and let

Q=

1
P

q1 = tp and ro = r1t where both r{,t > 1,

and
wGa) - -Gl
——(===) = nn|l==|=—=)|:
m P @ m P q
By 1 1
n P @
Now define gy = %. Since q > p, we can take rg >t > 1 with rg sufficiently close to 1, so that
_4q _
Qo= —>tp=q >p.

To
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Finally, define

T
Hv_p RH, xRH, 125 i
X IxJ 1 1\P"\
’ v (|I><J| ffIxJ (5) )
1
1 Top
P o (|I><J| ffIxJUmp>
[|v ||R111T0x1-?,HT0 = Ssup >
IxJ P

’ . .
to be the reverse Holder norms of v™P and vP with exponent ry. For convenience we set

B = max{”v_p/

P
RH, o x RH,, ) ||’U ||RHT0><RHTU } .

Then we have

(@,8),(m.n) > a=(-%)
Ara (ww) = m <|I><J//I><J ) <|I><J//1xJ( ) )
3105070 (g [, /1.,
> —|[|m \»p
N B| x| ) Jrxs |I><J| Ixg \V"
= nFGob // pritan) T //
B IXJ| IxJ |I><J\ IxJ
> Lipa-G-1 [[ )™ Il
- B |I><J| IxJ |I><J\ IxJ
1 o1 (11
(c0,3),(m.n) S (3% Dy
A e 2 g (o [, o)™ (ux 7

If we take the supremum over all rectangles I x J in this last inequality, we obtain

1 (a1,B1),(m,n)

Az(fqﬁ) (rmn) (v,w)™ > Bri it (0™, w™);
g @) < BRAGD O ()™
Note that we have
R )
m n P q
0 < A0y
m’' n

Now we let J shrink to a point y € R" to obtain

A(a,ﬁ)’(m’n) ( )7«1 > |I| (jv% - %_ q1 tql 11 i 1 tp
P,q v,w) > B |I| AN
or
(6.5) Su]é) Aglq’l " (o], [w]Y) < B™ Ag’)zé@%(m,n) (v,w)"™ .
ye n

Note that we have ¢t > 1 and

m P @
0 < %<1
m

1
7/

1

) )"

(A

(A

I

1
) > rytp’

1

)

1

(oL

1

/> o
)

23

ry
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and so by the converse assertion in Theorem 1 (A) of [SaWh] we obtain
(6.6) H gHLq(([wn 19)9) <G HgHLP(( [vT1]¥)P) for all g > 0,

uniformly for a.e. y € R™.
Now we turn to obtaining a corresponding estimate for the other factor. We claim that if we define

% — 1 1 then
m p qi’

Al B0 (1 gty < B2 [P

P,q1
Indeed, from v” € A, we have since rop = ritp = r1q1

4
7

L, > (17 //,XJ“”);<|sz| 0.6 |
> () (a0
- Sl (L)
el > Bin(fiﬂ//,”(“”)qlf(uiJ//MJ(vlﬁ)p/);’

which says
AP (01, 0) < B o

Now let I shrink to a point x € R™ to get

. 1 1 w1
S e T— <'J' 7 MEEAL

1
Y

)

which says
(6.7) sup  ApLr (], "],) < B2 0P|}
zER™ P
Then by Theorem 5 we obtain
. o p >
(6.8) B oy G Mhllin gy Torall 20,

uniformly for a.e. @ € R™. Thus with T = I3} and T = Ij , the iterated inequalities (6.6) and (6.8),
together with Porism2 in Subsection 5.1, show that

(6.9) w1z 1]

< T
La1 (R"'-)(Rn) ~ ||f’U ! ||Lp(Rm><Rn) .

On the other hand, if we choose indices go, a2, 85 to satisfy

(%) ﬂQ 1 1

6.10 —=2_-__
( ) m n P Q2
where g2 > ¢ is implicitly defined by
1 1 1 1
(6.11) —=0—+(1-0)—, 0<f=-<1,
q q1 q2 T

then the classical Hardy-Littlewood-Sobolev inequality (on product spaces) implies

(6.12) e f‘

<
qu(Rmen) ~ Hf”LP(RmXRn) .



WEIGHTED INEQUALITIES FOR PRODUCT FRACTIONAL INTEGRALS 25

Direct calculations show that both

0a1+(176’)a2—9m<77—>+0roz79rm(%f$)+(170)m(%7q%)
(6.13) =9m<%—q%>+a—m( ~D+a-om(t-1)

1
=3 omlri g n ) rese

and

06, + (1 )5—971(7—(1%)4-(1_9)(%_%2)
(6.14) ! n[@(ﬁj(l—@)(h}_n(l_é)zﬁ.

Now let z = p + i\ € C. We consider the analytic operator U, ;x defined by

p

(6.15) Upsinf = f+ Q00
where
] 1 (1 +B1) (ptiN)+(ao+B2) (1= p+i)
a$ —_—
. %inte = (G

From (6.12), we have

(6.17) w N UG 00T LP(R™ x R™) — L9 (R™ x R"),
where the operator norm is bounded by a constant. From (6.9), we have

(6.18) wIHNU o7 "N LP(R™ x R™) — LT (R™ x R"),

where the operator norm is again bounded by a constant. Moreover, the boundedness of the operators in
(6.12) and (6.9) implies that the operators

(6.19) w N, o)

satisfies the admissible growth condition in Stein [Ste2] on the strip 0 < p < 1, by the maximal principle for
analytic functions.

Finally, by applying Stein’s interpolation theorem [Ste2, Theorem 1] and using (6.11), (6.13) and (6.14),
we have

(6.20) wl'Joh: P (R™ x R") — LY (R™ x R"),

which proves the norm inequality (6.3).

7. PROOF OF THEOREM 7

We begin with the definition of the product A; x A; condition and the product reverse doubling exponents.
In the next subsection we determine conditions on the parameter v so that the weight pair (s7,w") defined by
(4.10) and (4.11) has finite product Muckenhoupt characteristic. Then in the final subsection we determine
conditions on « for which the product fractional integral fails to be bounded, and complete the proof of
Theorem 7.

7.1. Product A; x A; and product reverse doubling exponents. It is well known that for 0 < v < 1,
the weight A” (z) = |z|”~" on the real line R satisfies the A; condition MY (z) < C, A7 (z), and has reverse
doubling exponent v, i.e.

S N () da

W < O t"/ fOI‘ all intervals I and 0 < t < 1
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It then follows immediately that s7 (x,y) = A7 (x) A7 (y) satisfies the rectangle A; condition Ms" (z,y) <
C’?/s"f (z,y) with reverse doubling exponent v. We also have

Myw” (z,y) = M, (i AN (z=2F) N7 (y — 2"“))
k=1

N (y=27%) M, [\ (2 = 2")]

M8

=
Il
—

N (- 27) Oy [N (a— 2] = O (2.).

NE

el
Il
-

and hence

Muw? (z,y) < MyM,w” (z,y) < CyMyw” (z,y) < Ciw” (z,y),
which shows that w? (z,y) also satisfies the product A; x A; condition. It is an easy exercise to show that
the reverse doubling exponent of w” is also ~.
7.2. The Muckenhoupt characteristics. First we estimate the weight w” (z,y) for (z,y) € [0,00)x [0, 3].
Define positive integers M = M (x) and L = L (y) depending on = and y respectively by

—2M| = inf |2 —2"]| and |y —27%| = inf |y —277V].
o= 2% = inf |z~ 2%] and [y | = inf Jy |

Thus M (z) ~ logy z for z > 1 and L (y) ~ —log, y for 0 < y < 1. We claim that
(7.1 w(z,y) ~

€T Yy ’Y*l .
(2(1_”% ’21;(:) - 1| ‘pryL(w o 1|) it M(x)=L(y)
(gt — 1) 4+ 1M @)~ L)+ (|5 — 1) if M (x) <L(y) -
9(M (@)=L () (v=1) {|2J<z> — 17T M (@) — L(y)| + | 5=ty — 1|”’1} if M (z) > L(y)

for (z,y) € [0,00) x [0, 3].
Define [b, a] to be the interval [a, ] if a < b. First we suppose that M = M (z) = L (y), i.e. 2y ~ 1. Then
we have

w) (@) = So|e—28 |y -2k
k=1
M—-2 M+1 o
= { + Y+ Y } o= 25"y 2K =T+ IT 4111
k=1 k=M-1 k=M+2
Now
M-2 M—-2
I =~ |2M — 2" |27 M gk TT MO 3 g kG
k=1 k=1
~ 9MO—1)g—M(y—1) _ 1,
and ) .
-1 _ —1 €T v Yy Y=
and

Q

117 i ‘QM — 2k|v71 |2—M _ 2_;;’%1 ~ ( i 21@(7—1)) 9—M(y-1)
k=M+2 Myt
oM(y=1)9—M(y-1) _

Q

)

so that we have
~y—1

—1
w? (z,y) ~ ‘x—2M(Z) ! ‘y—2_L(y) it M=M(z)=L(y).
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Next we suppose that M = M (z) < L(y) = L, i.e. zy S 1, which is the case when the point (x,y) lies
essentially beneath the unit hyperbola H. Then we have
W @) = 3o e =2 fy =2t
k=1
M-1
24 <2y 2K o2 M

Q

k=1

L—-1 -
T D T L T KRR TP Ll VPR LD Dl P Ll VPR bt
RN k=L+1

which we write as
wY (z,y) = I+ T+ 11T+ 1V + V.

We have
M-1
I~ 9MQO—1) Z 27 k(=1) MO =)= My=1) — 1
k=1
and -
_ x -
IT | —2M| 7 oMo = ST ‘ ,
and
L-1 L—1
i~ Y 7 = Y 1=L- M,
k=M+1 E=M+1
and similarly
el 1’7_1
2—L
and
Val
Thus we have
y—1 y—1
i@y~ 1| L@ M@l -1 sy

Finally we suppose that M = M (z) > L (y) = L, i.e. xy 2 1, which is the case when the point (z,y) lies
above the unit hyperbola H. Then the analogous calculations again yield

oo

w? (%y) — Z ‘m _ 2k"y—1 ‘y _ 2_k’7—1
k=1

L-1

oy |2V 2T 2T 2N 2 fy 2
k=1

M-1 -
T B R e A R R U DI Ul VR
=LAl k=M+1
which we write as
wY (z,y) ~ T+ IT+I1I1+ 1V +V.

