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Abstract
We prove that the weighted norm regularity of the strong fractional integral operator,

whose kernel has singularity appeared on every coordinate subspace, is implied by the
associated Mouckenhoupt characteristic, for radially symmetric functions.

1 Introduction and Statement of Main Result

In the present paper, we study the regularity of so-called strong fractional integral operator,
satisfying certain characteristics on the product space

RN = RN xRN x ... x RN". (1. 1)

Let
0 < a; <N, i=1,2,...,n and o= op+ap+-e+ . 1. 2)

The strong fractional integral operator I, is defined by

n 1 Ni—a;
(lf)@) = f}R % 1_1[ (|xz- - yi|) dy (1. 3)

whose kernel has singularity appeared on each of the coordinate subspaces. It is clear that

SN [ 2

The weighted norm regularity theory of such product operators, commuting with a multi
parameters family of dilations, has seen little in progress since the 1980’s after a number
of pioneering works accomplished by Robert Fefferman and Stein. See [6]-[7] and several
references cited there . The area remains largely open for fractional integrals.

We hereby consider
”wlo‘f”m(]RN) S ||fa”LP(]RN) (1. 5)

£ . : .
for 1 <p < g < oo, where 0¥ and 0™ are nonnegative, locally integrable functions.

Let Q; to be a cube in RN for everyi=1,2,...,n. We write

Q=01 X QX -+ X Q. (1. 6)



o
We say w,0 € Aj,, if

p—1
P N

¢ (@0,0) = sup | DL [ }%i Wa "
Apgr(w, 0) SBHENQIQZI o] fQ @ (x)dx ol fQ (6) (x)dx < o (1.7)

forl1 <p <g<ooandr>1. Inparticular, we write Aj, for A;‘ql.

Observe that (1. 7) is an n-parameters variant of Muckenhoupt characteristic. For r > 1, it is
analogue to Fefferman-Phone’s condition, initially introduced for p = g, on the product space.
See Fefferman [4]. On the other hand, for » = 1, we shall find that w, o € A;’,‘q is an necessity

for the norm inequality to hold in (1. 5). Moreover, if 7 and ot satisfy product Aw-property,

then A, is equivalent to A7, for r sufficiently close to 1.

Theorem A: The norm inequality in (1. 5) implies w,0 € Ag, in (1. 7) for 1 < p < q < 0.
Conversely, suppose that w,0 € Ap.. in (1. 7) for 1 <p < g < oo and r > 1. The norm inequality

holds in (1. 5) for all radially symmetric functions. Moreover, we have
[t fllsqsy < Asar(@,0) | Folly ey

where the implied constant depends only on p,q,1, o« and N.

Sketch of Proof: In section 2, we give some characteristic estimates for w, o € qur andr > 1.
In section 3, we introduce a new framework where the frequency space is decomposed into an
union of Dyadic cones. The consisting partial sum operator defined on each cone is essentially
an one-parameter fractional integral operator. It has an analytic continuation and satisfies
the desired regularity. In section 4, we prove a decaying estimate on its norm whenever the
function is radially symmetric. The proof is then completed by interpolations on a family of

analytic operators.

2 Characteristic Estimates

Let Q c RN and Xq to be its characteristic function. Consider

1
=

f() = xoo()™7 €L’ (RY) (2. 1)

provided that o7 is locally integrable.

B n 1 N;—a;
me (fo 1)(y)g(|xi_yi|) dy

p

2 ]i[IQil%if‘1 { fQ (%)M (y)dy}m(x).

It follows that

2. 2)

i=1



Let w1 to be locally integrable. The norm inequality in (1. 5) together with (2. 2) imply

p-1

H@ﬁ‘l {wiq(x)dx}%{fQ(é)}%1 (x)dx}T
= le@”%‘(%_%){éfgmﬂ(x)dx}% {é‘fg(%)% (x)dx}T < oo.

Hence that w,0 € Aj, is necessary. For r > 1, Holder inequality implies that A7, C Aj,,.
Consider 1 to be any nonnegative, measurable function satisfying the product A-property.