We have -
I~ 9MO—1) Z 27 k(=1) oMY= L(v—1) = o(M—L)(v—1)
k=1
and )
1~ 2MO=D |y — 27L|V—1 — o(M-L)(y—1) ‘% TR
2—L
and

M—-1
I~ Y M7 2 = 2=06-0 (af — 1),
k=L+1
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and similarly
~ VAR P AL e M-L)(y-1) | % 71
IV~ |z —2M 7t 2t 2M-D0-D | 2
and
V ~ 9M—=L)(v=1)

Thus we have

—1
W (z,y) ~ 2M@=L@)G-D) {‘ v 1’7 + M (z) - L(y)| + ]% 1

oM ()
This completes the proof of (7.1).
7.2.1. Finiteness of &g‘f (s7,w"). Here we begin by defining a range for the index 0 < v < 1 so that the
weight pair (s7,w?) satisfies the AJ:* condition:
1

I'%

(2) AT =suplf / / W (z,y) dudy / / Iy <o
X

IxJ IxJ

From the assumption % — % < «a we obtain that

(%

1—
0<'}/05j<17

q ' p

et) oo )
Yol=F+=)=1l-a<vy|-+= —Yo)minq =, — ¢
\g ¥ "\g " p 0 qp

By continuity we can choose v < v, so that

1 1 1 1 (11
Yl-+5)<l-a<y(-+5 |+ (1 —9y)mins -, — ¢,
q P qg p q p

and hence that

which we rewrite as

(7.3) l—l—l/ < 1—a<f—|—l/,
q p q

1

1,7 ¢ 1aclel

q p q p

With the restriction (7.3) on the choice of v we will now prove (7.2).
First suppose that R = I x J contains (0,0) and satisfies RNP = {(2’“,2"“) kK:—I](VH for some K > 0.

The worst case is when I = [O, 2K+N] and J = [O, 2_(K+1)], which we now suppose holds. We will use the
following four interval estimates:

2 g -1 T 2Nth z -1 T 2N+d 1
_ ~ x _ “N(v-1) N
/ ’2M(I) 1‘ dmNZ/Ml ‘zN 1( do =3 27NG /N,l |z — 2V da
0 N=1Y2"? N=1 2772
T T T
~ Z 9~ N(—1)9oNv o Z ON(=(v=D+7) ~ Z 2N ~ 2T
N=1 N=1 N=1
and
2T T -1 T ( : T
M(z) | 2 _ ~ N(y=1)oN N~ . oT
/0 (2 2 |55 1)) de~ 3 2NO DN & §7 9N 9T
N=1 N=1
and

o—T [e’e] 27(N+%)
] 71 y 71
v —1‘ dy~3 ‘7—1‘ d
= ! N:T/HN%) 2~ y
7(N+%) [e's)

00 2 >
POEA / N R D DA AR D DL T
N=T 2 ’ N=T

N=T
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and

-7

/ 2 WOy & 30 27NN & 37 9N 90T,
0 N=T N=T

Define Ry = Iy X Jp = [2M_%,2M+%] X [2_(“'%),2_@_%)]. We will also use the following three

rectangle estimates,

[ [ ot

Q

T Y v—1
- 1’ ’ — 1’) dxdy
/IM /JM <‘2M(m) 2—pL(y)

Ry,m
T y—1 Y y—1
~ ——1‘ dm) (/ —1‘ dy)
(~/IM 2M Im 2-rM
~ (Q*M(V*I)QMV) (QM("/fl)Q*Mv) =1
and for M < L,
// 7 (2,y) dzd //\x 1Hdd+// Y 4" ded
w'(x,y)aray = 7—‘ Tay ‘_7_‘ ray
I J s oM () Iay Ju, 12 pL(y)
Ry, L
~ 2Mg~L 4 oMg-L _ gM~-L
and for M > L,

Q

// w) (z,y) dedy

Ry

~y—1
oM }i _ 1‘) 90— L= dzd
/,M /JL ( oM vy
-1
/ / M (1) 2— ‘ 1()W dzdy
Iy JJr 2

~ 9Mvo—rL 4 oMyg—L(v=1)9=vL o, o(M—L)v

Altogether we have

1 it M=1L

// w) (z,y) drdy ~ oM=L if M < L
2M=L)y if M > L

Ry, L

It now follows with 7 = [0,25+N] and J = [0,277(K+D] as above that

K+N oo
[ sty i) w“ZZ//w”Z I
IxJ (0,2K]x[0,2-#K] [2K 2K+N]x[0,2-PK] M=1L=K M=K L=K
K+N K+N oo K+N M
: ZZ//“’”Z//W”Z S e s
M=1L=K MM M=K L=M M=K L=K
K o) K+N K+N o) K+N M-1
%ZZ +Z1+Z ST oMb N N oM =bn
M=1L=K = M=K L=M+1 M=K L=K
~ 1+N+ N+2NV~2NW
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Thus we get
q v’
1 [ [ @apdady || [ [ @ dody
IxJ IxJ

- ) QKN o= p(K+1) o

< (2K+N)O‘_1 (2*(K+1)) (QN'Y)E / x'vfldx/ y'yfldy
0 0

a— 1 4

< (2K+N)0<*1 (2—(K+1)) ! (21\/7)% (2(K+N)72—(K+1)'y) v 2N(a—1+;+,7)’

which is uniformly bounded over all such rectangles R = I x J since
a-1+1+2<g
q P
holds by (7.3).

We must now complete the check that Af'®* (s7,w”) < oo by considering the remaining rectangles R.
First let us suppose that R = [0,a] x [0,b] with 0 < a,b < 1. Then we have

i W
et [ e @dsay | { [ [
IxJ IxJ
a -1 b % 1
< a—lpa—1 & _ "y YHY) "
< a* b (/0 (@) 1 dx ; dy | (ab7)»
L go—lpa-l adm ’ (‘ y 1‘)771 d ! (a“*b”)ﬁ
Al AN 0) Y

1.1 o2 o 1.1 2 1412 N R i
~ aa—lba—lagbgap/bp/ +aa—1ba—1aqbqap/bp/ %aa 1+q+p’ bOé 1+q+p’.

The final expression above is uniformly bounded for 0 < a,b < 1 since

I~
7.4 11—« < -+ -,
(74) ¢ 7
which holds by (7.3).
Now suppose that R = [0,a] x [0,b] with 1 < a < co and 0 < b < min {1, %} so that R lies beneath the

hyperbola H and includes the origin. Then we have

1

| [ o @odsdy || [ [ @) deay
IxJ IxJ
a y—1 b q I
< g tperd / dx/ dy | (ab7)¥
0 0
1

+a* Tyt adx b ‘L - 1‘771 dy ‘1 (a'yb'y)i
o 0 2—pL(y)

1
a4

1

X
oM(z) 1

~ a—lpa—1 1 2,2 a—14+i42 a-141i42
~ a* b baar b =a a" P b P

which is uniformly bounded for 1 < a < oo and 0 < b < min {17 %} since

1
a71+7+1120,
qg p

which is inequality (7.4), and since

a-1+1+7%
1 4 p
oot (1> -1
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is bounded for 1 < a < oc.
Now we check yet a final family of rectangles, namely the case R = [ x J = [QN —a, 2N +a] X
[27N — 5,27 + b] with 0 < a,b < co. When a < 2V~ and b < 2=(V+1 we have that

et e / / W (z,y) dudy / / 5 (a,y) dudy

IxJ IxJ

I

1
7

1
2N ta y—1 27N 4b o1 a 2N ta 27N 4b P
a® 1pt (/ 2% - 1’ dx/ ‘Q*LN - 1‘ dy / 2|7 dx/ "' dy
2N —q 2-N_—p 2N —q 2-N_p

1 1 1

A

Q

This final expression is uniformly bounded for 0 < a < 1 and 0 < b < 2=°(N+1) with N fixed, since
v 1

7.5 l—-a< -+ —

(7.5) pl

holds by (7.3). The final expression is then also uniformly bounded for 1 < a < 2V~! and b < 2=(V+1 and
all N > 1 since

2N(a—1+g+§) 2—N(a—1+g+§) 1

At last we consider the extreme case when I x J = [2V —a,2N +a] x [0,27V+D] with 0 < a < 2V 1.
Then we have

et et / / S (2, y) dedy / / W (2,y) dedy

IxJ IxJ

1
7

2N 4a 2= (NV+D) v
q® 1o~ N(a—1) (/N z”ildz/ lﬂldy)
2N —a 0

2N 4q 2= (V4D T . 1 y ) y—1 dnd
% ON_g /0 ‘271\’_ ‘ +‘Q—pL(y) o ‘ ray

1 1
q@—19—N(a—1) (2N(7—1)a2—N7) » <2N(1—'y)aw2—N +a2_N) 1

A

Q=

Q

1 4

1
— CLoz—12—N(o¢—1) (2N(’y—1)a2—N'y) »’ (a’yz—N'y)q _'_aa—lbﬁ—l (2N(7—1)&2—N7)P (aQ—N)é
1 1

~Ni N2 y L N2 N1 1,1
~ 2 NP/2 Nqaa—lz—N(a—l)aqap/ 492 Np/aa—12—N(o¢—1)2 Nqaq+z/

27N(ﬁ+%+(a71)) R ~N(F+@-1)+1) GO

+ 2

The exponents of a above are positive since we already have o — 1+ % + i >0 from (7.3), and o — 1+ % + ﬁ

is even bigger. Since a < 2%, we have uniform boundedness in a and N as well.

The remaining rectangles R turn out to require no further restrictions. Indeed, given any rectangle
R =1 x J, we will now verify, albeit somewhat tediously, that there is a rectangle R’ = I’ x J’ from one of
the families of rectangles considered above, such that

z >
et [ e @asay | ([ [

IxJ IxJ

[ w e | | ew

I'xJ’ I'xJ’

AT x J; (87, w))

.
7

A
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For this, we begin with some elementary facts on the real line. The function ¢, () = % is convex

decreasing on (0,00) for 0 < v < 1, and satisfies lim;_,; sy (t) = v by I'Hospital’s rule, and so in particular

we have
7y

<o ()= T
The case —A < r < R < A: Define the function

<lforO<t<l1.

1
ol

R % R P
png)Knma1</ zAP1¢Q (/ n+AP1m)

= (R LA — (A= RY) (AR — (A+0)]7

—
=

1
7

(R—r)atw U7 [<A—r>7—<A—R>
(A—r)—(A-R)

v]é {(A+R)w_(ﬁ1:)vr

and altogether, we see that F'} (r, R) tends to zero as either r ,/* A or R\, —A by (7.3):
11
(7.6) 7+’Y/<l—a<min{ﬁy—|—/,+ry/}.
q p a9 p q P
Now we compute monotonicity properties of the function
(R o T)%*Fﬁf(lfa)

“A—ﬂﬂA+Rﬁ}kT

G (r,R) =

We have
(R—r) 7 (R—r)s w7
(A—r) T (A+R)7

{(R_’I’>q(R_T)z+pl/(1a)} 1 _
A-r (A+R) 7

{(1—A_R> a (R_T)Zerl,(la)} 1 -
A—T' (A+R) 'Y

G}, (r,R)
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which is clearly decreasing in r on the interval (—A, R). Similarly,

e (g
Gl (TvR) = (R r) 1— (R 1—r»y)
(A—r) T (R+A)T

— (R—r>é+;<1a>(R—r> v
(A—r) @

R+ A
= % (R - 'I")%Jr%_(l_a) <1 — M) ! 5
(A—r) T R+ A

which is clearly increasing in R on the interval (r, A). Thus the function G’ (r, R) increases away from the
diagonal in each coordinate direction, and it follows that the maximum is achieved on the boundary, i.e
i+ —(1-a) I+ —(1-a)
(A—r)ate (A—p)ats
Gu(nd) = 1 a1
{ta=niayr}

. (R+ A)“*—“—“)

{24) A+R%}
A),

It is now clear that the maximum is achieved at (—A

(24) 7
G’A (_A7 R)

(R + A)%-ﬁ-ﬁ—(l—a)

=
(24) 7
above restrictions is

and that the maximum value of G under the

Gy (—A, 4) = <2A>% o),
Note that this tends to zero as A /" oo

The case r < —A < R < A: This time we have

" 3,
Fl(r,R) = |(r,R)*" </ |xA|“dz> ({/ / }HA” 1dx>
_ 1 1
= R-n)*""S[(A-r) - (A-R)]" L[IR+A|”+IT+AI]’
v »’
1 1 1
I EA A {(A—r) — (4 w {|A+R|”+|A+r|”}/
Nt (A-=r)—(A-R) |A+ R+ |A+7]
Yo Yo
(R—p)btir—0-a) co e [ ()] [ A
= (AT Ar R | == ™
yeoP A—r 1+‘A+R
1
T
1 (R—r)aty (= . <A—R>‘11 1+‘fi§
B l“r% 1 =4 177 v — T
1 (A=) A+ R A=r) e |4
and so
(R—T)é'ki_(l_a) Asr|7
FI(r,R) = - - lvmax{l,‘A 7 }
{(A—T)E|A+R|?} +
1
A A E-‘ry—(l_a)
_ (A+R+]A+r) max {]A+ B[54+ 7}
(A7) o
A+ R|+|A+r))atw—(1-e) 11
~ (AL ERIFIA+rD (|A+R|+|A+r)%
(A—r) o

A+ R+ A4ty 07

QA+ |[A+r) T

33
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Thus in this case we define

1412 _(1-a)
(|JA+R|+|A+r])e"?

QA+[A+r) T
Note that G (r, R) is increasing in R on the interval (—A4, A) so that

(2A+ |A+r|)str 07
QA+ [A+r) T

G (r,R) =

GA (’I",R) SGA (T,A): (2A+‘A—|—T|)% l,—(l—oz)7

which is at most Y
e -«
G (—4,4) = (24)7F 707,
and decays like the negative power % + % —1-a)of A—rasr \ —o0. Note also that for each fixed

€ (A, A), G (r,R) is decreasing in |A+ 7| for —oo < 7 < —A. Similar conclusions hold for the case
—A<r<A<R.
The case r < R < —A: This time we have

R 3
FI(nR) = |(rnR)*" (/ |x—A|7_1dx> (/ o+ A[ 1dm>
_ 1

1
— [|[A+7]" = |[A+R["]>

1
P

1
Iy

q /yp
(R—r)itw (- {(AT)W(AR)'T PAHP |A+R|’*rl’
Nate (A—r)—(A- |A+7r|—|A+ R|
(R—r)iti—(-a) ’ 1*’@1137 g
= I, {(A_T)Q‘A‘F” A R
e v’ A—r 1—‘%

e (520) (\

I, 1 . L1 Py _ Py
’YQ+P/ {(A—T’)E|A+T|?} v A T A+'I"
and so

).

(R—r)a ity —(1-a) 143 (1—a) (R—T = R—r ra
F}(r,R) ~ e B ) ()
{ta=mija+r}

From these calculations it is now easy to see that if 7 (z,y) = ||~ |y]" ™" and w} (z,y) = | — 2NP_1 ly — 2N i
then with

Sy = [0,2"] x [0,277],
we have for any rectangle R = I x J that

A(R; (57 wy)) < A(Sh; (87, wy)

~ (2]\7)%"!‘1,11_(1_‘1) (27N)% l/_(l a) -1
is bounded in N > 1. We can also easily deduce montonicity properties for A (R; (s7,w})) that follow from
the one variable monontonicity properties above.

With these estimates in hand, we can now complete our proof in four steps.

Step 1: We claim that it suffices to consider rectangles R contained in the horizontal strip [0, c0) x [0, 1].

Proof. Let P denote the bottom left vertex of the rectangle R and let () denote the upper left vertex of the
rectangle R. If P lies below the z-axis y = 0, then we can translate the rectangle R vertically upward until
P lies on the z-axis y = 0 without decreasing A(R; (s7,w})) by more than a fixed positive factor. This is
because all of poles of the weights s” and w}; lie on or above the z-axis y = 0. Now if in this translated
rectangle, the upper left vertex @ lies above the horizontal line y = 1, we can shrink the rectangle R
vertically, keeping the bottom edge fixed on the z-axis, and only shifting the top edge downward until the
top edge lies on the line y = 1, again without decreasing A (R; (s”,w};)) by more than a fixed positive factor.
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This is because of the estimates proved above and since all of the poles of the weights s7 and w}; lie on or
below the horizontal line y = 1.

Similarly, if @ lies above the horizontal line y = 1, then we can translate R vertically downward until
@ lies on the horizontal line y = 1 without decreasing A (R; (s7,w})) by more than a fixed positive factor.
This is because all of poles of the weights s7 and w}; lie on or below the horizontal line y = 1. Then if in this
translated rectangle, the lower left vertex P lies below the x-axis, we can shrink the rectangle R vertically,
keeping the upper edge fixed on the horizontal line y = 1, and only shifting the bottom edge upward until
the bottom edge lies on the z-axis, again without decreasing A (R; (s7,w};)) by more than a fixed positive
factor. This is because of the estimates proved above and since all of the poles of the weights s7 and w}; lie
on or above the z-axis y = 0.

Thus at this point we have shown that we may assume the rectangle R lies in the doubly infinite horiontal
strip (—o0,00) x [0,1]. If the left edge of R lies to the left of the y-axis & = 0, then we may shrink the
rectangle horizontally, keeping the right edge fixed and only shifting the left edge until it lies on the y-axis
x = 0, all without decreasing A (R; (s”,w};)) by more than a fixed posltlve factor. This is because of the
estimates proved above and since all of the poles of the weights s7 and w}; lie on or to the right of the y-axix
2 = 0. Thus we have repeatedly shifted and shrunk the rectangle R to a rectangle R’ that is contained in
the horizontal strip [0, 00) X [0, 1] and satsifies

A(R; (s7,wy)) < CA(R'; (57, wy)) ,
for a constant depending only on the indices p, q, a, 5, m,n, 7. O

Step 2: We claim that it suffices to consider only rectangles R contained in the horizontal strip [0, c0) x
[0, 1] that also contain at least one of the poles from {(0,0)}UP = {(0, 0),(1,1), (2, 2_1) - (QN, 2_N) , }

Proof. If R C [0,00) x [0,1] doesn’t contain any poles, then we can expand R by moving each edge in
succession outward until either it hits a pole or hits a boundary edge of [0, 00) x [0, 1], all without decreasing
A(R; (s7,w))) by more than a fixed positive factor. This is because of the estimates proved above for
intervals not containing one of the poles at +A. O

Step 3: If R C [0,00) x [0,1] contains exactly one pole, then A (R;(s7,w})) < CA(R';(s7,w})) for
some R’ already considered in one of the families above.

Proof. This is easily verified by inspection, considering the case where the pole is (0,0) separately from the
case where the pole is (QN, 2_N) for some N > 1. |

Step 4: If R C [0,00) X [0, 1] contains more than one pole, then A (R; (s7,w};)) < CA(R'; (s7,w},)) for
some R’ already considered in one of the families above.

Proof. Suppose first that R contains (0,0). If in addition R contains the consecutive points

(2L+1’ 27(L+1)> . (2L+N7 27(L+N))

)

then we can compare R favourably with the corresponding rectangle considered above. Now suppose that R
doesn’t contain (0,0). Then if R = I'x.J contains the consecutive points (2511, 2_(L+1)) oo (28N 27N we
can compare R favourably with a corresponding rectangle considered above.