Write (x;,x7) € RN x RN"Ni for i = 1,2,...,n. By applying the reverse Holder inequality
introduced in chapter V of the book by Stein [3], on each of the coordinate subspaces, we have

1 . ; _ (194l g f { 1 f r T } i
1 el 1 dxy ¢ d
{|Q|f9”(x) x} (IQI) { 0 Q] Jo, T L) 5

041\’ 1 ol
s (ﬁ) {fé}:’_zg{m an(xllx;r)dm} dx{}
@Ng_f [ Nt
(|Q|) oY Ql{ ®?=2Qiﬂ (X1,X1)dx1} dxq

by Minkowski integral inequality

@. 3)

A

A
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for some r > 1 and every Q c RN. Therefore, if 07 and o1 satisfy the product Aw-property,
Aj, is equivalent to A, for r sufficiently close to 1.

Letw,0 € Ay, in (1. 7) forsome r > 1. Setr = st fors > 1, t > 1. We have

|(12|fg;wqr(x)dx}q% {é](;(é)% (x)dx}w
- lleQil%fs‘(?‘?){ﬁafQ(wS)tq(x)dx}i {linfQ(é)% (x)dx}v
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for every Q c RN.
Define

Y =Y1ity2+-- Y,

() e s 20
O 1 N P T



Observe that from (2. 5), we have

S
w,0 € Ay, = w°,0° € Ath' r =st, Ath (0*,0%) = (Ag‘qr(w,a)) . (2.7)

On the other hand, we define
Bi 1 1 .
= e —_— = = - - = 1 2 . o . .
B §1+BZ+ +§n’ Nl p ql 1 7~y /n (2 8)

Notice that both y and f in (2. 6) and (2. 8) are well defined, whereas 0 < y; < N; and
0 <pBi<N;foreveryi=1,2,...,n, provided that s is sufficiently close to 1 and p < g.

Let 0 < A < 1. By using the formulae given respectively in (2. 6) and (2. 8), we have

p-1) A

00 > H|Q|N (2-1) {lglf(ws)tq x)dx} {Ilaf(l);—pl (x)dx}V

tp )‘( tp )
(%) » dx} 2. 9)

p-1

HlQ |(1 VB (1_1) {ﬁaL(ws)\)tq (x)dx}m {EL((%)F (x)dx}

i=1

\%

where the last inequality is obtained by applying Holder inequality. Hence that

w,0 € A = oMo e ALTMBTY

- Dot , r = st, 0<A<1. (2. 10)

3 Dilation Estimates and Size of Kernel

Let & to be the dual variable of x in the product space for which the inner product
x-& =X &1+ &t X (3. 1)

Lett; fori=1,2,...,n to be nonnegative integers. Consider ¢ € C;° (IR) such that ¢(t) = 1 for
[t| <1 and @(t) = 0 for || > 2. We define

n

o = [[ o) -0 (22 G.2)

i=1

which is supported on the Dyadic cone

{a eRN: 271 < 'éll' <27t = 1,2,...,n}. (3. 3)
In particular, we write §, = 0y and A, = A¢forty =th =---=1t, = 0.



The partial sum operator A; is defined by its Fourier transform

(Aef)©) = 2(E)F(E). (3. 4)
From (1. 2)-(1. 3), we have I, f = f + Q% where

n

e = ] (L)Ni_ai _ 3. 5)

i=1
Its Fourier transform equals

n 2¥F(Ni2—ai) 1\ LN
@ @) =<1 -0
=1 27T (7’) i i=1

where I in (3. 6) is Gamma function. Recall that 1/I'(s) is an entire function with zeros only

appeared at s = 0,-1,-2,.... We shall therefore consider €, given implicitly in (3. 6) as a

generic constant.

For each given t, we have A, f = f * QO where

n .
. 1 \%
Q%) = € f e2VES (& (—) d&. 3.7
(0 = G | mg o (6.7)
Letp = p1 + p2 + -+ + py and consider
a+ip 2mix-£ - 1 ai+p;
QM) = | s (—) dE. 3.8
SCEN R o1 (g G.9)
In particular, we write Qng = Q‘tﬁip forti=tp=---=t,=0.
Lemma 3.1 We have
a+ip N 1 N-a
5P| s (1+p) (m) . (3. 9)

Proof: Let ¢ € C;° (R) such that ¢(t) = 1 for || < 1 and @(t) = 0 for [t| > 2. We define

bj(x) = @ (2771€l) - (277e)) 3. 10)
for every j € Z.