This completes the proof that AP (s7,wY) < co. Finally, we note that since both weights s, w” satisfy
the product A; x A; condition, hence also the product reverse doubling condition, it follows from Lemma 5
in the Appendix that Af: (s7,wY) = AS* (87, w?).

7.3. Failure of the strong type inequality for MY .

&V Assume the index v satisfies (7.3). Now we take
0 < 7,n < 1 such that
(77) maX{Va(l_n)p71_7}<7’§77<007

and define the function
for (@y) = 2"y g, (2,y),
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where H, = {(z,y) € (1,00) x (0,1) : 2y < 1}. Now f, ; € LP (s7) if and only if //fﬁﬁsW is finite where

//psv

since both

hold by (7.7).

On the other hand, the strong dyadic fractional maximal function M‘if’a

[0,2Y) x [0,277),

/Oo /; y(n—l)pyfdﬁ 2=Dp =14,
1 0 Y

1 e’} 1 (n—1)p+7
= 7( 1) - / <> PPty =1 4.
n—4pr7/J1 T

1
(n=Dp+77—-7

%

_ 1 /Oowv—fdj
 (n=Lp+7 )y x
1

(m—Dp+7>0andy—7<0

(7.8) MY (frrs?) (o) > (0,27 (0,27 V) *7

for all N > 1 since both

hold by (7.7).

Q

[0,2N)x

/ / Pl 1 7' 1x’y 1 'y ld.ﬁd’y

~ 2Nm=7)

1
(T—1+7n—1+7

n—1+~v>0and7—-14+7>0

(fy,rs7) satisfies for (u,v) €

f?],TSFY

) 9N (n—=1+7)9—N(1—1+7)

Now we calculate a lower bound for the strong type operator norm of nga We note that with

In % Jy = [QN*%,zN} x [2*(“%),2”},

Ry N
'Hh

we have

and

1
z,y): 1<z<oo,=<zy<l1l,,
(z,y) 5 STy

. o0

UNleN’N - Hh

| BN N yn :/ /

Q

Q

/{szN}

2N

_1 —(N+
{(r,y): 2V <o o

y—1 Y
\/{mNzN} /{y~2 N} ‘2 ’ 2-pN
- Y
dw/ ‘—
fym-my 127

~ 9~ NO-19NvoN(y=1)9-Nv _ 1.

We also recall the estimate (7.8),

dy
MG,

(fn,TS) (.T, y) ~ 2N(n77—)’

w” (z,y) dedy

%)Sysﬂ}

dxdy

y—1
_ 1‘

(x7y) S RN,N .
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Thus we compute
oo

/ MY (far8) (2,9)" w” (z,y) dody 2 Y 2V = 00
N=1
since n > 7 by (7.7). Note that even the weak type norm of MY, (f,.rs) is infinite!
So altogether we have

(7.9) for € LP (s7) and MY Yo (fnr87) ¢ LT (W)
under the assumptions that 0 < v,n7 < 1 and
(7.10) n>71>max{y,(1—n)p,1 —~}.
Recall also that we have Ap (5“’, wg) < oo under the assumptions that 0 < v < 1 and
1

(7.11) LA

q P q p

1
T4l o i—a<Ti o
q P q P

Thus in order to obtain a counterexample for given indices 1 < p,q < oo and 0 < « < 1 that satisfy

% — % < a, we need only find indices 7y, n, 7 that simultaneously satisfy (7.10) and (7.11). Since % — % < a,
we can find 7 satisfying (7.11) as shown above, and moreover, the argument given earlier shows that we may

assume 7 is arbitrarily close to but less than v, = L_% Since 1 — a < v, < 1 we can arrange to have
q 7

1—a <7y <1aswell as (7.11). Then we choose 7 so that max{vy,1 —~} < 7 < 1, and finally we choose
0 <n < 1so close to 1 that we have (1 —n)p < 7 <17. This completes the proof of Theorem 7.

8. PROOF OF THEOREM 8

Here we give the proof of our main positive two weight result, Theorem 8, beginning with the necessity of
(4.13) and (4.14) for the norm inequality (4.12), i.e. the proof of (1) = (2). The necessity of (4.13) follows
from the inequality

@ — "y = 77" > (@~ uyy - T
rmin
integral I7";'f when f is nonnegative. Thus Theorem 15 shows that p < ¢. Local integrability of the

kernel is necessary for the norm inequality, and so a,3 > 0. The necessity of finiteness of the two-
A(a,ﬁ) (m,n) (

which shows that the 1-parameter fractional integral is dominated by the 2-parameter fractional

tailed Muckenhoupt characteristic
AT (05,0 < RGP (05,0,

vs, w~,) now follows from Proposition 3, and then we use

Now we turn to proving (2) = (3), i.e. that (4.13) and (4.14) imply the conditions (4.15), (4.16) and
(4.17) on indices, namely

1 1 ~v+6 a+p

(8.1 L1 a%d _axf
p q m-4+n m+4+n
Y+0=0,
5—2<5anda—m<§when’y2025,
p p

ﬁ—ﬁ/<7anda—m/<ﬂywhen5202'y.
q q

So assume both (4.13) and (4.14). We begin with the necessity of the equality in the top line of (8.1). This
follows immediately from the calculation,

7
o B _ _ Y
151 |5 // (2, )| dady // (2, )| dwdy

tIxtJ tIxtJ

1
q
e sy | ([ [ el dsay

IxJ IxJ

4
7

o mtﬂ ng— v+ 2R t
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m+n

which impliesa« —m+8—n—vy+ -0+ mT'*,'" = 0. Next we note that power weights have support equal
to the entire Euclidean space, and so Remark 2 shows that

Y

e
S|
=
| =

and combining this with (4.15) gives the second line in (8.1). Finally, we turn to proving the necessity of
the third and fourth lines in (8.1).

For this, we consider P x @ to be centered at the origin. Define the truncated cubes P° = P\ {|z| < e} C
R™ and Q° = Q \ {|y| < €} C R™ for some ¢ > 0. Let 0 < A < 1. We set |Q|# = 1 and |P|# = \. Suppose

that % % — %) > (0. Then we have

Q=

(8.2)

in 2-G-Dgr-G-9
lim |P| Q| {|P||Q| //PXQE<$|+IZJ> }
5(321) o
_ o ya-m(i-1) { ( 1 <1> v
Jim X P|Q|//prs |x|+|y| dxdy e \T T ey
. a—m(;—é)>{ <1)W } <1) - — 0 for ever :
(jim o L) o G a} " otwamyeo

w = \. Suppose oo —m <% -

Q|-

» =1and |P

%) = 0. Then we have

{/Q@in{/Q<wﬂ>““dy}““z{/wg@:w')”qdy}?

A direct computation shows

1 vl 1+ n
8.4 / <) dy ~ In () ify=—
®4) A<lyl<1 \A+ 1yl 2\ q

and

1 vq 1\ 1\ n
8.5 / ( > dy =~ () — (> ify>—.
(8:5) A<lzil<1 \ A+ Y] 27 A+1 q

Using (8.3), (8.4) and (8.5), and letting A — 0, we obtain that

n
8.6 < —.
(8.6) 7<Y

1 1 5(#)(1 p P
PRI Jpror (|w+|y|> o

» L (7) v
0105 i .o () ) ot Lo ) )

p—1
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On the other hand, suppose that a — m (% — %) > 0. Then we have

p—1

: (521 ;
pla-G-805-G-%) {1 (1 )qu d } L (1 ) dad
dl @l Q) //PQ R I R AR wdy

—1

o[ ()" (L))
o) {/M<A (i)w dy}q > (i rrem(E-1)

Recall the estimate in (8.2). Now we note that (8.7) converges to zero as A — 0. By putting (8.7) together
with (8.6), we obtain

Q=

Vv

vV

1 1
(8.8) ’y<n+a—m(—).
q p q

The formula in (4.15) implies that (8.8) is equivalent to
(8.9) g-"<s.
b
Switching the roles of P and @ in the argument above shows that

m
8.10 a— — <0.
(8.10) )

Case Two: Consider v < 0,6 > 0. Let |Q
have

# =1 and |P|m = \. Suppose a —m (% — %) = 0. Then we

(8.11)

st G o [ () )
U)o

p=1 i
=y T / ( 1 )5(5&) . v
= N0 Y
a<lyl<t \A+ Y]
A direct computation shows

8(327)

1 p=1 14+ A\ . p—1
8.12 / ( ) dy ~ In () ifd=n ()
(8.12) a<lyl<t \A+ [y Y 2\ P

and

p—1

1 1 5(%)03 ; g
PNQl Jpwor (|m|+|y|) e

Q=

|P

—
S~
N
>
+ | =
=
N———
=
b
i
IS8
<

Using (8.11), (8.12) and (8.13), and letting A — 0, we obtain

(8.14) o<n <p;1) .
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On the other hand, suppose that a — m (% — %) > 0. Then we have

(8.15)

p—1

a6 g ). Grbn) o) (i o () o0}
- =) 7
(LG o { Get) ™ o)

(i) { [ (i)‘s(’” dy} (D msraem(3-1)

Recall the estimate in (8.2). Now we note that (8.15) converges to zero as A — 0. By putting (8.15)
together with (8.14), we have

(8.16) 5<n<p;1)+a—m<;—;>.

The formula in (4.15) implies that (8.16) is equivalent to

(8.17) B—n (q;1> <.

Switching the roles of P and @ in the argument above shows that

(8.18) a—m ((1;1) <.

This completes the proof that (8.1) is necessary for (4.13) and (4.14), and hence we have proved (2) = (3).

Q=

Vv

~—

>

S~—

Q

|

3
—~
S

|
Q=

Vv

Now we turn to proving (3) = (1), i.e. that (4.13) and (8.1) are sufficient for the norm inequality (4.12).
To this end we use Young’s inequality

(8.19) a7 < a2+ b2 <a+b,
valid for a,b > 0 and 0 < 0 < 1, in order to define weight pairs to which the sandwiching principle can be

applied. The special cases @« = m and 8 = n, along with some additional exceptional cases, will be treated
at the end of the proof.

8.1. The nonexceptional cases. We assume that a < m and 8 < n and show here that N3%7 "™ (vs, w.) <
oo follows from (4.13), (4.15), (4.16) and (4.17) when both v > 0 and § > 0, and also when either v < 0 or
0 <O0.

Case 1: First we suppose that v > 0 and § > 0. Define the weight pair

1 'yl-ln 1 'yin
51m Son mtn m+n
(V (u,0) W (2,y)) = ( Jul 755 Jo] 755, () ()

|| |y

where the indices 01, d2, v, 74 satisfy

1) )
(820) 1 2 =0 and nm + Rkl =,
m-+n m-+mn m-+mn m-+mn
and
o (o o) B (s + 2n)
(8.21) h RALVANSE | i ™
m n
) 0
ie. nm + mo_ a —mI and T2l 2 =p—-nl
m+n m+n m+n m+n
Solving for
1) 1)
AlE 1m y AQE 27 y P = Wlm ’}/17 FQEM,
m+n m+n m+n m+n
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we obtain the system

1 1 0 O AN 1)
01 0 1 JAD _ B —nl
(822) 0 0 1 1 T - ~ ’
1 0 1 0 I's a—ml
which in reduced row echelon form is
100 —1 A §—B+nl
01 0 1 YAY) _ B —nl
001 1 r | v
00 0 O I a—mll—0+ 5 —nl

The system is solvable since « — mI' — § + 8 — nI"’ = 0 by the power weight equality in the first line of (4.19),
and the general solution to the system (8.22) is thus given by

AQ - ﬁ—TLF 1 o
Fl = ’7 +>\ 1 =1Z), )\GR
I 0 -1

Among these solution vectors zy, we will find a vector satisfying all of the constraint inequalities needed
below.
Now by Young’s inequality (8.19) and (8.20), we have

w(zy) _W(zy)
vwt) = Vit

and so by the sandwiching principle, Lemma 1, we have

(8.23) N{eBman) (4 qp) < N{eBmn) (v 7y
Moreover, the weights V, W are product weights,
Viut) = Vi(u)Vz(t) and W (z,y) = Wi () W2 (y) ;
Sym Son
Vi(u) = fu[m5, Va(t) = [t

Yim

1 min 1 %
Wi(2) = (ﬂ) , W2<y>=(|y|) ,

where the 1-parameter weight pairs (Vi (u), Wi (z)) and (Va (t), Wa (y)) each satisfy the hypotheses of The-
orem 3 on R™ and R"™ respectively for an appropriate choice of solution vector above.

Indeed, to see this, note that the first weight pair (Vi (u), Wi (2)) = (|u|Al , |m|7rl) on R™ satisfies the
equality

1 1 — (T A
(8.24) 1.1 _a-Ih+4y)
p q m
by (8.21). We also claim the inequalities
(8.25) gI'hr <mand p’Ay <mand I'y + A >0,

for an appropriate family of solution vectors zy. The third inequality actually holds for all solution vectors
Z) since

Ii+A1=9+0—-p+nl'>0,
by (4.19). Thus the equality (8.24), and the inequalities (8.25), all hold for those solution vectors zy satisfying

(8.26) Iy < = and Ay < =
q p
ie 7+)\<%and5fﬁ+nff)\<g;

ie. 5—B+nf—ﬂ/<x\<ﬂ—’y.
p q
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The second weight pair (Va2 (t), Wa (y)) = (|t|A2 , \y|7r2) on R” satisfies the equality

1 1 — (I A
(8.27) - a— T2+ 289)
p q n
by (8.21). We also claim the inequalities
(8.28) ql's <mand p'Ay <mnand Ty + Ay > 0,

for an appropriate family of solution vectors z,. The third inequality actually holds for all solution vectors
z) since

Mo+ LNo=a+—(m+n)T'=~v+§ >0,
by (4.19). Thus the equality (8.27), and the inequalities (8.28), all hold for those solution vectors z, satisfying

(8.29) Iy < © and Do < ﬁ,;
q p
ie. —A<ZandB—nl+ A< —;
q p
ie. —C <A< —B4nl.
q p

In order to find A satisfying (8.26) and (8.29) simultaneously, we must establish the four strict inequalities
in
max{é—ﬂ—&—nl"—n?,—n} <min{m—'y,n/—ﬁ+nf}.
p q q p
)|77q

Now two of these four strict inequalities follow from the local integrability of the weights |(z,y and

|(u,t)|_’”)/ on R™ x R™ namely

6fﬂ+nl“fﬂ/ < E,—BJrnFand fﬁ<m—7;
p p q q

m-+n m+4+n

ie. d < and v < .
q

/
The other two strict inequalities follow from the assumptions that o < m and 8 < n, namely

5—ﬁ+n1“—@/<ﬁ—fyand —E<ﬁ,—5+n1";
p q q P

1 1 1 1
ie. 5+’Y<ﬁnF+m(,+> and,@<n(,+>+nF;
p q p q

ie. d+y7<f—-nT'+m(1-T) and S <n(l-T)+nl;
ie. (m+n)I'+(0+v) <m+pand 8 <mn;
ie. a+pf<m+pand 5 <n,

where in the final line above we have used the power weight equality from the first line of (4.19).
Thus there does indeed exist a choice of v € R so that the equalities (8.24), (8.27) and inequalities (8.25),
(8.28) all hold. It now follows from Theorem 13 that
NS (VW) < Nt (Vi W) N (Ve, Wa)

CAS™ (Vi, W) ADm (Vo W) < oo,

A

and combined with (8.23) this yields
a,B),(m,n
Nzg,q )(man) (4 ) < oo,
in the case v > 0 and 6 > 0.
Case 2: Next we suppose that v < 0 < § and use the fourth line in (8.1). Let p = v+ § > 0 and
7= —v > 0. Then by Young’s inequality (8.19), the weight pairs

(V (), W (@) = (Jul 750 75 Jaf"),

(v

(V' (u,t), W' (2, 1)) |t

),




WEIGHTED INEQUALITIES FOR PRODUCT FRACTIONAL INTEGRALS 43

where p; +1; =p+n=20>0for j =1,2, satisty

X n
2

wiay (P w?) " (aP +\y|)
N (T N (D

ol + Iyl ol + Iyl
< 1" + 1y .. | .
(l + 1) " (P +12) " (1) 7 (1l + 107)
jz|” lyl” _W(zy) Wiy

+ = +
(757 1757 ) ™ s (g7 5 ) e V(0 V)
and so by the sandwiching principle, Lemma 1, we have
Néfxq’ﬁ)’(m’n) (v7w) < Nézﬁ%(m,n) (V, W) + N}gzﬁ),(mm) (V/, W/).
Moreover, the weights V, V/, W, W' are product weights,

V(u,t) = Vi(u)Va(t) and V' (u,t) = V{ (u) Vy (t),
W (z,y) Wi (x) Wa (y) and W' (z,y) = W7 (z) W5 (y),

where
V= PV, (1) = [V () = Jul VR (1) = [
Wi (z) = [z]" Wa (y) =1 Wi (z) =1 Wi (y) ="~
and where the 1-parameter weight pairs (V1 (u), W1 (z)), (V] (u) , W] (x)) on R™ and (Vz (¢) , Wa (v)), (V3 (t) , W35 (y))
on R™ each satisfy the hypotheses of Theorem 3 provided we choose p; and 7, to satisfy

o= (—n+ L )

(8.30) — F:M}
m m-+n
B (-0+22) -
and ) _ pootbop
n m-+mn
i.e.
@« o n=m _ etBop B
m m-4+n m m+n n m+n’
a n=m _ otftm-p_ P
m m m-+n n’
B_oa _on=m g0t B pmm
n m m m-+n n m-+n
n-—m _ B_« dp—p1:a+5_§,
m n m m+n m+n n’
mo_ atn B~ :p*(a+ﬁ)+£’
m m n m+4+n m-+n n
so that
m m-+n
(8.31) U1=a+n—gﬁandpl=P—(a+ﬁ)+ B,

and where p, and 7, will be chosen below. Once we have established the appropriate hypotheses of Theorem
3, Theorem 13 will show that

Néf}l’ﬁ)’(m’”) (v,w) < oo,

in the case v < 0 < 4.
To show that these four weight pairs satisfy the hypotheses of Theorem 3, we first note that

(8.32) pL = (m+n) (V+5)_(0‘+5)+ﬂ:(m+n)<§—r)zo

m-+n
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by the power weight equality in (4.19), and the third line in (4.19), and also note that
—(a+ +
ot = (mm){ﬂ(aﬂ)ﬁ}m{an_ 5}

m-+n n m n

= p—@+f)+ sk (et ) - D= ptn,

p1m

min T ,|x"7> on R™ satisfies the 1-

Next, we verify that the first weight pair (Vi (u), Wi (z)) = <|u

parameter power weight equality

11 a— (o a )
(8.33) R i
P q m

as well as the 1-parameter constraint inequalities

)

m-4+n n -

The equality (8.33) follows immediately from (8.31), the first line in (4.19), and (8.30). The first inequality
in (8.34) is trivial, and the third inequality in (8.34) is

pim

(8.34) q(—n) <m and p’ ( pum +771> <mand —n+ W/Zl:z +mn, >0.

_ >0
77+m+n+771— )
which follows from (8.31):
m-+n m
8.35 — = — _ orr e
(8.35) U e SRR n+m+n[p (a+6)+— 6}+a+n —5
m m
= (o (et B+ B tatn - 6
m
= (- (@+8)+a

m(p—(a+ﬂ) +a> _
m+n m
The second inequality in (8.34) is

1 pLm 1
(8.36) m (m+n +771) <

which, using v = —n with the equality —n+ 2-p; +1; =m (& —T) = a—ml just proved above in (8.35),
is equivalent to

1
— atn -I'< -
m
i .