From (3. 2), we have |&;| = || for every i = 1,2,...,n whenever £ € suppd, = A, in (3. 3).
Recall that a = a1 + ap + - -+ + o, in (1. 2). From (3. 8), we have

ai ~ i n L a;+ip;
e = [ & m(@ﬂ(l&') a

27tix-& l arip 3. 11
fRNe ao@)(la) i (3. 11)

2mix-& , 1 ¢ —ip In(|&])
) | e e (g) e e
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For every j € Z, integration by parts with respect to & implies

< 21080 (27j) ™ (14 p) (3.12)

i o[ 1Y ipinge)
' fR K 6o<a>¢]<&>(|a) emifIn(E g

for every N > 1. Indeed, every d¢ acting on 0,(£);(€) (%)a e~ n(€) gains a factor bounded

. (€]
by a constant multiple of 27/ max{1, p}.

We choose .
N=0 for x| < 27/ (3. 13)

and _
N=N for x| > 27/. (3. 14)

By summing over (3. 12) all j € Z, the estimate in (3. 11) implies

. 1\* .
mives 10 (6)( L) e-iomiey ‘
Z}"me (E’q’f(&)(|a|) e £

Z 2IN-0) | (1 4 p)N Z Di(N-0) (2f'|x|)_N (3. 15)

|x|<27 [x|>2-/

1+p)~ (|;1|)N_a-

A

5™ o)

A

<
O
Define the n-parameters dilation
tr = (21x,2%x,,...,2",). (3. 16)
Let Q! to be a dilated variant of Q, such that |Q§|NL1' = 2t"|Qi|NLi fori=1,2,...,n.
Suppose that w,0 € Aj,, in (1. 7) for1 <p < g <ocoand r > 1. We have
L 1 (1 s 7
Y (1_1 ar =
H|Qi|ﬁi (}7 q){—foﬂr(tx)dx} —f(—)p (tx) dx
-1 Q| Q Q| Q\0
n 1 pr pp;rl
= 1(:1_11_(11_7_%) {Lf wqr x dx}qr Lf (l)lﬁ X dx
H|Ql| o Lo "W g J G @
) 1 "l
o Nip N ﬁ_(l_l){ 1 f },,— 1 f 1\p1 "
= 2 \hr YR — wT (x) dx — (—) x) dx
i1 ng’l 1QY Jq x) Q! Joi \o )
n N; &
< 2—t,-(0ti—7+ q )qur (00, G)
i=1
(3.17)



We now recall the weighted inequality for one-parameter fractional integrals proved by
Sawyer and Wheeden [5]. For each t fixed, Theorem 1 in [5] implies

{ f}R . { jﬂ; . If(y)l(lxiyl)N_a dy}q uﬂ(tX)dx}%

n

(3. 18)

N:

Z_ti(a"_# N7) Al (w,0) {f |f(x)|P ap(tx)dx}

A

=1
forl<p<g<oo.

By carrying out the proof of the applied theorem, given in section 2 of [5], we find that the
implied constant in (3. 18) depends only on p, g,7, & and N.

Recall from (3. 8). We have

U
a;+ip; q %
{me j]I;Nf(y) {f P2G-y)E g (5)H(|£Z) P d&}d]/ mq(x)dx}
{fﬂ? f“?“f(ty){f e (g)H(z f|£|)al+lp’Hz‘tN’di}HfN'dy o (1) Hszde}
. i . n o+ip; q q
L] 2&(a,-+7){[RN {fﬂ;N |f (ty) ]11;1\1 eZm(x—y)-Ef)o(E)g(lél_i') P de dy} w7 (ty) dx}
L N-a q 1
(1 + P)N :!;!: 2ti(06i+ {f {f If( y)| (lx yl) dy} w7 (tx) dx} by (3.9)

(1+p)N ﬁ 2“(“1*%)2‘“("""%%)A;‘qr (w,0) { f |( fo) (tx)|p dx}; by (3. 17)-(3. 18)
i=1 RN

(F ) wq(x)dx}a

N

2\

A

1+ p)N Az‘qr w,0) {fﬂ;N '(fa) (x)|p dx}p .
(3. 19)

In particular, we consider p = p; =0, i = 1,2,...,nin (3. 19). Observe that for each t fixed,
Al is essentially an one-parameter fractional integral operator, satisfying

Hw(AtIa)cr_ AL (@,0). 3. 20)

U () S



4 Eccentricity Decaying and Interpolations

Recall 6¢ from (3. 2) which is supported on the Dyadic cone A¢ in (3. 3). For each t fixed,
the cone A intersects at most 3" of others, with similar eccentricity, denoted by As whereas
[t; —si| < 1,i =1,2,...,n. The partial sum operator A; defined in (3. 4) commutes with
convolution operators. Let QO to be given in (3. 7). We have

FrOf = Y A(f+ ) = { Y Asf}*Qf‘. (4. 1)
s [ti—sil<1

Suppose that f is a radially symmetric function. Its Fourier transform

1
€]

is another, where N2 is Bessel function of order (N —2)/2. By applying Plancherel theorem,
we have

For = () [ e Goleh fehia™ v .2

2
[ @)ool ax

f s e
RN

< fA | ]f(a)]z ds  Adefined in (3. 3) . 3)
< lez—ti fRN Iﬂg)lzdg = lez—ff me |f(x)|2dx.