= —<I'+ ooy + =

o 1
—_ -1

m ¢ m

Next we note that the weight pair (Vs (¢), Ws (y)) = (|t\7§17+n” ,1) on R™ satisfies the 1-parameter power

weight equality

1

D
and the 1-parameter constraint inequalities,

B (-0+2m)

)

1_
q n

q(—0)<nandp'< P )<nand —O+MZO.
m+mn m+n
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Indeed, for the equality we use (8.31), the first line in (4.19), and (8.30). The first of the constraint inequalities
is trivial and the third constraint inequality follows from (8.32). The second of the constraint inequalities,

namely p’ (%) < m, is equivalent to

i.e. —<I'+—.
p

(0-%)
B < F+7+67 V),
n n n
1 0—% 5 1
S AR (,)
P n nop),
1 5 1
— I‘_|_1_|_f_ _
n p n p)_
1

1
< I+l4—<r+-,
n'p P

and this time there is no exceptional endpoint case. As indicated above, this completes the proof in the case
v <0<9.

The same arguments apply to the weight pair (V/,W’), which we now sketch briefly. The weight pairs
(Vo (t), Wi (y) = (|t i 2 |y\77> and (V{ (u), W] (z)) = <|u\% ,1) each satisfy the hypotheses of

Theorem 3 provided we choose py and 7, to satisfy

B— (—77 + P2 +772) _
n m-+n
o= (-0+ &) _
and ) _ pootbor
m m-+mn
i.e.
@ P atfmp B o
m m+n m-+n n m-+n n
o _ atBip—p B 0=,
m m-+n n n
a Bo_nmm g0 tb_a pmp
m n n m-+mn m m-+n
e _ BEn_a . ; :p—(a+6)+g;
n n m m-4+n m-4+n m
so that
n m-+n
(8.38) n2:5+n—aaandp2:p—(a+ﬂ)+ a

All of the constraint inequalities hold by arguments similar to those above, except of course in the
analogous exceptional endpoint case, and by way of example we treat just the second of the constraint
inequalities for the weight pair that gives rise to the exceptional endpoint case. The second constraint

inequality for the weight pair (V4 (t), W3 (y)) = (|t\%+7’2 , \y|n> on R™ is

1/ pym 1
8.39 — —.
( ) n(m+n+n2><p’
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Using v = —n with the equality

TN P T
= _n+m+ {p—(a+ﬂ)+m+”a}+ﬂ+n—:ﬂ
n n
= —n+m+n(p—(a+6>)+aa+ﬁ+n—ﬁv
n
= m(ﬂ*(aJrﬂ))Jrﬁ

(5552000 ),

we see that (8.39) is equivalent to

1

n n
— §<F+—,+1

n n
= 2.1l 7

n ¢ n

Case 3: The case § < 0 < v is handled similarly using the third line in (8.1).

8.2. The exceptional cases @ = m or = n. Here we consider the two cases where «
B = n. We first show that the power weight norm inequality (4.12) holds when o = m and p
Az(f;m’(m’n) (vs, wy) < 00. To see this, we note that from the first line in (77?) that

IA I

q and

0 < pB<n,

m m-+n
- < 'Y< )
q q
m m-+mn
v < < —

Then we compute that
ot (2,y) // ly =17 f (u,1) dudt = / ly —t/"" F(t)dt = I F (y),
Rmen R"

where F' (t) = [pn f (u,t) du. Thus we have

[ oo
/Rn [I5F (y)|* (/Rm (2, )| d:r) d

/Rn [I5F ()| [y]™ " dy,

15t @) |,y dedy

Q

since

—4q
a( )~
9]

(5

(2, )| " da ~ (1] + [y])| " da = ||
, A A
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/Rn /]Rmf(u,t)du

Il { [ 15 Gt ul + 1) du} { [ a4 1oy du} 2 g
[ o a7

/ / 1 Cant)? (fu] + [¢])® dud,
R™ xR™

/ (Jul + [¢) ™ du =~ [t
Rm

for m — yq < 0. We also have

m p m
/ PP 1007 a 1457 gy
Rn

IN

Q

since

for m — dp’ < 0. Thus we conclude that (4.12) holds provided we have the 1-parameter power weight norm
inequality

</Rn |I3F ()] "y~ =% dy)é < (/ F(t)|P|t|(5—;’f)Pdt>P ,

But this inequality holds by Theorem 3 since the 1-parameter power weight equality holds,

- (-2)- () - 2r-senie)

q p q p

a+ﬁ—’y—(5+m(1+1,—1)
q P

= (m+n)I'—ml =nl,

and each of the following four constraint inequalities holds,

0<pB<n,

-2)+o-5)

A similar argument shows that (4.12) holds when § =n and p < g and Aﬁjﬂ)’(m’n) (

V5, W) < 00.

9. PROOF OF THEOREM 11

Define the eccentricity » (R) of a rectangle R = I x J to be s (R) = %. For j € Z define the conical

operator A;I, g acting on a measure p by

saien= | [ (55)" (ghy) weo,

Sj+(z,y)

where S; = {(a:,y) ER™ xR": 27771 < % < 2_j+1} is a cone with aperature roughly 277 and slope
roughly 277,

Lemma 4. Suppose 1 < p < qg<oo,0<a,B <1 and that both o and w are rectangle doubling, and that
the reverse doubling exponent € for o satisfies
B

o)
l-e<—=-.
m n
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For%—%<%:§ we have
1 1
(9.1 [ ] 18t ey @l do ) | g2 | [faa]
R™ xR" R

for all rectangles R with eccentricity > (R) = 2%, and where ' > 0 depends on p, q, a, B3, €.
Proof. We will prove the special case when £(I) = 1 and » (R) = 1, i.e. R is a square of side length 1. The
general case is similar. We now place the origin so that R is the block By = [1,2]™ x [1,2]".

We first consider the region Ry = {(z,y) : |z| < 1 |y|}. In this region the sum over j < 0 is easy. So we
consider j > 0. To see that (9.1) holds with integration on the left restricted to R1, we begin by noting that

AT s (1ro) (2,9) / / (wiu')ma <y1_t>nﬁda(u7t)

RO{S;+(z,y)}

// <|331U|>ma (Iyltl)nﬁdam’t) Lier) (,9)
R(r)

where the tiles R (r) are rectangles of size 1 by 277 and the tiles R* (r) are slightly enlarged reflections of
the R (r) centered on the y-axis. Now we continue by computing

/ 85T p (Lro) (2, 9)[ d (2, y)

R1

- // i // (xiu|>m_a<|yit|)n_5da(u’t) e (2,9) ¢ dw (2,9)
rm xR | "= | "R(r)

) Z/m/ // N e R

where matters have been reduced to the diagonal terms since R* (r) N R* (s) = () unless |r — s| < ¢o (this
follows easily from the fact that the tiles R (r) are pairwise disjoint in r). Now we apply Holder’s inequality
to obtain

(9.2) / / | Iop (1p,0)|? w?

R™ xR™
’ 1\ s N (B v
: Z/ [ S e WG () o o
7 Rx(n) R(r) R(r)
. ¥ » 41
s )y [ [ary =Sy [ oy | [ [
=1 —1 K

R(r) "

A
SIS
L
—
\
I
Q
I
[\
-
<
\
I
Q
N——
S

2]
sy 3o [
r=1 R
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Now we consider the region Ry = {(z,y): 1 |y| < |z| <4|y|}. Here we must perform an additional
calculation involving the intersection of the tile R (r) and the cone S; + (x,):

// |8j1a,s (Lrengs;+(pno) (@,9)|" dw (2,y)
Ra

q
T T a ’ * (1 ’ ) ’
o 1 o —ul ly — ¢l B
R(r)N[S;+(z,y)]

where now R* (7‘) can overlap R (r) considerably. However, for each fixed (z,y) € R (r) we further decompose

ROINS; + )l = JRe )

where the widths of the R, (r) form a geometric sequence that approaches 0 as Ry (r) approaches (z,y),
and the dependence of Ry (1) on (z,y) is suppressed. Moreover, the tiles R, (r) are roughly rectangles of
dimension 27¢ x 27477 and so

/ [ () <y1t>n_ﬁd(’(“’” : gé[) (%) <2‘ij)n_6d"‘“’t>

R(r)N[S;+(z,y)]

~ 9i(n=B) Z glm=etn=F) | R, (r)|, < 2" 3 gtlm-cctn=p) (2—6(m€+n€+jn) | R‘g)
l=1 {=1

S 2( —-B— En)z2é(m a+n—pB—(m+n)e) |R| N2j’ﬂ( )‘R|
=1

provided 1 —e < -~ = % Thus we have

] 18510 aor)?
Ra
[

A

% A
s
—
N \
—
R
T
[
|
2
=
p—
S
©
®
s
——
QU
&
=®
s

since the R} (r) are essentially pairwise disjoint in both r and ¢ (there is also decay in the kernel in the
parameter ¢). Now we apply Holder’s inequality and continue as in (9.2) above.

Region R3 = {(z,y) : |z| < 4|y|} is handled symmetrically to Region R, and this completes the proof of
Lemma 4. ]

Now we can easily obtain the testing condition.

Corollary 3. Suppose 1 < p < qg< oo, 0<a,B <1 and that both 0 and w are rectangle doubling, and that
the reverse doubling exponent € for o satisfies

o)
1—5<—:é.
m n
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= =~ we have the testing condition

1

1 1
q P
Ing(1go)|%dw | < ABLMN) (5, do | orall R=1xJ,
B ~ pyq
R’"L XR" R

as well as the dual testing condition in which the roles of the measures o and w are reversed, and the exponents

p,q are replaced with q',p’ respectively.