Notice that fis radially symmetric and the range of arccos (%) for & € Ay defined in (3. 3) is
bounded by a constant multiple of 27 for every i = 1,2,...,n.

Suppose that
o L 10 4. 4)
Ni p g

Let p = 2in (4. 4). The estimates in (3. 19) and (4. 3) imply

{fR (a0f - 0o dx}% (@+p {fR (aef)eof dx}%
(149 ]jz-% { fRN |f(X)'2dx}% .

By using the estimates in (4. 1) and (4. 5), together with Minkowski inequality, we have

bl < oo flss{ Lol o

A

(4. 5)

A

for every t.



Let1 < p; < ¢q; < oo, i = 1,2 satisfying (4. 4). The estimate in (3. 19) directly implies that
A¢ly: LFi (IRN) — L4 (]RN), i = 1,2. Moreover, we set p, = 2. Consider p € (1,2] U [2, o)
where (4. 4) holds for 1 < p < g < co. We can find p1,41 such that 1/p = (1 -1)/p1 + /2
and 1/q = (1 -1t)/q1 + t/q2 for some 0 < t < 1. By applying Riesz interpolation theorem [1],
together with the estimate in (4. 5), we have

{LN (f*Qf‘ﬁp)(x)"i dx}q < 1+ p)Ngz—sti {f}RN |f(x)|p dx}p W

for some ¢ = ¢(p) > 0 and every t.

Letz = A +iu € C where 0 < A < 1. Recall the multi-indices y and f respectively defined in
(2. 6) and (2. 8). Consider

(Uif)@) = (f+0f)w) 4 8)
for every t, where
. n Bi(1-z)+yiz
Qf(x) = f}R . ezﬂlxéét(E)H(l;—il) T 4.9

i=1
Letw,0 € Ap,, in (1. 7) for 1 < p < g < oo and some r > 1. Recall the implication from (2. 10).
The estimate in (3. 19) implies

provided that w*?,

(1=Mp+Ay

ws(A+iy)Ut)\+i}la—s()\+iy)f ) < (1+ ® +y)‘u)N qut (wsfas)”f”LP(IRN) 4. 10)

L7(RN

GSA c A(l—)\)ﬁ+)\y

pat forr=stand 0 < A < 1.

Observe that ws(“i“)Ut)\ i g=s(iw) (4. 10) is an analytic family of operators satisfying the
admissible growth required in Stein [2] for every 0 < A < 1.

Furthermore, recall the implication from (2. 7). For A = 1, the estimate in (3. 19) implies
N
| ) S @Y AL @00 [l e (4. 11)

provided that w®, 0° € A;’ gt fOr 7 = st.

ws(1+i,u)Ut1+i# os(1+ip) f

L7(RN

On the other hand, for A = 0, the estimate in (4. 7) implies

wisin#G—ispf

SERCRNCESUDA [ a1 S (4.12)
i=1

L7(RN
for some ¢ > 0.

Let0 < 9 =51 <1 wheres > 1. We have
(1 —\9) Bi"'syi

-2 Qo)
(-ufi-3)a-2ng -

= o, i=1,2,...,n.

(4. 13)



Recall the estimates given in (4. 10) and (4. 11)-(4. 12). Moreover, from (4. 13) we have
U0 = w(Ada)o~!. By applying Stein interpolation theorem for the analytic operators,
stated as Theorem 1 in Stein [2], we have

J(ada)f]] wy S (Al @) gz—s(?‘%)ti 10l oy (4. 14)

forl <p<g<oo.

Recall from (2. 7) where AZW (0%, 0%) = (Az‘qr (w, a))s for r = st. By using the estimate in (4. 14)
and applying Minkowski inequality, we obtain

ke fllary = Apartor ) [[follyy vy (4. 15)
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