Proof. We prove the testing condition, and leave the dual testing condition to the reader. Suppose that R
has eccentricity s (R) = 27%. Then from Minkowski’s inequality and Lemma 4 we have

1 1

ZI‘)"B (1RO')

i€L

q
dw

I3 (1go)|* dw

RmM X Rn RrRm X Rn

Q=

< > // |15 (150)|" dw
1€EZ R™ xRn

< Y aelich //da =Cu //do
1E€EZ R R

10. APPENDIX

10.1. Sharpness in the Muckenhoupt-Wheeden theorem. Here we give a sharp form of the Muckenhoupt-
Wheeden Theorem 1.

Theorem 14. Let 0 < a <m, 1 < p,q < 00, and let w (x) be a nonnegative weight on R™. Then

(10.1) ([mser wor ) <vpo{[ o7 wep a)

forall f >0 and N5';™ (w) < oo if and only if both

11
(10.2) L——
p g m

and
4

1 i1 \#
A, (w)= sup —/w(m)q dx —/w(a:) Pde) <o
cubes Icrm \ 1] J1 1] Jr

Proof. Given Theorem 1, it remains only to prove that (10.2) is necessary for (10.1). To see this, we apply

Holder’s inequality with dual exponents p;j,'l and p’ + 1 to obtain

P41

L O
{m/lwp-%—lw p+1}
AT G
o 1| J; I J;

ne

= (k) G ) = G ) G )

Then we conclude that

I g rE e (4
B | /1

._.
|

e

Q=
e

]

1 —p’ o, m o, m
(II /I w p) < AZ () < N2 (1)
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for all cubes I, which implies > — 1+ % + i = 0 as required. O
10.2. Sharpness in the Stein-Weiss theorem. Here we give a sharp form of the Stein-Weiss Theorem 3.

Theorem 15. Let

-0 < Oé,,B,’}/,(5<OO,
1 < p,g<oo,
m € N.

Then the power weighted norm inequality

(10.3) {/ I f ()¢ || dx}q < N, (w,0) {/mf(x)” 2| dm} . forall f>0,

holds if and only if the power weight equality
1 1 a—(y+0)

=

10.4 =

(10.4) P -
holds along with the constraint inequalities,

(10.5) 0<a<m,
(10.6) P=q,
(10.7) qy < m,
(10.8) p'd<m,
and

(10.9) N +6>0.

Proof. The sufficiency of these conditions for (10.3) is the classical theorem of Stein and Weiss, so we turn
to proving their necessity. The required local integrability of the power weights |z|"? and |x|75p " shows
that (10.7) and (10.8) hold. The kernel |z — y|* "™ of the convolution operator must be locally integrable
on R™ and this implies that 0 < «. Using this, we can now use the argument in the proof of Proposition 77
to prove that finiteness of the Muckenhoupt characteristic A4, 4 (w,v) is necessary, and this in turn implies
both (10.9) and the power weight equality (10.4) just as in the proof of Theorem 9 above for the 2-parameter

case. From (10.4), (10.7) and (10.8) we now obtain

1 1 1 1 m m
- (3 sr0en3- ) (55)
p q p q q D

which completes the proof that (10.5) holds.
Finally we turn to proving (10.6). Let f (y) = f (s), s = |y|, be a radial function on R™. Then I, f (x) =
I, f (r), r = |z, is also radial and

Li@=[ -y @z [

ly|<|=|

@] f (y) dy = rom / £(s) s™ds.

Now suppose, in order to derive a contradiction, that (10.3) holds. Then we have

1

{/00 (/Tf(s) sm_lds>q pla—m)a—yq r"_ldr}q < {/ I f () |x| dx}q
0 0

< Npg (w,v>{ ()" fa|” dm}; = Noa (w’”){/ooof(s) swmlds}p

for all f > 0. With g (s) = f (s) s™~1, this last inequality can be rewritten as

(10.10) ([ ([ swas) v dr}; <Nt { [ 6) i ds};

Rm
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for all g > 0, and where the weights are given by v (r) = r(®=™a=74+tn=1 and 4 (s) = s°2. By a result of
Maz’ja [Maz], the two weight Hardy inequality (10.10) with ¢ < p holds if and only if

I [( /0"@1-#)?‘ ( /ﬁ)i]tm <o

where i 0. But since the weights u and v are power functions, the integrand above is also
a power function, and hence cannot belong to any Lebesgue space L? (0,00), thus providing the required
contradiction. ]

10.3. Optimal powers of Muckenhoupt characteristics. Recall the one parameter two-tailed charac-
teristic A4, 4 given above by

1
ol

A= s (& [ Fe@uer ) (5 [ fo@o@ ] o),

where
Sg (z) = (1 + w> ,  cq is the center of Q,
|Q|’7l
and
1 1 «
q p n
. 1 1 «
ie. - +— = 1——,
qa 7 n

From Theorem 2 we know that the characteristic fAlnq (w,v) is finite if and only if the following norm
inequality for the fractional integral I holds:

(10.11) {/nfgf(m)q w (z) d:c}; <c,, (uw){ F@)P v(@)” d:c};

Moreover, it is claimed there that

R’n
(10.12) Cpag (v,0) ~ Ay (v,0),
and this equivalence can be verified by carefully tracking the constants in the proof of Theorem 1 in [SaWh)].
We also have the same consequence for the one-tailed characteristic.

Porism: The same arguments as used in the proof of Theorem 1 in [SaWh] also prove that

Caﬁ (U7 U)) ~ AILq (”U, w) ’

where Zp,q is the one-tailed characteristic,
1

— 1 1 4 P\ P
A, . (v,w) = sup </ wq) (/ 3’71}_”>
e acrr \|Q| Jg QI Jen @
1 1
1 a1 AV
+ sup (/ §qwq> (/ v"’) .
Qcrn \1Q| Jar "¢ QI Jo

10.3.1. Comparison with the inequality of Lacey, Moen, Pérez and Torres. Here we give a simple and in-
structive proof of the ‘A; conjecture’ in the setting of fractional integrals. Recall that from [LaMoPeTo] we
have the estimate

Q=

/
p q

(10.13) Cpq (W) S Ap g (w) 0 7’?},

and if we restrict the two weight result above to the case w = v, we have the equivalence

Ca,p (w, w) ~ Apq (w, w).
Thus the estimate (10.13) is equivalent to

~

(10.14) Apq (w) S Apq (w)p )



WEIGHTED INEQUALITIES FOR PRODUCT FRACTIONAL INTEGRALS 53

and also equivalent to

(10.15) Apq (W) S Apyg (w)”,

)

’

where p =1 —l—max{%7

e

: } Written out in full, one half of inequality (10.15) is
1

o an (o L) (o f)
& {QcRn<|Q|/“’q>q (a1 =) } ~

Claim 2. The inequality (10.15) holds directly, without any reference to norm inequalities at all.

Q=

]

Proof. Take the ¢! power of the left hand side of (10.16) and fix a cube @ which comes close to achieving
the supremum over all cubes. Then we write

(10.17) <Q1)| /n%wq> <|Q1|/ wp,>§

oklla—n)g+n] _~ w?
TR
1 N
< w p) oklla=niatn] g (w)? ( w—p>
< Q| Z - 12kQ| Jarg
9] < 9]
@l ¥ %
P»q qZ k = Al)vq QZ 2 k6
25Q),
k=0 w k=0
S Ay W) —— i~ Ay ()" 5
~ Pp,q 1-9 51;1/ Pp,q 57

where 9§ is the reverse doubling exponent for the A, weight w?,

Q- < C27F[28Q| _, for all cubes Q.

Now we claim that the reverse doubling exponents § = ¢ (w_p/> and § (w?) for the weights w? and w4
satisfy

1

(10.18) W <

Cpam Ap,g (w)p and < Cpgn Apg (w)q-

1
0 (w?)
Indeed, we have for all f > 0 and any 0 < e < 1,

(@, f) ()

= (@ Ly fj ) (/Q“’> | | |
G (™) Gl ()
- (al, ) <c12|/gw)</gfw)<ml2|/cgf”>
< dggt ([ o) (g [ 00t)"
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and now plugging in f =1 1q we get

1 L VAR
() () = wn(f,) (48
B s 0o

With £ (Q) denoting the side length of Q, we have
1BQlya < > 3(Q +£(Q)e1)lye

ae{-1,0,1}"\(0,...,0)

|~

INA
b
S
E
~/
—

< S A, e+ (e,
ae{-1,0,1}"\(0,...,0)
= 3 A, )73\ Qe
and so
!;2|wq _ |3Q|wq ; |3Q\Q|wq § 1— - 1 = < (1+ ) )
B~ L 508 4y o
Tterating, we get
|3%Q|wq _ |3%Q|w<l |3k%1Q|wq }%Q’wq <

Qe 577 Ql e 57200 1Qlue

from which we obtain

[E¥a] T Q - -
2 w1 = 33 w4 Sc'ylnSk :C2mk2027k6’
|Q|w‘1 ‘Q|wq
where
1
5 1 1 1
0 =46 (w? = ~~ .
W) =3 “hmais I A, g (w)?

3n(1+ﬁ) Ap,q(w)?
This proves the second assertion in (10.18), and the proof of the first assertion is similar.
Thus from (10.17) we obtain
1

) = gy ) (|@/ )
< Cham Ay ( )

S Cp’q’ AP#]( ) +7/ .

Similarly we obtain that the expression
1 '\
(a1 [, o)

1
s (L)
_ R U (q,),)(;,
o ([ ) (g [ o

p’ !

142 o’
Coprn Agpr (w 1) * =Chgn Apg (w)H T

This completes the proof of the claim. O

e

Q=
b~

is dominated by

Thus we have given in the Claim above a simple direct proof of the following theorem using the proof of
Theorem 1 in [SaWh)].
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[
[

Theorem 16. (Lacey, Moen, Pérez and Torres [LaMoPeTo]) With p,q,n as above we have

Cp,q (W) < Cpgn Apg (w)Hde B pa,} .
10.4. The product fractional integral, the Dirac mass and a modified example. Here we first
consider both the two weight norm inequality (3.3) and the two-tailed characteristic (3.5) in the special case
when o = 0(g,0), and show that they are equivalent in this case. Then we revisit Example to show that

we can arrange for even the two-tailed characteristic to be finite when the operator norm is infinite. When
0 = §(0,0) the two weight norm inequality (3.3) yields

Ny (000 0) = {/ /IWL %9)" dw(x’y)}
—{ [ (e s}

a—m B—n
and since 57y s (z,y) = <1 + mﬂﬁ’) (1 + |ch11> , (3.5) yields

A8 (50 00 w)

D,q

a B _ ,\ ~ !
= sup  IETgR / / Srxs (2,9)" dw (2,9) / / Srses (us8) d80.0) (1)
IxXJCR™ xR

R™m xR™ R™ xR™

| _ | (a—m)q . | | (B—n)q
= sw / / (e (4 B (e (g =2 du ()
IxXJCR™ xR"” |[|W | |n
RWLxR’!L
14 Jerl |CI\ 1+ |CJ|
1
|I m |JZ

(a—m)q
1 (a—m)q |CI‘
m —|—|$—CI|) 1+ — (|J
|I|'m

If T x J has center (cr,cy) = (0,0), then this supremum is equal to or greater than

Q=

= sup / / (|I
IxJCR™ xR™

R™ xR™

71"

Q=

[ e o ) | =N (0.0).
R’IYLXR”L

Thus from Lemma 3 we conclude that
NP (60,0, w) = AFG ) (8(0,0),w)
Now we refine Example 1 given in the introduction.

Example 2. Let 0 < o, f < 1 and 1 < p,q < co. Given 0 < p < 0o, define a weight pair (c,,w,) in the
plane R? by

o, = Z 0_p and w, = Z op where P, = {(2’“,2_”]“)}211.
PEP, PEP,

(B-n)q lc| (F=ma
1 -n cC
"+ |y_CJ|) <1+ J > dw (z,y)
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If R =1 x J is a rectangle in the plane R x R with sides parallel to the axes that is symmetric about the
origin (0,0) and satisfies RN'P, = {(2V,27°N)} for some N > 1, then it follows that

et ! / / Grxs)” dops / / Grves)" dry

RxR RxR

< (2N)a ! (2~ PN // <1+|x> 1<1+2|_3/[)|N>51r/ do, (z,y)

RxR
-1 B—1749
<1 + |w|> <1 + 2|_32N> ] dw, (z,y)

/]

RxR

aq

1
7

1
a

Now we compute that

/]

RxR

(le)“ 1(1+ Rl e
(e

gk

Q
—
[\
2
2
z
~—
T
_Q
+
[+
()
>
2
Q
Q

and so

— _ N / . a—1 ,_ 1
T // Gixs) do,, // Groas)dwy, | < (2%)° 7" (27Y)°

RxR RxR

is uniformly bounded in N provided p < 1:—% More generally, suppose now that R = I x J s a rectangle
in the plane R x R with sides parallel to the azes that is symmetric about the origin (0,0) and satisfies
RNP,={(2",2~ pk)}k 141 Jor some L >0 and N > 1. We compute

a—1 —-174
Grxs) dw, , = 14+ 1 T S (z,7)
IxJ Pk 9L+N 9—p(L+1) P\ Y

RxR RxR
N 1 2k \*7 1 9—rk \A71]7
- P +2L+N +2—p(L+1)
L L+N
B—174 a—114
~ Z[( ) ] S Y [
k=1 k=L+1 k=L+N+1

and then it follows that

.
7

et P // Gixs) doy, // Grxs)? oy

RxR RxR

< (kM) (2—P(L+1>)ﬁ_1 NiNv.

Q=
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This expression is uniformly bounded, and hence 1&](9?‘,1’1)’([3’1) (0p,w),) is bounded, provided p < 5

On the other hand, the function f (z,y) =c (m) satisfies

[ ] i, - f; (;) v

RxR

hence f € L? (o,) with norm 1 provided p > 1 and ¢ > 0 is chosen appropriately, while the strong dyadic
fractional mazximal function satisfies

_ a—1 _ _ B-1
My (fo) @¥.27%) = [(=2V2) e [ [ as,
[—2N 2N )x[—-2—PN 2—pN)
1
— 9N(a=1-p(B-1)) (9)o—1 :
oy
k=1
> @Ne=1=p(B=1) (1 £ In N) > ¢ > 0,
for all N > 1 provided
N 11—«
rZ1 g
Thus if p = t—g, even the weak type operator norm of the dyadic fractional mazimal opemtor/\/liyﬁ 18

infinite since Mi},],g (fo,) > ¢ >0 on the set P, of infinite w,-measure.

10.5. Reverse doubling and Muckenhoupt type conditions. Recall the reverse doubling condition
with exponent € > 0, and rectangle reverse doubling condition with exponent pair (',¢?).

Definition 3. We say that a measure u on R™ satisfies the reverse doubling condition (ReyDoup) with
exponent € > 0 if
1], < Cs™ 1], 0<s <1,

for some constant C; and we say that a measure p on R™ x R™ satisfies the rectangle reverse doubling

condition (RectReyDoup) with exponent pair (51,52) if

|sI x tJ], < Cs™ " [ IxJ|,, 0<st<l,
for some constant C. If e = &' = &2, then we say simply that € is the reverse doubling exponent for y.

Note that unlike doubling measures, nontrivial reverse doubling measures can vanish on open subsets. In
particular, Cantor measures are typically reverse doubling, while never doubling. If both weights are reverse
doubling, then the two-tailed, one-tailed, and no-tailed Muckenhoupt conditions are all equivalent.

Lemma 5. Suppose that o and w are reverse rectangle doubling measures on R™, and that
O<a<m,0<pB<n,1l<pq<o0.
Then we have the following equivalence:

NG m,n —(a,8),(m,n) « m,n
A&q’ﬁ)’( ™ (g, w) ~ A, (o,w) ~ AI(L(]’H)’( ™ (o, w).

Proof. We first consider the one-parameter equivalence

(10.19) Ap T (o,w) = A, (o,w) = A (0,w),

since the extension to two parameters will follow the same proof with obvious modifications. Since AJ" (0, w) <

—a,m -~ .
Ay (o,w) < AT (0,w), it suffices to prove
(10.20) ASm (o,0) SA (0,w) S AL (0,w),

and we begin with the second inequality Kg’;n (o,w) S A (0,w) in (10.20).
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So fix a cube I which comes close to achieving the supremum in K;’;n (o,w) over all cubes, and suppose
the tail 57 occurs in the factor for w. We have

Z okl(a—m)gq+m] _~ |2kl| dw (z)

—0 2k ]
1 k oo 00
= okl(a—m)q+m] _~ / dw (z) gk(a—m)q / dw (2)
,;) |21 ; 207\2¢-17 ; kZ:z 2¢1\2¢-1]
0o 1 (ax—m)q 1
R~ Z?e(a_m)q/ dw (z) ~ — 1+ 2 —101| dw (z) = — Stdw.
—o 2071\2¢-171 1] Jrm [Z]™ 1] Jem

since a < m. Then we write

4
Iy

(10.21)
ot ) o))
o,w Srdw — o
P 1] Jom ! 1|/
~ (8 okl(@—m)qtm] < w) ( )
Z 281\ Jorg ||
S pill m>q+m]< w) ( C27k9 |2k )
Z 281\ Jarg || [2°1]
(1

— 2—k:(o¢—ml—‘)q 21€I (van ) Qk[(a m)q+m)| >2k:m;, < C2—k:5 2l<:I >

> q o 1 i/
— szkm€27k:(a7mF)q2k[(afm)q+m]2km:/ 2]{2[ (m F)q ( dw ) < 2k > ,
2 21 oi1] Sy, ™) Uy 21

where € > 0 is the reverse doubling exponent for the weight o,
1Q|, < Cc27kme |2kQ|a for all cubes Q.

We then dominate the term in braces by A7 (0,w) to obtain that

o0
—-—Q,m —
Ay (0,w)? SANT (0,w) ) 27 S AZT (0,w)"
k=0

since —k (a —mI") ¢+ k [( — m) ¢ + m]+km:L = 0, and this completes the proof of the second inequality in

(10.20). Note that if the cube I which comes close to achieving the supremum in KZ:: " (o,w) over all cubes
has the tail s; occurrings in the factor for o, then the above argument applies using reverse doubling for the
weight w.

Now we consider the first inequality in (10.20). Here we can use reverse doubling for either o or w, and we
will use a decomposition that uses reverse doubling for w with exponent ¢ > 0, i.e. |Q|,, < ¢~ kme ‘2’“@|w
for all cubes ). This then has the analogous consequence for the w-integrals with tails:

k[(a—m)q] k[(ae—m)q] —im
/m?}dw ~ )2 ‘ (/2k1dw> <> 2 “ (02 5/2k+”dw>

k=0 k=0

_ ——Im. kl[(a—m ~ —LIm
= oaime Y oM >ql(/2wdw)~cz <[ st

k=0

¢
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Now let I be a cube which comes close to achieving the supremum in 1&;’,‘”5” (o,w) over all cubes. Then we

have
1 (1 n”
~ ’ o q ’ p’
A (g w)? &~ QT w T (/ §qdw> (/ G do)
P.q | Jgm ! 1] Jom !
~ |I|(%_1")p/ i/ 4 dw O izé[(a—nﬁp/-‘rm] 1 do
1] Jgm ! 12611 Jaer
=0
N , , 1 %/ 1
< 0P ST g tmegt|(ammp+m] ( / 5 dw) ( da)
[ee} [ ] ’ (oc F) / 1 %/ 1
— 027£ms2fé(a7mF)p'2Z (a—m)p’+m 2€mp— 281 m )P 7/ 31 d d
> 4 27 201] o 21 201 e, 7

£=0

We then dominate the term in braces by Ks”;ﬂ (0,w)? to obtain that

(o)
~ ! —a,m / _ —a,m /
Apt (0,w)” SA (0w Y 27 KA (0,w)
£=0

since =€ (a —mI)p' + L[(a —m)p' +m]+ Em%’ = 0, and this completes the proof of the first inequality in
(10.20), which in turn completes the proof of the one parameter equivalence (10.19).
In order to prove the two parameter equivalence in Lemma 5, we begin with

) 1 )
obl(a—m)g+ml+il(B—n)gtn] L o (2) ~
k;o 281 % 29| Jorxaig ( [T % J| Jrmywe

24
ST ydw,

and proceed with the two parameter analogue of (10.21), followed by the straightforward modifications of

the remaining arguments. This completes our proof of Lemma 5. ]
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